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^^^o the R E A D E R. 

F y^« ^rtf deJirouSy Courteous Reader^ to know^ 

what I have performed in this Edition of the 

JElemcnts of Euclidc, I jhall here ep^tlain it to 

yoti in Jbort^ according to the Mature of the Wbrk^ 

Lhavc endeavoured to attain two Ends cbiejjy:^ the 

firfiy to he very per/picuouSy and at the fame time fi 

very hrief^ that tht Book may notfwell tofuch a Butk^ 

as may he trOuhlefome tq carry about onsy in both which 

I think I have Jucceeied. ^Sotne of a brighter GeniuSy, 

iti and endued with greater Skilly may have dimoHftrated 

^ mofl of thefe proportions with, more nicety y but per^ 

v4 Jbaps none with more fuctinSnefs th^n I have ; e/pecir 

allyfince 1 altered nothing in the Number and Order 

of theJutbor^s ^ropojitions :^ nor prefum^d either to. 

take the Liberty of rejeSiingy as lefs neceffaryy any of 

themy or of reducing fonie of the tafier fort into the 

Rank if AviomSy as federal have done ; and among 

others, that inoji expmQeomttrician A. Tacquetus G. 

(whom I the more willingly^ namcy becaufe I think it is 

kut civil to acknowledge that I have imitated him i»^ 

fome ^ointi) ^ter whofe mofl accurate Edition I had 

no Thoughts of attempting any thing of this. Nafure-y^ 

^till I con/tdtrd that this moft learned Man thought fit 

to publifi only Eight of Euclide'j Booksy wBich ht 

took the pains to explain and erHhellipy having in d 

manner rejtSled and undervalued the qther StveHy-as 

lefs appertaining to the Elements of iGeometry. Bui 

my Province ipas originally quite different y not thai. 

of writing the Elements of Geometry after tahat method 

fbever I pleas^dy but ^ d^onjtratingy in as few Wbrd^ 

Ms pGjffibie I couldy the whole Works of Eatlidd; Jli 



To the r£:ad£r; 

io Four cf the Books^ viz. the Seventh^ Eighth^ Nmhj 
and Teutby although they don't Co nearly appertain to 
the Elmefits of plain and folia Geometry ^ as the Ji» 
precedent and theiwofubfiquem^ yet fwnt of the more 
skilful Geometricians can he fh ignorant as not to hum 
that they are very nfefulfor Geometrical MatUts^ not 
i^nly by reafon -oj the mighty mar affinity that is be'- 
tween Jrithmetick and Geometry^ but alfofor the Know^ 
ledge of both commenfurahk^ndimcommenfurabh Mag*' 
futudes^ fo exceeding necejfary jor the Do6irim <f both 
plain and folid Figures. Now the noble Contempla^ 
tion of the five regular Bodies that is contained in the 
three laji Books ^cannot without great Injuftice be preterm 
7niitedyjincethat for the fake thereof our ^oiy^mlh^^ being 
a *Phikfopher of the Platonic Se6t, is faid to have 
composed this U7jiverfal Syjletn of Elements • as Proclus 
lib. 1. mtneffeth in theje Words^ "OdgwrTn Jt) * cvyL'Tricrni 

j^wfiATtff ffvrA<Ttv. Befides^ I eafily perfwadcd my felf 
to think^ that it would not be unacceptable to any Lo^ 
ver ofthefe Sciences to have, in his ^ojfeffion the i»fbole 
Euclidean fVbrk^ as it is commonly cited and celebra^ 
ted ly all Men : Wherefore I rejolv'd to^omit no Book 
or ^^ropoftion of thofe that are found in P, Hcrigo- 
nius'j Edition^ whofe Steps I was obliged clofely ta 
follow^ by reafon I took a Refolution to make ufe ojmq/l 
oft he Schemes of the faid Book^ very well forefeeing that 
^ftme would not allow me to form new onesj though 
fbmetiwes I chofe rather tn do it. For the fame Reajofi 
I w^as willing to ufe Jor the mofi part EucUde'i own 
Demonjlrations^ having only eocprefs'd them in a more 
fuccw3 Form^ unlefs perhaps in the Secofid^ Thirteenth y 
and lery few in the Seventh^ Eighth^ - and Ninth 
Books ^ in which it fcem^d not worth my while to de-^ 
tviae in any Particular from him : Therefore 1 am not 

withouf 



To the READER. 

^iSjithout good hopes that as to this ^art I have in 
/bme tmafure fatisfitd both my own Intentions^ and the 
Dejire of the iitudious. Js forfome certain Problems 
and Theorems that are added in the SchoUons {prjhort 
Exfofitions) either appertaining {by reafon of their 
frequent Ufe) to the Nature of the/e Elements^ or con^ 
ducing to the ready Demonjlration of thofe l%ings that 
JplJowy or which do intimate the Reafon s of fomeprin-* 
cipal Rules of ^raSical Geometry^ reducing them to 
their original Fountains^ thefe Ifay^ will notj I hopCj 
^ke the Book fwell to a Size hejond the dejtgn'd 
Proportion, 

The other Butp which I levelVd aty is to content 
the Dejires of thofe who are delighted more with fym^ 
ioUcal than verbal Demondrations. In which Kind^ 
whereas moji among us are accuflonfd to the Symbols 
^ GuUelmus Ojughtrcdus, I therefore thought heft to 
make ufe^ for the moJi party of his^ None hitherto 
(as T know of) has attempted to interpret and publifb 
Euclidc after this manner ^ except P, Heri genius j 
whefe Method ( tho' indeed moJi excellent in many 
things y and very well accomodated for the particular 
purpofe of that moji ingenious Man) yet feems in my 
Opinion to larbour under a double Defe£l, Firfi^ itt 
regard that^ alt ho* of two or mere ^ropo/itions produ-- 
cedfor the ^roofof any one Problem or Theorem^ the 
former don't always depend on the latter^ yet it don't 
readily enough appear^ eitfoerfrom the order oj each of 
by any other manner ^ when they agree together^ and 
when not \ wherefore for want of the ConjunSlions and 
jidjeBiveSy ergo, rurfus, ^c. many difficulties and 
occafions of doubt do often arife in reading^ efpecially 
to th^fe that are Novices, Befides it frequently hap-^ 
pens^ that the faid Method connot avoid fuperjluout 
Repetitions y by which the Demdnjirations are often^ 

times 



To the READER. 

times rendet'd tidtms^ and fometimes ayh mere ifitrir 
cate; ivbicb Faults my Method doth eajily remedy hy 
the arbitrary mixture of both Words and Signs : Tber^ 
fore let what has been /aid, touching the latemion 
md Method of this little fVotft, fuffite. As to the 
rejty whoever covets to pleafe himjelf ivith what may 
hefaidy either in Prai/e of the Mdthetitaticks in gene- 
raly or of Geometry in particular^ or touching the Hi- 
lary of thefe- Sciences^ and conjequently oj Euclide 
bimfelfy (who di^efied thofe Elements) and others 
t^iSlieiMi of that kind, may confult other Interpreters, 
^either will I fas if I were afraid left thefe my En- 
deavours may faSfhort of being Jatisfa0ory to aU 'Pet- 
fonsj aliidge as an Excafe (tbo' I may very limfuSy 
do it) the want of due time which ought to be etii- 
floy'd in this Work^ nor the Interruption occafion'd by 
ether Jffairs, nor yet the ivattt of requifite help /o** 
thefs Studies, mrfeveral other things of the like ISaturt. 
But what I have here emplofd my Labour and &udy 
in for the XJfe of the ingenious Rfader^ I wheD^ 
fithmit to his Gnfure and fadgmemy to approve ^ 
afefaly or rejeQ if othermife. 

I. a 



^4 amlciffimum Tirum, I. G dc EUCLID 9 

contradfca^ £(/>)f/u/(r/xof. 

tp Senex prcfundus^ &* apberifmos mduH^ 
Immmfa duJftm marg9 cemmentafii 
J)iagramma circuit mirnitum ; mqtu Infi^a 
ProbUma breve natahat in vajh marL 
Sed undajam detumuit ; dP ghjjit ^r^jgr 
Stringit vheenmata : minoris angnU 
hateribuf ecce utus Eudides /4KwI» 
Inclnfics ohm velttt Homerns in nme\ . 
Flftteoque farcina modo qui tncffhttt^ kvl^ 
En ft manipulus. Pelle in exi^u^ !atet 
Jngens Matbefis^ matris utero Hercules^ 
In glande quercuSy vel Ithaca Eurus in piLf* 
flee mole d^m decre/ciff ufm fit minor; 
^in auBior jam evadit, Sf cumulatius 
CpntraBa fredefi erudita pagina 
Sic ubere magi J liquor k prefik afflftitl 
Sic fleniori vafa inundat fanguinis 
Vme^e cprdif Syfiqle ; fie fufi^s 
Frocufrh aquor ex AhyU anguftiis» 
^^P^^*operis art tanta referenda unice ffi 
BAROVIANO nominiy acfclertia. 
Sublimis euge mentis ittgenium patens i 
Cui invium nily arduum effe nii filet; 
Sfc u/que pergas prefperci conamin$. 
Radiufque multum debeat ac abacus tibs\ 
fiic crefiat indies feracior feges^ 
Simili colmum germine ajpdue beans. 
Specimen futura mejfis hie fietlahw, 
^fi^^^^^fi fama illufiria b^c praludia- 
Jitvenis de^t qui tanta^ quid dabrt fenex ? 

Car. Robotham, CANTAB 
Cpjf. fpH. A». ^^ 
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The Explication of the Signs or 

Characters. 
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+ 



?-< 



1C& c 
0:0: 



a 
to 

•2* 



Equal. 

Greater; 

Lcffcr; 

More, or to be added. 

Lefs, or to be iubtraded. 

The Efitferences, orExcefs; Alfo, that all 
the Quantities which follow, are to bp 
^ubtra^bed, the Signs not being changed. 

« 

Multiplication, or the Drawing one fide of 
ft Re6bng}e into another. 
The fame is denoted by the QMijunaion 
cf Letters; as ABjr=A x B. 

Q)ntinued Proportion.' 

The Side or Root of a Square, pr Cube, &f. 

A Square. 

A Cube. 

i • 

I The Ratio of a (quare Number to a fg[uarc 
*^ Number. 
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Other Abhreviations of PFords^ wbere^'ever they 
pccar^ the Reader will without trouble underjland 
^ himfelf\ faving fotne few^ which^ being of lefs 
general ufe^ w^ refer to be explained in their ^ laces ^ 
"fnofl commonly at the beginning of each Book in 
which they are ufed. 
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OF, 

^EU C L ID E's 



E 



L E M E N T S. 



Definitions. 

I PoiDt is that which hath no part. ' 
II. A lire is a longitude without 
latitude. 
III. The cndi, or limits ofalioe 
are points, 
IV. A right line is that which licj 
equally betwixt its points. '^ 

■ , V. A Superficies is that which hatfi 

<mlv longitude and latitude. 

VI The extremes, or limits of a fiiperficies arc lines. 

Vn. Aplainfupei^cicsis that which lies equally be- 
twijtt its litws. 

Vm. A plain angle is the inclination of twwJJhcs 
xw one to the other, the one touching the other in the 
fame plain, j«t not lying in the fimc (frait line, 

DC And if the lines which contain the angle, be right 
.Jines, ii is called a right-lined angle. 

A X.When 



le 



,^% 



1 



G 



or 



7lbe j^rfi B(k>k of 

X When a right-line OG, 
ftanding upon a right-line AB, 
makes the angles on either fide 
thereof^ CGA, CXjB, equal oqe to 
the other, tl^fr both thoie equal 
^ angles are right-angles ; and the 

B right-line C6, which flandeth on 

the other, is termed a Perpendi- 
cular to that (AB) whereon it ftandeth. 

Note, JVhen fever al angles meet at the fame pint {as at 
G) each partkulat angle is defcvihed by three letters ; where- 
cf the middle letter Jheweth the angular point, and tbt two 
other letters the lines that make that angle : Js the angle 
which the ri^ht-Unes OG, AG make at G, is called (JGA, 
AGC ' 

XI. An obtufe-angle is that 
which is greater than a right-an- 
gle ; as ACD. 

XII. An acute-angle is that 
which is leis than a rfght-angle ; 

_0 \ 5 as ACB. 

7 ^ \ X> XIII..A Limit, or Term, is 

the end of any thing. 

XIV. A Figure is that which is contained under one 
or more terms 

XV. A Circle is a plain figure contained ander one 
line, which is called a circumference ; unto. which all 
lines, dra>vii from one point within the figure, and &lling 
upon the circumference thereof^ are equal - the one to 

the other. 

XVI. And that point is called 
the center of the arcle. 

XVII A Diameter of a circle 
is a right-line drawn thro* the 
center thereof, and ending at the 
circumference on either fide, di- 
viding the circle, into two equal 
parts. 

XVm. A Semicircle is a figure which is contained 
under the diameter and that part of the circumference 
^which is cut off by the diameter. , 

In the circle EAdCD, E is the center, AC the diameter^ 
ABC the femkircle. 

XIX. Right-lined figures are fuch as are contained 





• under right-lines. 



XX. Three 



te u c L X D E*j Elements. 

5f X; Three-fidcd or trUateral figures arc fuch as ait 
^Cohtamed under three right-lines. 
. XXI. Four-fided or quadrilateral figures arc fuch as 
are contained under four right-lines. 

uJ^^^^'^^i^'^^ figures arc fuch as arc contained 
under more nght-h^cs than four. 

XXItt Of trilateral 
figures, that is, an equi- 
lateral triangle, which ~ 
hath three equal fides j 
as the triangle A. 




XXIV. Ifofceles is a 
triangle which hath on- 
ly two fides equal; as 
uic triangle B* 



5txV.Scalen6m isa tri- 
angle whole three fides 
ate all unequal ; asC 

> XXYL Of thefe irilaterai 
figures, a right-angled tri-. 
angle is that which hath 
one right-angle ; as the tri- 
angle A. 

XXVIi. An anihiygonium, 
or obtafe-andcd tnangle, is 
that which hath one angle 
%btuie; asB^ 

A z 




^xVm An ' 



' \ 



gj&^ fffi Bcofc i?/ 




acufe-fljQg^d triao^ is diat 
wydi hath thsse acute an- 
gles; asC 

An es^uiaBfjttlar, or e^- 
angled £|pre)s that whereof all 
the angles arc equal. ^ Two 
figures are equiangiilar, if the 



fcvcral angles of the one ^rc be equal to theleveral 
angles of the other. The fame is 



equilateral figures. 




to he underftood of 



XXIXi Of Quadrilate- 
raly or fbur-fided figures, a 
iquare is that whole fides 
are equal, and angles right; 
asABCD. 



XXX. AFigmr on the 
one part longer, or a lot^ 
iquare^ is that which hath 
right angles, but not equal 
fides; asABCD. 

XXXL A It^homjK ^ 
Diamond- fi|[ure^ is that 
which has iSur equal fides^ 
but is not right-ai^ed ; 
as A. 

< 

XXXfl. A Rhomboides, 
is that whofe <^pofite fides, 
andoppofite aogles, are e- 
qual; but has neither e- 
qual nor right angles; as 



XXXm. AM 



r- \ 



EucLXDi'a BJmcnts^ 



XXXra. Alt oAcr qua- 
drilateral fifi;ures beudes 
thefe are caSsdtrapeva^ov 
td>les; asGNDH. 





nM^mt 



A 

B 



ir 

XXXIV. Parallel, or cqui- 
diftant right lines are luch, 
which being in the fime fiiper- 

ficics, if infinitely produced^ would never meet ; as A 

aodJBr 

XXXV. A Parallelo- 
gram is a quadrilateral fi- 
gure, whole oppofite fides 
areparaUel, or equidiflanc ; 
asCxLMH. 

XXXVI. Tn a ParaUelo- 
gratn ABCD, when a dia- 
meter AC, and two lines 
EF, HI, parallel to the fides, 
cutting the diameter in one 
and the fame point G, are 
drawn, ib that the Paralle- 
logram be divided bjr them 

into four Parallelc«;rams ; ^ ^ ^ 

thofe two DG, GB, through which the diameter oafieth 
nor, are called complements; and the other two EiE, FI, 
through which the diameter pafleth, the Parallelc^^rams 
Sanding about the diameter. 

A rroblem /i, when fimething is frefofed U h d^ne 
9f effeBed 

A Theorem i/, vohen fimethag h profofyi fo he dtmom 
firattd 

A Corollary is a ConffBary^ or fome confequenf truth 
gained from a preceeding demo^^ation, . 

A Lemma is the demonpration of fome fremifej where fy 
tiffrQ(f(f the tUng in iand becomes the Jborter, 




Ai 



PofiuJatei 



nefrftBookof 
^oftulates or Petitions. 

I. T^Rom any given point to any other given point 

JL"^ to draw a right-line. 

a. To produce a finite right-line, ftrait forth conti- 
nually ^ ■ 

2 Upon any^center, and at any diftance, to dclcriDc 
a circle. 

jisioms* 

I. 'Tp Hings equal to the fame thing, are alio equal 
J, one to the other. 

As A=:B— C Therefore A=C; or therefore all 
A,B» C, are equal the one to the other. 

Kote, W)sen feveral quantities are joyned the one to the 
dher continually HJuHh this math =r, the firji quantity is by 
virtue of this axiom equal to the lafl^ and every one to every 
me : In <vohich cafe *we often ahjlain from citing the axiom^ 
for brevity's J^kel altho* the force of the confequence depends 
thereon* 

2. If to equal things you add equal things, the wholes 
fhall be equal. 

5. If from equal things you take away equal things, 
the things remaining willbc equal. . 

4. If to unequal things, you add equal things, the 
wholes will be unequal. 

'5, If frpm unequal things you take away equal things, 
the remainders will be unequaL 

6. Things which are doublfc to the fame third, or to 
equal things, are equal one to the other. Underftand 
the lame of triple, quadruple, &*f- 

7. Things which are half of one and the fame thing, 
or of things equal, are equal the one to the other. Con- 
ceive the fame of fobtripk, Hibq^adruple, ftPc. 

8. Tliings^which agree together, arc equal one to the 
other. 

^ke convsrfe cf this axiom 'is true in ri^ht lines and an- 
.gJes^ but rM in figures^ unlefs they be like* 

Moreover J magnitudes are faid to agreoy nvhen the farts of 
the one being afpiyd to the parts cf the Qther^ they fiU up a» 
• equal cr the fame place 

9 Every whole is greater than its part, 
10. Two right-lines cannot have one andthefaoie 
iegtoent (or part) common to them both. 

II. Twp 



EuciideV EJements. y. 

II. Two right-lines meeting in the lame point, if they 
be both produced, they ihall neccflarily cut one the other 
in that poiut- 

iz. All right-angles are equal the one to the other. 




15. If a right-line BA, falling on two righ^lines, AD, 
CB, make the internal angles on the fame fide, BAD, 
ABC, left than two right-angles, thofe two right-lines 
produced ihall meet on that iide where the angles are 
leis tlran two right-angles. 

14 Two rignt-lines do not contain a fpace. 

15. If to equal things you add things unequal, the ex- 
cels of th^ wholes ihall be equal to the excefs of the 
additions 

16 If to unequal things equal be added, the excefs 
of the wholes ihsul be equal to the excefs of thofe which 
wereatfirft. 

17. If from ei^ual things unequal things be taken 
away, the excefs of the remainders fhall be equal to the 
excefs of what was taken away 

18. If from things unequal things eq&al be taken 
away, the excefs of the Remainders fhall be equal to the 
excefs of the wholes. 

19. Every whole is equal to all its paits taken to- 
gether. 

20. If one whole be double to another, and that whicji 
is taken away from the firfl be double to that which \% 
taken away from the fecond, the remainder of the firft 
Ihall be double to the remainder of the fecond. 

Tht Citations are to he underBood in this maimer ; When 
youmeet with tivo vumherSythe firji Jbews the Propofiti^^ 
the fecond the Booh\ as by 4. 1, you are tovunderiland the 
fourth Propofition of the firfl 600k ; and fo of the reffc 
Moreover^ ax* denotes Axiom^ -fofi* Pofiulatey def, Defnitum^ 
[qh^ ScboliHrn^ cor. Corollary. 



Tke firfi Book of 

PROPOSITION I. 




U 



Pm a finlt0 fighHine gt- 

ven AB, to defer ibe an equh 

lateral triangh ACB. 

Pi^m Che centers AandB, 

at the difbiiee of AB, or BA, 

%\,fofi. V \ y J ^defcribc two circles cutting 

X^ ^^>C^^.>^ each other in* the point C; from 

b I. ^off whence h drtw two right-lines 



c 15. Af. CA, CB: Then is ACr=AB r=BC ife=:AC e Whe^^- 
d I. ax, , fore the triangle ACB is equilateral WUch v?as to bt 

SchpTtitm* 

After the feme manner upon the line AB may be de- 
fcribed an Hbfireles triangle, if the diftahces of the e- 
qual circles be taken greater or lefs than the line AB^ 

PROP. H. 




From a point given A, to dtaVi a right-line AG eqttal $$ 

right line given BC. 
a 5. fofi' ftom the center C, at the diftance of CB, a defcribe 
b I fojf, the circle CBE. b JoipAC; upon which <r raifethe 
c 1. 1. equilateral triangle liXX d Produce DC to E. From 
d 2. pojl. the center D, at the diftance of DE, defcribe the circle 
c z./w/?. DEH ; and let DA e be produced to the point G in the 

circumference thereof. Then AG=iQB. 
f 1 5. dff. For DG /=DE, and DA ^=DC Wherefore AG k 
g confir. r=.CE ^ — BC. l:^AG. Which was to be dohe* 
h^.ax» The putting of the point A within or without the line 
\ii'y.def, BC varies the cafes; but the confhruftiQn, and the der 
\i,ax, monfh^ion. are every where alike, 

' / Scbd. 



EucLiDE^i Eknients. 
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ScM. 

The line AG might be taken with a pair of comr 
pafles ; but the fb doing anArers to no ponnlatei as Fro- 
clus vrell intimates, 

pRop.m 

_ S^^^ fr^^ the gteater 
BC to take av)aj the tight 
Ihe BE efHoitothe leffer A. 

From the Point B a draw 
the right line BD-sA* 
The circle defcribet} (totn 
the center B at the diHance 
of BD fhatt cut oS BE h:=SDe=izk d-BB IViichwas hiydef. 
to be done. cconfir* 

d I. at. 
PROP. IV. 




a a» u 



/^ 




If tivo triangles BAG, EDF, hofoe two fides (f the we 
BA, AC, equalto two fides cfthe other £D, DF, each to its 
conefpndem fide (that is BA=ED, and AC=JDF) and 
have the angle A equal to the angle D contained under the 
equal right-lines ; they fijoil haw the hafe BC equal to the 
ffofe EF ; and the triangle BAC Jhall be equal to the triaf^le 
EDF ; and the remaining angles B, C, JBall be equal to the 
remarmug angles E, F, each to each^ under Ofhich the equal 
fides are fid>tended^ 

If the point D beapply^d to the point A, and the 
|-ight-line DE phc'd upon the right line AB, the point 
E ihall fall upon B, becaufe DE azzAB^ al(b the right a hypi, 
line DF ihall fall upon AC, becaufc the angle A ^=:D. 
Moreover the point F fliall fall upon the point C, bccaufe 
AC azzDF. Therefore the right-lines EF, BQ Ihall a- 
|;ree^ bccaufe they have thQ lame terms, and confequently 



are 



^ 



••^afr- 
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are equal. Wherefore the triangles, BAG, DEF, and ^ 
angles B, £, as alio the angles C, F, do agree, and arc c- 
qual. ifhkh *tvas to he dermmfifMeA. 

^ROP. V. 

^loe angles ABQ ACB, ta the hafe 
ef an Ifofceles triangle ABC^ are equal 
one to the other ; j4nd if the equal 
fides AB, AC, are produced^ the angles 
CBD, BCE, under the hafe^Jball he 
equal one to the other, 
a^. I. J/^ ^ tf Take A£^=AD; and £ join CD, 

hi fo^. I> .^ and BE. 

Becaufc, in , the triangles ACD, 
c hyp. ABE, are AB r=rAC, and AE </=AD, and the angle A 
d conftr* common to them both, e therefore is the angle AoEsr 
c 4 I. ACD, and the anrie AEB e=ADC, and the bale BE« = 
f 5, ax. CD ; alfo BC/JdB. Therefore in the triangles BEQ 
g4 I- BDC^ will be the angle ECB ::=DBC. ff^hich was to 
be dem. Alfo therefot« the angle EBC=rDCB, but the 
h before, angle ABE ;f»=-ACD ; therefore the angle ABC k^ACEL 
k 3 ax. Which ivas U ^e dem. 

CorolL 

I 

Hence, every equilateral triangle is alfo equiangular; 

PROP. VL 

If tnvo angles ABC, ACB cf a trian- 
pie ABC, he equal the one to the other^ 
the fides AC, AB, fuhtended under the 
equal angles^ fisall alfo be equal one to 
the other. 
If the fides be not equal, let one be 
a ?. I. bigger than the other, ^PPpfe JBAc CA. a Make BDj=: 
b I pp' CA, and b draw the line QD 

c fuppof In the triangles DBC, ACB, becaufe BDc-CA, and 

d hyp. the fide BC is comn^on, and the angle DBC d==ACB, the 
^41. triangles DBC, ACB e fliall be equal the one to the other, 
i^. ax* a part to the whole. / tVhich is impojjible, 

Coroll 
IJencc, every equilateral triangle is alfo equilateral. 

PTIO?; 
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PROP. vn. 




c 5. 1. 



Ufm the fame right-tine AB two right-lines being dra<wn 
AC, BC, PWo other right-lines equal to tbeformery AD, BD, 
^ach to each (viz.) Au=AC, and BD.=BC) canna be drawn 
from the- fame foivts hy B» on ibe^ fame ftdeO^ to federal 
fointSy as G and t), but only to C. 

I. Cafe If the point D be fet in the line AC, it is 
plain that AD is a not equal to AC. ^9- ax. 

z. Cafe If the point D be placed within the triangle 
ACB^ then draw the line CD, and produce BDF,and BCE. 
Now you would have AD=AC, then the angle ADC ^r= " ?• !• 
ACD ; as alfo, becaufe BDte=BC, the angle roC=iECD, ^MM' 
therefore is the angle FDCc-^ ACD, that is, the angle ^ 9-^'' 
FDCcr~ADG d Ivhich is impofjible. 

7,. Cafe. If D falls without the triangle ACBy let CD 
be joined 

Again, the angle ACD ^zrADC, and the angle BCD J 
e=BbC. f Therefore the angle ACDc-BDC, viz. the ^ 
^ngle ADCz"'BDC, JVhichis imfojphle. Therefore, &e. 

PROP. vin. 

If two triangles ABC, 
DEF have two fides AB, 
AC, equal to two fides DE, 
DF, each to eachy and the 
bafe BC equal to the bafe 
EF, then the, angles contain- 
ed under the equal right 
lines Jhallbe equaly viz A to D. 

Becaufe, B(J/«~EF, if the bafe BC be laid on the tihyp. 
bafe EF, h they will agree : thef efore whereas AB c=: b ax. 8. 
DE, and AC=DF, the point A will fall on D (for it can- c hyp. 
iK)t fall on any other point, by the precedent propofition) 
and fo the fides of the angles A and D are coincident ; 
d wherefore tho(c angles are equal. Which was to he de- d 8. ax. 
monfirated. Corqlh . 




let 
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a 3. 1, 
bi. I. 



d$. I. 



a I. I. 



b5>. I. 



44 I- 




CaroU. 

I Hence, triangles mutually equilateral are alfenitt- 
tually X equiangular. 

2. Triangles mutually equilateral x arc cqitial one to 
the other. 

PROP. IX. 

^ lifeBy cr divide inf^ Ud§ 
equal partly a tighhlined ar^hgrth 
en BAG 

a Take AlXssto AE^and draw 
the line ££; upon which b make 
an ctjuilateral trian^ DFR 
draw the right-line ^ ; it fliall 
bile6fc the angle. 
For AD c~AEy and the fide 
AF is common, and the bafc DF r=FE. d therefore 
the angle DAF=EAF. f^bkh was to be done. 

CoroU- 
Hence it appears how an angle may be cut into 4, 
8, 16, g2, &*c, equal parts, to wit, by bile^king each 
part again. 

The method of cutting angles into any equal parts 
required, by a Rule and Compafs, is as yet unknown to 
Geometricians. 

pi^op. X,: 

To hifeSt a right-line given AB. 
Upon the line given AB a eredt 
an equilateral triangle ABC ; and 
b bifeft the angle C| with the 
right line CD. That line fhall 
alS) bifc^ the line given AB. 
For AC c=SC, and the fide 
A T>k '^p CD is common, and the angle 

•^ ^ R ACD ^=xBCD. therefore AD d 
nrBD. Which was to he done* 

The practice of this and the precedent propofition i^ 
eafily fliewn by the conftruftion of the ift pippofition of 
|his Book. 




/ 
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a 3. 1, 
b I. I. 



PROP Xl 

From a f^tf^ C in a righf 
line friwnAQio ereB a right 
line CF at right angles. 

a Take on cither fide of 
the point given CD = CE, 
upon therignt-lineDEfe ereft 
an equilateral triangle, draw 
the line FC, and it will be the 
perpendicular required. 

For the triangles DFC, EFC are juutually c equilateral; c confir- 
if therefore the angle DCFzzECF. e therefore FC is d 8. i. 
perpendicular. Jrhich *u)as to he done, c I0« i^* 

The pradiccof this and the following iseafilypcr^ 
formed by the help of a iquare. 

PROP.XIL 

Ufvn^nm itfmie r^Mine 
given AB, from a point grih 
en that is net in it^ to let 
fall a fffrfendktdar right 
lineCG* ^^ ^y. 

From the centerC a de- a -jps,^^- q ^^v "n * 5' P^* 
fcribe a circle cutting the ^*"^*.Ji— --^'^ -^ 

rightrline giren AB m the points E and F Then h bi- b 10, i. 
fea EF in G, sfijd draw the right-line <XJ, whifch will be 
the perptendicular jieqiiircd. 

Let the lines CE, CF be drawn. The ttjangles EGQ 
FGC arc mutually c equilateral, d thercfere the angles c ca^. 
EGQ FGC are equal, and by e confcquence right, e^^- ^ 
Wherefore GC is a perpendicular. ff%ich was to be done. ^ ^^ '^' 

PROP. xin. 

When a right-Ime KR JianMng upon 
* right-line CD makeih angles ABC, 
ABD ; ip maketh either two right-an- 
ghty or tvio angles equal to tivo right. O ~S^ Ef " 

If the angles ABC, ABD beequal, a then they make ^ ^ ^°- 
two nght-angles ; if unequal, then- fiom the point B 6 ^ 1 1 , i. 
let toere be ere^ed a perpendicular BE. Becaiife the 
angle ABC c== to a right +ABE, and the angle ABD c ip- a» 
d=tOH right -. ABE, therefore fhall be ABC f ABD ^ 5 ax. 
e= to two right angles -t- ABE = t right angles. Which « a ** 
ViU to be eltmonfirattd. Q^g^ 





D 



H 
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a 13. 1. 
hhyp. 
c 9. ax. 



a 15. 1. 
b 3. ax. 



Corollaries. 
I. Hence, if one angle ABD be right, the other ABC 
is alfo right ; if one acute, the other is obtufc, and Co on 
the contrary. 

^ 2. If more richt-lincs than olie ftand upon the fame 
right^line at the fame pointy the angleis fhall be equal td 
two right. 

5. Two right-lines cutting each otiier make angles 
equal to four right. 

4. All the angles, made about one point make four 
right ; as appears by CorolL 2. 

PROP. XIV. 

If to ^ny righp-Une AB, and a poha 
therein B, two right-lines ^ not drawn 
from the fame fidey do make the angles 
Al^C, ABDy on each fide equal to two 
•S B 3d ^L^^fy *^e lines CB, BD, fhalt mhke one 

ilrait line. 
If vou deny it, let CB, BE make one right-line; then 
,fhall be the angle ABC-!- ABE a- two riffht angles *- 
ABC-I-ABD. IVhichiseabffird. 5 5- 

^ PROP. XV. 

If two right lines AB, CD, cut thro* 
one another^ tjotn are the two angles which 
are oppofite, viz. CEB, AED, equal on4 
to the othe¥ 

For the angle AEC+CEB^^ t^ 
two right angles =-AEC 4- AED; h 
therefore CEBz: AED. Jf^hich was to be done. 

Schoh I. 





If to any right-line GH, and ih it a point A, two righf 
lines being drawn EA, FA, and not t^kea on the famd 
fide^ make the vettical (or oppofite) angles D and B equals 
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thofe right-lines EA, FA^ do meet dircftly and make one 
ftraitlinc. 

For two right angles are a equal to th* angle D-|-A J ^5 '• 
b ^B'l-A. c Therefore EA, i^, are in a Itrait line. *> ^' ^'• 
Which *was to be demonfirated* ^* ^4- I- 

SchoL 2. 

If four right-lines EA, EB, EC, 
ED, proceeding from one point E, 
make the angles, vertically- opposite, 
equal the one to the other, each two 
lines, AE;EB, and CE, ED, af c placed 
in one ftrait line. 

For becaufe the angle AEC-J-AED 
►JrCEB^-DEBij-r: to four right-angles, therefore the a 4 f. i:.i 
angle AEG \AED^=CEB4-DEB= to two right an-bi^, &• 
gles. c Therefore CED and AEB are ftrait lines. IVkkh z ax, 
<vas to he denumfirated, . ^ * . c 14. i« 

PROP. 5^VL 

One fide "BCof afiy triattgle ABC be- 
ing prvducdy the outOoard angle ACD 
«i;/7/ he greater than either jf the in- 
9vard and oppojlte angles, CAB, CBA. 

Let the right-lines AH, BE, a bi- 
feft the fides AC, BC ; from which 
lines produced, take b EF=BE, and 
HI,^=AH, and joinFC^ and IC; 
and produce AOG. 

Becaufe CE rc=EA, and EF (r=EB, and the ^nglc cconfir. 
FEC ^rrrBEA, the angle ECF e ihall be cquaTto EAB. d 1 5 i. 
By the like argument is tl^e angle ICH=rABH There- e 4. i. 
fore the whole angle ACD rf BOG) g is greater than ei-f 15. i. 
ther the angle G\B or AiJC fFhich was to be demon- g 9. ax- 
firated^ 

PROP XVIU 

^tvo angles of any triangle 
ABC, which way foever they be 
taken f are lefs than two right an- 
gles. 

Let the fide BC be produced* 
Becaufe- the angle ACD 4- ACB 
ii— two right angles, and the 




a 10. 1.8^ 
^ b 3, I. 




wigle ACD ic-A, <r therefore A-f ACB — 



a 15, 



T* 



than twob 16. i* 
right c 4, ax. 
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right-angles. After the fame manner is the ande B4- 
ACB -n thsth two fight. Laftly, the fide AB being pro^ 
duced, the angle A-hB will be alfo left than two nght 
angles. Jf^hich ivas to be demmfitflUL 

i: Hence it follows that in every triangle wherein 
one angle is either riglit or obtufe, the two others w« 
acute angles. 

t jBll ^' ^^ ^ right-line AE make unequal angles with ano^ 

ther right-fine DC, one acute AED, the other obtufe 
AEC, a perpendicular AD, let fall from any point A to 
the other line CD, ftaU fell m that fide the acute ai^c 
is of. 

^ For if AC drawn on the fide of the obti* an^e, be 

a perpendicular, then i^ the triangle AEQ Stall AEC 
» 17. I* 4- ACE be greater than two right angkis. * Wlkh if 
contrary to the precedent p'op. 

5. All the angles oi an equilateral triangle, and the 
two angles, of an Ifbfceles triangle that are upon the 
• baie, are acute. 

PIIOP. XVIIL 

fTj&f greateft fide AC cf every 
triangieABC fiibtends the great efi 
angle ^iSC 

« ?• I- /S. From AC a take away AD^ac 

h 5- !• ^ j/^ >v ^ AB, and join BD. h Therefore 

X«-^ — ^C is tjje angle ADB=ABD. But 

c 16. I. ADB czrQ ; therefore is ABD c-"C; d therefore the 
d 9. ax. whole angle ABC(r"C. After the (ame raannetr ihajl be 
ABCcT" A. Which was to he demonpftted* 

PROP.-XIX. 

In every triangle ABC, under the 
greatefi angle A^is fubtended the grefife^ 
fide EC ' 

For if AB be fuppofed equal to BC, 

^ - j^ «. %• then will be the an^e A assfX which 

is contrary to the Hypothiefis: and' if ABcr"BC,,the|i 
b 18. I. '' Ihall be the angle C bzrh, which is ^nft the Hypo- 
^^ thcfis. Wherefore rather BC— AB ; and after the f^mc 
manner BCcr- AC Jflfich Hvas to be demonfiraud. 

PROF* 









PROP. XX.- 

Of every ttiangh ABC, two fides 
B A, AC, any way takerty are greaUr 
ibanihe^de thatremah^ BC, 

Produce the line BA,*/i and take 
AD=AC, and draw the line DC ; h 
thcnihall the angle D be equal to 
ACD, c therefore is the whole angle 3CDc~D ; rfthcre- 
£otcBD{e BA-I-AC) c-BC. mich nvas to be demoh- 
firdted, 

PROP. XXL 
' Jf from the titmoft points (fcne fidi 
xBQ if a triangle ABC, two ri^ht-Iines 
BD, CD, be dfawn to any point *Mhih 
the triangle^theH are boththofe two lines 
Jhorter.than the two other fides of ihe tri" 
angle BA, CA ; but do contain a greater 
mgle, BDC 

Let BD be produced to E Then is CE-f-ED a c- 
CD, add BD common to both, b then Hull be DB -DE 
r»-EC— CD+BD Again, BA-i-AE^cr- BE. t there- 
fore BA 4- ACc- BE hEC Wherefore I. BA 4 ACc- 
BD i DC 2. The angle BDCc c-DEC c zrk. There- 
fore the angle BDCcr;A. Which was to be demonfiratetb 

PROP. XXII. 



4? 





To make a triangle F KG of three right Vines FK, FG, 
GK, which fi)aii be equal to three right-lines given A^ B, Gi 
Cf which it isnecejfary that any two takm together be longer 
than the third 

^ . From the infinite line DE a take DF, FG, GH, equal 
to thdiines given A, B, C. Then if from the b cente;rs 
F iind G at the diftances of FD and GH, two circles bc^ 

B drawn 



h 5. I.* 
c f^.aji 
d 19. I. 
econJHr^ 
6pi uic^ 



a 20; i: 



c i6i i| 



a 5: r. 
b ^.pojt. 



i8 

C lydef. 



^5- I- 

C 22. I. 

d 8. 1. 



az; u 
b 3. I. 

£4. I. 

t\ 9. /jx. 
k 19. !• 



drawn cutting e?ch other in it, and the right lines KF; 
KG be joined, the triangle FKG Chiall be made, c whole 
fides FK, FG, GK, are equal to the three Uses DF, FG, 
GH, d that is, to the three line* given A, B, C t^hu^ 
tvas to he done. 

PROP. xxra. 

j4t a point K in a r^ht 
line given AB, io make a 
right-lined angle A efwd $0 
a right-lined angle given D. 

a Dhiw the right-line 
CF cutting thiB fides of the 
an^Ie giveti any ways; b 
make AGssCD; ujjon AG c raife a triai^le eouiiateral 
to the former CDF, fe that AH be cqtral to DF, aftd 
GH to CF. then fliall you havfe the angle Ad ssJk 
fVhich 'Was to he done, 

PROP. XXIV. 






If two irianfrles ABC, DEF have two fides of the one 
triangle AB, AC equal to two fides of the other triangle I)^ 
DF, each to other ^ and have the angle A greater than the an- 
gle EDF contained under the equal right-lines ^ theyjball hav€ 
alfo the hafe BC greater than the hafe EF. 

a Let the angie EDG be made equal to A,, and the fide 
DG ^=rDF <:rr AC ; and let EG, and FG be joined. 

€. Cafe. If EG falls above EF ; Becaufe ABd[=DE, 
and AC ^—DG, and the angle A g.rrtRDG, /therefore 
is BC=EG. But becaufe DF « =DG,^ therefore is the 
angle DFG-DGF; h therefore is the angle DFG c- 
EGF, and by conlequence the angle EFG, h cr ECiF. k 
wherefore EG (BC) crEF. 

4 a Cafg 
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i. Cf/e.IfthebafeEF 
coincides with the bafe 
ElG, / it is evident that 
EG (BC) cr EF. 



5. Cafe If EG fells 
below EF, thenbecsvu^ 
DG-I^ GE OT cr-DF 41 
FE, if from bath be ta- 
ken away DG, VP which 
are equal ; EG (BC) re- 
mains w CT'EF. If^bich 
VJas to be dem. 
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PROP. XXV. 



(J tiy4fk 




If Uvo triangles ABC, 
tygFy have tW0 fides KBy 
AC, equal to two fides 
DE, OP, each to i4hery 
and have the bafe B C 

greater than the bafe EF, T5f ^CE^ ^5^ 

they Jhall alfi have the angle A contained idnlkr the eqiiat 
rigftt lines greater than the angle D, 

For if the angle A be ikid to be equal to D, a then is a 4. i^ 
the b^ BCnEF, which is againft the Hypothefis. If 
it be faid the An^le A^i^D^ then b will be BC -n EF^ b 24 h 
which is alfb againft tjie Hypothefis. Therefore BCrr 
JEF» fFhich was to be denti, , . 

PROP. XXVI. 





If t'u;o triangles BKCy EDG, have two angles^^ the oni 
B, C, equal to tvjo angles of the other E, CGE, each to 
his correfpondent anghy an4 have alfo one fide of the one equal 
to one fide of the other j either that fide <ivhivh l^eih bet<vixt the 

B 2 equat 



r 



y 
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tquat angles J or that which is fuhtended under one tfihe i* 
qual angles ; the other fides alfo of the one JbaU he equaf 
to the other fides of the other ^ each io his correj^ondetii fide^ 
and the other angle of the onoj JbaU he equal to the other angh 
of the other* ♦ 

I Hypothefis. Let B C be equal to EG, whicli are 

the fides that lie between the equal angles. Then I 

% BA=ED, and AC=^DG, and the an^e A = EDG. 

a 3. !• For if it be laid that EDc^BA, then a let EH be made 

equal to BA, and let the line GH be dravrti 
hfionfif. Becaufe AB ^=sHE, and 6C^=EG, and the angle 

C hyp. B <r=:E, therefore Ihall be the angle EGH drz. Ce =a: 
d4 t. DGE fJThiehis ahfurd,thtrcioT<^K&=SD. After 
e hyp» the fame manner AC may be proved eqnal to DG, d then 

f 5)« ax. vriil the an^e A be equal to EDG. 

^, Hyp. \fiX, AB be equal toDE, then 1% B C rs^ 
EG, and AC = DG, and the angle A=rEDG. For if 
Jjyp^ ,£G be greater than BC make EI^ BC, and join 
conflr. D L Now becaufe A B ^ =D E, and BC i& = E I, and 
k 4. 1. the angle B ^=E ; therefore will be the angle EID it 
\ hyp. = C / jrBGD m iVhich is ahfurd Therefore is BCsa 

m 16, 1. E'G,^ and fb as before, AC = DG, and the angle A=: 
EDG. IV^hich was to be dem. 
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PROP. XXVII. 

If a right line EF ,f ailing upon 
t<vo tight lines AB,'Cl5, makes the 
alternate angles AEFy DFE, equal 
the one to the other ^ then are the tight 
lines AB, CD, parallel 
If AB, CD be faid not to be parallel, produce them 
till they meet in G, which being fuppofed, the outward 
II I ^. I. angle AE F will be a greater than the inward angle 
DFE, to which it was equal by Hypothcfis Which things 
are repugnant, 

PROP, xxvrn. 

If a fight line EF, falling upon two 

right lines ^ AB, CD, makes the out- 

ward angle A G E of the one line e- 

qual to CilG the inward and oppo- 

jlte angle cf the other on the fame 

fide^ or make the inward angles on 

the fame fide^ AGH, CHGy eqstal to two right angles^ then 

are the right lines AB, CD, parallel. 

Hyp. 




JT 
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fjfyp* !• Bccaufc by Hypothefis the angle AGE 
r=(JHG, ^therefore arc BGH, CHG, the alternate a 15. |. 
angles equal ; And b therefore are AB and CD paral- b 27. i. 

Hvp. 2. Bccaiife by Ilypothefe the angle A G H + 

CH(i=to two right, 4f=AGHhBGH, b fhall be the a 13 i. 

angle CHG=fiGH ; and c therefore AB, CD| are paral- b ;. 4x. 

let, Wlncb was to hf demwfirated. ' C 27. I* 

PROP. XXIX. 

If a right line EFfalh upon two 
parallels, AB, CD, it will make 
both the alternate angles DHG, 
AGH, equal each to other ^ and the 
outward at^leBGE equal to the 
inward and ot^Jite angle en the ^ 
fame fide DHG, as alfo the inward angles, on the fdm% 
fide AGH, CHG, equal to two right angles. 

It is evident, that AGH'l-(3lG==two right, angles ; 
a otherwife AB, CD, would not be parallel, which is con- ? ^5' **' 
trary to the Hypothefis ; But moreoverthc angle DHG' ^ '3; *• 
-h CHG^ =5rtwo right ; therefore is DHG r^GH d- ^ ? *^' 
BGE. Which was to be dim. a IJ. I- 

» 
♦ Coroll 

Hence it follows that 
every parallelogram AC B 
having one angle right 
A, the reft are alio 
right. 

For A -|- B 4f = two A 




■»*ii^ 



,_ , ^^_ , J a 25> I. 

right angles Therefore, whereas A is riffht, b B mufl ^ 3- ^*- 

be alfo right By the lame aimiment; arc C and D right 
angles. 

PROP. XXX. 

w 

Right lines {KB, CD) paraM to 
one and the fame right line EF, are 
0lfo parallel the one to the other 

lit Glcut the three right lines 
given any ways. Then bccauic 
AB, EF, arc parallel, the angle 
fiGl will bQ 4! = EHI. Alfo be- ^ a 2 ji^ Ir 
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^ 29. I. cauieCDandEF are parallel^ theatigleEHI will be 
b I. ax. a ==DIG. b Therefore the ang^e AGI= DIG* c whence 
c 2 7 . I. AB and CD are paraUei. ff^hicb was to be demimfirated. 

PRO P. XXXI. 
p^ From d foim given A to draiw a right 

E 'y '^ /w« AE> faralM to a tight Htie ^n 

]g — / ■ ' Q From the point A dr»w a right lin« 

BD to any point of the given right 
? ^3 !• line; with which at the point thereof ^ A make an an- 
^ 2.]. I gic DAE==ADC. 5 then will AEand EC be parallel. 

Which. was to be done. 

PROP xxxii. t 

Of any triangle ABC me fide 

EiC beingitranx/n outy the outward an* 

gle ACDJhall he efuai to the two 

inward ofpofiie anghs A, B, and 

^_^^^^ the three inwafd angler of tie tri- 

C D angle A, B^ ACB, JhaJl be equal 

io two right angles. 

a 51. 1. From Qa di'aw CE parallel to BA Then is the 

b 29. I. angle AJ^ACE, and the angle B^=ECD. There- 

c 2. 4>r fare A i B c =ACE-|-ECD d = ACD. JVhich was to be 

d 19 ax, demonftrattdi 

c 13. I. lajffirm ACD4-ACB<?T=r two right angles if therctf 
f I ax. fore A •!- B -i^ ACBz=two right angles. Which%;as to be 

demo?jJirated. 

CorolL 

1. The three angles of any triangle taken together 
are equal to the three angles of any other triangle taken 
together . From whence it; follows^ 

2. That if in one triangle, two angles (taken (eve- 
rally, Of together) be equal to two, angles of another tri- 
angle (taken federally, or together) then is the remaining 
angle of the otie equal to the remaining angle of the o- 
thcr In like manner, if two triangles hafe one angle 
of the one equal to one of the other, then is the 
film of the remaining angles of the one triangle equal to 
the fum of the remaining angles of the other. 

3. If one angle in a triangle be right, the other two 
are equal to a right. Likewise, that angle in a triangle 
which is equal to the other two, is it fclf a right angle. 

4 When in an Kbfceles the angle made by the equal 
fid^s is rieht, the other two upon the bafc are each of 
them halfa right angle. 

5. An 
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5. An angle of an equilateral triangle makes two third 
pares of a right angle. For one third of two right an- 
gles is equal to two thirds of one. 

SchoL 
By the help of this propofition you may know how 
many right angles the inward and outward angles of a 
rieht lined figure make ; as may appear by thcie two 
following Theorems. 

q'H EO RE M h 




j4ll the angles cf right Uned figure do together make 
tvpice as many right angles^ abating four^ 4s there are fides 
ef ^he figure 

From any point within the figure let right lipcs 
be drawn to all the angles of the figure, which Ihall 
relblve the figure into as many triangles as there arc 
iides of the figure. Wherefore, whereas every triangle 
affords two right angles, all the triandes taken to- 
gether^will make up twice as many right angles as 
there are fides. But the angles about the laid point 
within the figure make up four right; therefore, if 
from the angles of all the tjriangles you take away the 
' angles which are about the laid point, the remaining 
angles, which make up the angles of the figure, will 
make twice as many right angles, abating four, as 
there arc fides of the figure. iVhich was to he demon-* 
firated, 

Corel! 

Hence all right-lined figures of the lame ipecies have 
the lums of their angles equal 

THEOREM IT. 

All ijoe outward angles of any right-lined figure^ taken t<^ 
gether^ make up four right angles • 

For every inward angle of a figure, with the out^ 
-ward angle of the lame, make two right angles; there-, 
fore all the inward angles, together with all the out- 
ward, make twice as many right angles as there are 
f\dq$, of the figLircj: but (as has been juft (hewn) all tho 
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inward angles , with four right, make twice as maiiy 
right as there as fides of the figure ; therefore the out- 
ward angles arc equal to four right angles. Which was 
$fi^he demoTfJhated, 

CorolU 
Att right-lined figures, of whatlbever fpccics have, thf 
films, of their outward angles equal 

PROP, xxxin. 

^. \^ ^f two equal and parallel lines A B, 

\ y^\ ^^f ^^ joyned toj^ether with two other 

\>^ \ ^'g^* ^'''Af, AC, BD, then ate thofe lines 

^ -^P alfo equal and parallel 

Draw a line from C to B. Now becaufe AB and CD 

f-ip. I. are parallel, and the angle ABC ^=:.B CD; and alfi> 

bv hypothehs A B == iCX), and the fide C B common, 

b 4. I. thefefbre is AC h — BD, and the angle ACB h =z DBC 

f 27. I. c >vhence alfb AC, BD, are parallel. 

PROP, xxxrv. 

At >^B ^^ parallelograms^ as ABDC, the 

\ j^^ \ i^pcate fides AB, CD, and AC, 

^ V^ \ >^ H D, are equal each to other ; ot^A 

^ the oppofite angles A, D, and ABD, 

ACD, are alfo equal ; and the diameter BC hifeBs the fame* . 
a hyp, Becaule^AB, CD, a are parallel^ b therefore is the 

ande ABC :=BCD. Alfo becaufe AC, BD, ^rc^a pa- 
b. 1^. I railel, b therefore is the angle ACBr=dCBD ; c there- 
c z ax. fore the whole angle ACD=ABD. After the fame 

manner is A=TX Moreover becaufe th6 angles ABC, 

ACB, lie at each end of the fide CB,«ahd are equal to 
d z6. I. BCD, CB D, ^ therefore is AC ^BD and AB</ =r 

CD, and fo the triangle ABC = CBD. Which was to 

he demonfirated. 

SchoL 
Every four-fided figure ABDC, having the oppojtte fides 

equaly is a parallelogram 
^z:. 1. .For by 8. i. the angle ABC=rBCD; ^ wherefore 

AB, CD, are parallel In like manner is the angle BCA 

= CBD; ^wherefore AC, BD, are » alfb parallel, 
b 35 i<ff: 1 . ^ Therefore ABCD is a parallelogram. Which was to 

be demonfiratef,. 

From hencp w? may 
more expeditioufly draw 
a parallel CD to a right 
line given AB, thro* a 
point affigned C. 

Take 
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Take in the line A B any point, as E. From the 
centers E and C at any diftance draw two equal cir- 
cles EF, GD. From the ccntci' F with the diftance EC 
draw a circle FD, which Ihall cut the former circle CD 
in the point D. Then fliall the line drawn CD be paral- 
lel to AB, for, as it was before demonftratcd, CEFD is 
« parallelogram. 

PROP. XXXV. 

Parallelograms^ B C D A , 

B C F E, which fiand upon the 

fame hafe BC, and between the 

fame parallels AF^ BQ are e- 

quai one to the cither. 
For AD ^r=BC ^=EF, add 1^ ^ a 54 i. 

DE common to both, h then •** ^ b 2. 4jr. 

is AE-DF. But alfo AB ^ =DC, and the angle he c %% 1. 

=::C D R d Therefore is the triangle ABE ==D C F- d 4, 1. 

take away DGE common to both triangles^ e then is e }. ax> 

the Trapezium ABGD— EGCF, add BGC common to 

both, /then is the parallclc^am A B C D = EBCF. f 2. «». 

Whkh was to be demonjhated. 

Thedcmonftrationof any odier cafes, is not unlike, 

but mucji more plain and ea^. 

Schol, 
If the fide AB of a right angled 

parallelogram ABCD be conceived 

to be carried along perpendicular- 
ly thro* the whole line «C, or BC 
' thro' the whole line AB, the area 
or content of the rc^tan^e ABCD j2 

Ihall be produced by that motion. 
Hence a re&arigle is faid to be made 
by the drawing or multiplication B C 

of two contiguous fides For escample ; let AB be fiip- 
pofed four foot, and BC three : draw three into four, 
there will be produced twelve fquarc feet for the area 
of the rcfengle. 

This being fu|)poi£d, the dimenfioii of any parallelo- 
gram C^E B C t ) is found out by this theorem. For * S^e the 
the area thereof is produced from the altitude BA drawn fii^* of 
into the bafe BC For the area of the reftangle AC = Prop 35. 
parallelogram EBCF, is made by th« drawing of BA 
intoBC, therefore, ©Pp. 
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PROP. ixxVl. 

A tP E J t ParanehgrAms BCDA, 

I ' L^^\ ^.^^^ GUFEyftamiing upon equal 

L.^^^-n^^''^ \ *^/'^ *C, GH, afid beHDfX$ 

^ Q Q i' **e fame parallels AF, BH^ 

•" are equal one to the other. 
a lyp. Draw BE and CF, Bccaufe BC ^ = GH A=EF, « 

b 34. I. therefore is BGFE a parallelogram. Whence the pa- 
c g5« I, ralIeIogramBCDArf=BCFEflL:GHFE. Which was 
d 35. I* tohedemonfirated^ 

PROP. XXXVIL 

^riafigles; BCA, BCD, 
fianding upon the fame bafe 
fiCy tfif^ between the fame 
parallels BC, EF, ate equal 

/fe tf »e to the other. 

a 31. I. S Cf a Draw BE parallel to 

b 34 z. CA9 4 and €}P paraUel to BD Thien is the triande 
c 35. I. BCA ft = half Pgr. BCAE e = half BDFCi ^ BO). 
4iM 7* 4!Jir. Whi^ meis to he demonfirated. 

PROP. XXXVffl, 

« 

•J) Jl ^rianglesy BCA, EFD, 

ji* ftpe^i/ equal bafes BC, EF, 
4»i/ between the fame parat- 
If Is GH, BF, art equal the 
one to the other. 

Draw BG parallel to CA, 
and FH parallel to ED 
a 54. I. Then is triangle BCA a = half Pgr. fiCAG ^=half 
b 36. I. EDHF ft=EFD. Which was U be £monftrated, 

and}, ax. '^^^' 

C 34. I. If the bale B C be greater than EF, then is the tri- 

angle BAC cr~ EDF, and fo on the contrary. 

PROP. XXXIX. 

Equal triangles BCA» 

BCD y fianding on the 

fame hafe feC, and on the 

%fame (ide are alfo between 

the fame parallels AD, 

If 
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c 9. ax. 




Ifyoa deiijr it, let luiother line AF be parallel <o 
BC ; and let CF be drawn. Then is the triangle CBF ^ a 27. i, 
siCBA b s=:CBD. c mich is ab/urd: 

PROP. XL. 
Equal triangkt BCA, 
^Vuy ftanding upon equal 
bafes &Z\ EF, and on the 
fame fidej are betwixt the 
fame parallels. 
. If you deny it, let ano- 
ther iitit Ah be parallel 
to BF, and let FH be drawn. Then is the trianrie a 28. i 
EPH 4=SCA ^=EFD cjrhUhisabfurd. hhyp/ 

PROP. XLL ' C9. 4x 

If a Pgr. ABGD have the fame 
hafe BC with the triar^e fiCJE, 
and he between the fame paraUels 
AE, BC, then is theFgt.HSCSy 
double to the triangle BCE. ■ 

Let the line AC be drawn 

P^^'^AiJf/^"^3^^.^^S^^-^^' therefore^is the a 27. i. 
Pgr. ABCD ^=2BGA r^ifiCE. Which was to be de- b V±. i. 
monftrated. ^ ^^ ^^ 

Sohol, 
From hence may the area of any triangle BCE be ' 
found, for whereas the areia of the Pgr. ABCD is produ- 
ct by the altitude drawn into the bafe, therefore ihall 
the area of a triangle be,produced by half the altitude 
drawn into the bafe, or half the bale drawn into the 
altitude ; thus, if the bafe BC bql and the altitude 7, 
ihep IS the area of the triangle BCE 28. . 

PROP' XLn. 
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To make a Pgr ECGF equal to a triangle given ABC 
an angle equal to a right-lined angle given D. 

ThrQUgh 
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Through A a draw AG parallel to BQ 5 make th« 
angle BCG^, c bife^ the? bafe BC in E, and draw 
EJF parallel to GG, then is the problem rcfolvcd. 

For AE being drawn, the angle EQj is equal to D 
by conftruftion, and tlig triangle BAG i(=2 AEG « =? 
Pgr.EGGF. H^hich was'^o he done. 

PROP. iOJIL 



b 31. I. 



C 4^ L 

d 15. I. 
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Tfi even? St. ABCD, the cent* 
flements D<j, GB, ^ ibofe 
fgrs. HE, FI, vohichftand 4r 
bout the diameter J are equal cm 
to the other, 

1* "P C ^or ^^^ triangle AQD <r =« 

*** •* , ACB, and the triangle AGH. 

a = AGE, and the triangle GCF ^ = G CI. h There. 

fore the Pgr. DGri:BG. IVhich nuas to he defnottfirated. 

PROP. XLIV. 





<7i a ghuen rlgU-Une^k^ to apply a parallelogram FL, 
equal to a given triangle *Dy in a given angle C. 

a Make a Pgr. FD equal to the trianjgle B, ib that 
the angle G F 6 may be equal to C Produce G F tUl 
FIl be equal to the line given A. Through H b draw 
IL parallel to EF, which let D E produced meet in I^ 
let D G produced meet with ^ right line drawn from \ 
through F in the point K, thro* K h draw KL parallel 
to GH, which let E F drawn out meet at M, and I H 
af L. Then Ihall FL be the Pgr. required. 

For the Pgr FL c=FDr=B, d aqdthc angle iMFH=3 
GFE ^C JVhid) 'Was to f^ done, 

PI^OB. 
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t/fon a TigU line given FG, and in a given afigfe E, lb 
make a Pgr. F L^ equal to a right lined figure given 

Relblve the right-lined figure given into two triangles 
BAD, BCD, then a make a Per. FH ^BAD, fo that » 44- 1- 
the angle F may be equal to E. FI being produced, 
a make on HI the Pgr. IL==BCD. Then is the Pgr. b 19. «r, 
FL b =FH-t-I L £f=ABCD. Which was to be done. c a^. 



Schoh 
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Heiice IS eafily found the cxcefs, IJE, whereby any 
rtght-lined figure, A, exceeds a lefs right-lined hgure, 
B ; namely, if to fome right-line, CD, be applied'the 
Pgr. DF=A, and DH=:B^ ^^. . . 

PROP.XLVI. 



Upon a fight line given A D 
to defcfihe afquare AC. 

a Ere6t two perpendicu- 
lars AB, DC, h equal to the 
line given AD; then join 
B C, and the thing required 
is done. 

For, i^hereas the Angle A 



B 



a II. t. 
b 3. i. 



A 



-^6 



c confit. 



-Drrrrtwo right, d therefore are A B, DC parallel, d 2>. i. 

15ut they are alio e equal ; /therefore AD, RC are both e confir, 

parallel and equal ; therefore the figure AC is a Pgr and £23 i. 

equilateral. Moreover the angles are all right, g becaufe g cor. Z9 t 

one A, is flight ; h therefore A C is a fquarc. IFhich h 29. dif. 
uas to be d(me. After 
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hi^ def, 
C4. I. ' 
d 41. 1. 
e 6» ax» 
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ax. 
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After the lame manner you may cafily defcribe a rcft- 
angle contained under two right lines given, 

PR.OP. XLVn. 

Tn right - angleJ 
' i¥ianghs BAG, the 
fqnare BE^ which 
is mada on the fide 
BC that fiibtends the 
fight angle BAQ 
is equal to both the 
fyuares BG, C H 
^hich are made en 
the fides AB, AC, 
containing the rigixt 
angle. 

Jtoin A E, and 
Ad ; and draw AM 
parallel to CE. 
Becaufe the angle PBC a^^FBhy add the angle 
ABC common to them both; then is the angle ABD.=: 
FBC. Moreover^ ABi^FB, and BDi&^BC ; c there- 
fore is the triangle ABD ~FBC But the Pgr. BM ^ =s 
2 ABD, and the Pgr. d BG= 2 FBC (for GAG i^ one 
.right line by Hypothefo, and 14.' i ) e therefore is the 
Pgr. BM=dG. By the fame way of argument isr the 
Pgr CMr=CH. Therefore is the whole BEz=/BG J- 
Cf I. JVhich was to\be demonfirated* 

Schel, 

This moft excellent and ufeful theorem hath defcr- 
ved the title of Pythagoras his theorem, becaufe he 
was the inventor of it. By the help of which the addi- 
ticMi sfedlubtradfcion of fquares are performed ; to which 
purpofe ferve the two following probkm& 




Pro- 



B 
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, PROBLEM I. 

ua tnjth one fquare efual 
t9 any rumber if fyitares gi- 

Let ihree ^uaits be gi- 
^en, whereof the fides are 
AB, BC, CE 4 Make the 
right angle FBZ, having the 
fides infiiite; and on them 
transfer BA and BC j join AC. 
then is ACq^— ABq-j^ECq.- 
Then transfer AC from B to 
X, and CE tlie third fide gi- 
ven from B to E: join Ex. 
^Theti isEXq=E8q((^)+. 



£ 






V7 



FA :& 

=CBq 



B 
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X ^ ^i-i- 



C h.47. 



C 2. MX> 



PROBLEM n. 



ch 



7wo uneMial t^ht lines heir^ 
given AB, fiC, to make a fquare 
equal to the difference of the two 
fquares of the given lines AB, BC. 

From the center B, at the 
diftance ofBA, defcribe a cir- A B C 

cle; and fronr the point C cred: a perpendicular CE 
fiieetJftg whh the circumference in fe; and draw BE. 

SF^'^'U^^^^Ai^^^+CEq. A Therefore 
oAq— iiUqcsGEq. Which was to he done. 

PROBLEM ra. 

^»y iwo^des of a right angl^ 
triangle ABC, being hufwn^ to find 
ekt the third. 

Let the fides AB, AC, encom- 
paffing the right angle, be, the 
one 6 foot, the Others. There- 
fore, whereas ACq -|-ABq —64 -|- 
3(5r=ioo —BCq, thence is BC= 
>/ 100=10. 

Now, let the fides AB, BC, be 
known, the one 6 foot, the. other 
10. Therefore fince BCq — ABq 
=100 — 56=(J4=ACq, thence is 
AQ=v^ <J4r=:8. ITbich Was to be done PROP. 
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7. I. 
. aXm 




47. X. 



47- t- 



M 



a 47. 1. 

» See the 

theor, 
b8. I. 
cemfir* 



a 34. T* 

b4i ©• 
6. ^x. 

94^ I. 
b I. j»^iff. 
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PROP. XLVin. 

Ifthefquare made upon one fide BO 
cfa triangle be equal to the fquares 
made on the other fides (f the triangte 
AB, AC, then the angle B A C com- 
frehended under the iKvo other fides ef 
^ the triangle AB, AC, ts a right angk 
Perpendicular to AC draTi^ AD==AB, an^ join CD. 

Now is a GDq = ADq -|- ACq=: ABq+AGq— BCq. 
* Therefore i* CI>=BC. And therefore the tri^gles 
CAB, CAD, al-c hiutually equilateral. Wherefore the 
angle CAB ^-=GAD(:=a right angle. IFhich was to 
he demonfirated, • 

Schoh 
Wcaflumed in the demottftration of the'laft Propo- 
fition, CD:=:BC^ becaufe CDq was equal to 5(7q: 
Our aflumption we prove by the following theorem. " 

<tH EQREM. 
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^he fquares AFy CG of equal right lines JB^ CDy are 
equal one to the other': j^nd the fides IKy LM^ tf equal 
fjUares NKy PMy are equal one to the other. 

1. Hypothefis. Draw the diameters EBy Hii, Then 
it is evident that JF is a equal to the triangle EAB 
twice taken, and; b equal to the triangle HCD twice 
taken, and equal to ^CG. Which was to be demonfirated, 

2. Hyp If it may be, let LM be . greater than IK. 
Make LT=IK; and let LS a ==LTq. Therefore is 
L5 &^NK(?:=LQ: d Which is abfurd, 

Corolli 
After the fame manner any reftangles equilateral one 
to another, arc. demonfirated to be alfo equal. 
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Very right ungled- Parandogralli A P CO^ 
U faid to be confined under two right 
lines A By AD> .<:oinprehending a right 
angle. 

therefore it$en ym meav;Hhfuch as iUfe^ *i>e ttH^ 
4mgh under BA, AD^ tf mon briefly the rieBangU 
BAA ^ BAxAD (or ZA, fbrZxA) thereBangli 
mfontsi ibatv^hhcom/UlHiltnukr tberrghkttei fiA| 
AD| fit at figU angles. 




U. Itt every Pgr. PHtIt, ahy one of thole paiial* 
Iffegrams vhick are about the diameter, tc^ethcr with 

C it$ 
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its two complements is called a Gnoraoo, ^t tie Pgr. 
FB4-8 J 4- G A (EHM) is a Gnomon ; anJ Hknoift th* 
Pgr' F a +BI-I- EM (GKA) h a Gt>»mm. 
* PROP. I. 

. If Kw rigfo lines AF, AB, ((r* 

£iM», andfitieqflhtmAR ^wed 

itrtt as many parts e* ferments at 

jm fleafe ; the TiBangle (ompre- 

hended under the two Vihelt ri^ht 

lines AB, AF, fialt be equal to' all 

the riSatigles contained under fhevibole Vint AF, and the 

froeral Jegmemi, AD, DE, EB. 

• II. 1. « Set AFpcrpendiculartoAB. Thro'F«draw anin- 

finitcline Ffe perpendicular to AF. From the points 

D, E, B, crctt perpendiculars DH, EI, BG. Then is 

AG a rcftangle comprehended under AF, AB, and i» 

b 19 4* I. fi equal to the reaangles AH, DI; EG, that is (be- 

G J4. I. caufe DH, EI, AF, t are equal) lo the reaangles under 

AF, AD, under AF, DE, under AF, EB. fFhicb vim 

to be dtmonfirated. 

SthoU 
If two right lives given are both divided into fmtf tnanjf 
farti foever, tne whole mulfiflied into the other Jball bring 
»iit the fame produH, aslheparts <j one mult^litd into t^ 
parts (^ the other, 
-For let Z be = A + B 4. C, and Y=D-l-E ; then, 
. ; , becaufe DZ fc=DA4-D&4- DC, and EZ- =EA + 

fr EB+BC, andYZ<.=DZ-fEZ,^ihaIIZYbe=DA 

Bi.*». _|_DB, ix:-| EA-l-ES+EiC. IVbieb -aas to he df 
mmftrated. 

Ffom hence we have a method of multiplying compound 
lines into ctmpeund ones. For ^ the re ff angles of all the 
parts be taken, their fum jlall be equal to the reSangle if 
the wholes. 

But whenfocTcr ifi the multiplication of lines into 
thcmjb^es you meet with theft figns— intermingled witb 
thefe -f , you rauft alfo have particular regard to the 
ligns. For of -+ multiplied into— arifeth— ; butof— 
into — ariftth -1-. ex, gr. let -J- A be multiplied into 
B— C ; ihenbecaule4-A is not afiirined of all B, but only 
ofthatpart of it, whereby it exceeds C, thcreforcAC 
mufl remain denied ; ft tnat the produd will be AB— 
% , J. AC Or thus ; becauft B confifts of the parts C and 
B — C * thence AB=AG-}-AxB — C, takeaway AC 
frombojh. then AB— AC::=AxB— C In like BMt>- . 
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her, if'^^Abe to be multiplied into B— C, thcnfmce 
by virtue of the fign — , A is not denied of all B, but 
only of €o much as it exceeds C, therefore AC raoft 
remain affirmed, whence the prodiift will be — AB-J-. 
AC. Or thus ; bccaufe A B ==AC+ A x B -i^C ;. take 
away all from both fides, and there will be — A B =a 
— AC-AxB— C ; add AC to both, and it will be 
— AB-I- AC=: — A X B-C. 

This being liifBciently underftood, the nine fol- 
lowing propofitions, and innumerable others of that 
kind, arifing from thtf comparing of lines multiplied into 
themfclves (which you may find done to your hand in 
Vietay and other analytical Writers) are demonfh^ted 
with great facilitjr, by, reducing the matter for the moil 
part to almoft a {imi)le work. 

Furthermore, * it appears that the produd: arifing # | j, ^jti^ 
from the multiplication of any magnitude into the parts 
of any number is equal to the produft arifing from 
the multiplication of the fame into the whole number : 
As 5A-I- ^A= 12 A, and4A*^A'-^-4Ax.7A=:4Ax 
1 2 A. Wherefore what is here delivered of the multi- 
plying of right lines into thenilclves, the faine may be 
underH:ood of the multiplying of numbers into them- 
ibives, fo that whatfocver is affirmed concerning lines 
in the nine following Theorems, holds good alfo iri 
numbers ; feeing they all immediately depend on, and 
arc derived from this firft. 

PRdP^. II. 

ffa-rifii line !Zi he ds- 
vtded any wife into two parts^ 
the reBangleS comprehendea 
under the whole line 2j, afid 

each tfthe fegments A, E, are eqital to the fquare mad§ 
. d' the whole line% * ^ ^ ^ 

I fay that ZA+2E=:Zq. For take R=rZ ,a thcti a i. *; 
is BA -f- BE=BZ, that is (becaufe B=Z) ZA 4- ZE 
s=Ztq. Whkh was to he dembnfirattd* 

PROP, nu 

If a fight line *Z^ bedivi- 
lied any wife into two parts^ 
ibure^angh comprehended un- 
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iUr the voiMe line Z^ and ene of the fegments E^ // eq$t4lt0 
the reBangle made cf the fegments A, E, and thefqudre de* 
fcfihed on the faidfegmem E. 

I fiy ZR~AE>1-Eq. a For EZ=EA+.Eq. 

PROP. IV. 



If a right fine 2t "Becsft ary 
<vi/e into two partSj the fquare 
defer ihed on the whole line Z^if 




m^i'^at'e f-^^-k^ equal to the fquares defir&ed on the foments A, E^ andttf 

twice a reBangle made ofthefegfnents A, E taken ttigether, 
a 5. a; I fiy that Zqr=Aq4-Eq [- aAE. For ZAa =rAq + 

b 2- a. AE, and ZEa Eq-f-EA. Therefore whereas ZA-j- 
cuax. ZEb —5^, c thence i*Z<3==Aq + Eq+aAK fThich 
nvas to he demenfirated 

Othemvife thus ; Upon the right 

line A5 make the iquai^ AD, and 

draw the diameter EB; thro"Q 

the point wherein the line AB is 

divided, draw the perpendicular 

GF ; and thro^ the point G draw 

_ HI parallel to AB. 

Becauie the angle E H Cj = A is a right angle, and 

AEB is d half a right, e therefore is -tne remaining 

angle H G^ half a right ang^e. Therefore is lIEf=: 

HGg=EFg - AC, fo that HF h i^the fquare of the 

right line AC. After the fame manner is C I proved to 

be CBq. Therefore AG, GD, ^e re£bngles under 

AC, CB, wherefore the whole fquare AD k = ACq -^ 

CBq -|- aACB. If^hich was to be demenfirated^ 

Coroll. 
I. Hence it appears that the Pgrs which arc about 
the diameter of a fquare are alio fquares* themlelves. 




d 4- cor* 
3Z I. 
e 32 I. 
f 6. I. 

hap def 
k 19.4X. I' 
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. That the diameter of any fquare bile6is its ang^. 

That if A = \ Z, then is Zq:=ir 4 Aq, and Aq == 

i Zq. As on the contrary, if 2>j=s4 Aq, then is Ac=s 

i Z. 

PROP. V. 



A 



1 



1 



B If a right line AB 6e cut 
info equal farts AC, CB, 



CD, 

and into unequal farts AD, DB, the reBangle comprehen- 
ded under the unequal farts AD, D B, fcgether with the 
fquare that is made of the d^erence of the farts C D, is 
equal to the fquatedefcribed on the half line CB, 

lf»y 
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I % that CBqr= ADB+CDq. 

I CBq. 

For thcfe arc J /r GDq+CDB+DBqJ-CDB. a 4. i. 

all equal ; ) CDq -s^-h CBD (^ AC x BD>fCDB b 5. a. 
t CDq-l^iADB. ' alyt 

This theorem is ^mewhat difierently expreis'd and d i. 2. 
more ealilj detnonfirated thus ; A Re(tapgle made of the 
fitm and the difference cfpwo right lines A, E^ is equal to 
the difference tf the fquofes cfthofe lines. 

For if A-f E be multiplied into A ^E, * there ari- ♦ Sch i a, 
fethAq-*AE-[-EA>-Eq— Aq-Eq. Which was toh^ ' 
iemmfirated. 

Schel 

If the line AB be divi- r 1 ■ I — H*-! 

dfidotherwiie,(vit)near>- A C E D B 

er to the point of bife&ion, in E ; then is A E B CT* 
ADB. 

ForAEB4=:CBq~.. CEq, and ADB^^CBq— a 5 aft* 
CDq# Therefore, whereas GI>q crCEq, thence is AEB j. ^x. 
cr AD B, Which was to he demonfirated. 

Coroll 

1. Hence is ADq + DBq zr- AEq4-EBq. For ADq , ^ ^ 
4.DBq4-2.ADB*=sABq&=AEqjlEBq4-2AEB. ^ 4 a. 
Thcrcfiwe becaufc zAEB cT-aADB, Ihall ADq-f D B 5 
Cr"AEq j-EBq. Which was to be demenflrated. 

a. Hence isADqtDBq^AEqc—B3q==:2 AEB— <*' i'^^ 
ft ADB, 

PROP. VI 

If a right line A he divi- j/'^^^sT**^ 

ded into two equal parts, and / A A, E ■ 
another right Vwe^ added I 

to the fame dke&ly in ene right line, then the reBangle comr 
frehended under the whole and the Hfte added, (vix. A-f-E,) 
snd the line added E, together with $he fyuare which $1 
tnadecf^ the line A^ is equal toibefqftare ^ 2 A+E tal^^ 

as one line* ..«.« ^ t ^ m ff>t^^ 

I % that JAq (4 a I A>^AB4-Eq = a4 M f S- 
A-hE. a For, Q, | A+Ez=J Aq+Eq+AE. Whkh Ccr,4 *• 
was to he demwfirated, 

CoroH- 
Hence it follows, that if 5 right lines E, E-|-|A, E4- 
A be in arithmetical proportion, then the rc6bi%la 
contained under the eictreme terms E, E^-A^ <^^ 
gether with the fquare of the difference f A, is equal ta 
m fquare q{ the middle term E+. | A. . ^^ « ^ «, 
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PROP VII. 

^^ ' ^ >.i^,^^ If a right line Z he divided 

•^ ^ fy^^^^ of the whole line Z, to^ 

f, ether wHh th% fquare piade (f one of the fegments E, is 
equa} to a double teB angle comprehended under the whole line 
Z^ and the f aid fegment E^ together with the fquare made 
of the ether ferment A. 
^ 4. %. I fay that ^-|-Eq — 2ZE4-Aq. ForZq/r=Aq4- 

i) 5. a. . Eq-|-2 AE, and 2 Z E -^ =2 Eq-f-^ AE. IVhkh was te 
he demonfirated. 

Coroll. 
Hence it follows, that the fquare of the difference of 
any two lines Z, E, is equal to the fquares of both the 
lines lefs by a double redbngle comprehended under the 
■ faid lines, 
c. i.zand ' ^ForZq+.Eq-a.2E==Aq=Q Z-^E,^ 

. L ^ PROP. vm. 



>' 



ax^ 
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If a right 'ine Z he dh 
^ . X. vided any wife into twa 

I ^ partly the reUangle com-' 

Am 'TS, ■ prehended under the whole 

line Z, and one ff the fegments 'Efour timeSy together with 
the fquare cf the other fegment A, is equal to the fquare of 
the whole line Z, and the fegment rj^ taken as one line 
Z+1. 
I fay that 4ZE+.Aqi=Q. Z+E, For 2 ZE ^= Zq 
, 4.Eq-.Aq. Therefore 4 ZE+.Aq=Zq-fE4-f2ZE 6 

t>4-2.- _rf 2J.E. JVhichwastohedemonfirated, 

PROP^ IX. 
I ■ f I .1 t If a right . line A B hedi:- 
A. D S vtded into equal parts A C, 

CB, and into unequal parts AD, DB, then are thefquares 
of the unequal parts ADy DBy togethery double to the fquare 
of the half line AC, 4Vtd to the fquare of the difference CD. 
I fay that ADq+-Dfiq =2 ACq-f 2 CDq. For ADq-j- 
a 4 V DBq /» = AGq 4- CDq+2 AGD+DBq But 2 A CD 
hhyp. (^2BCD)4-DBq<:=!CRq(ACq)4-CDq i Therefore 

p 7- 2. ADq4-DBq — 2 ACq-f 2 CDq. Which WM to he df 
^ 2. ^x. mg.nfirated 

This may be otherwife delivered and more eafily de^ 
monftrated thus ; the aggregate cf the fquares made of the 
fum and the difference cf two right lines A, E, h equ/fl 
te the douhle if thefquares made from thqfe lines. 

For 
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For Q: A+JS iJtcAq +-Eq +zAE, and Q^: A-E& • 4. »• 
=Aq+Sq —^ AE. Thefc addfed together make a Aq b ^w, 7. «• 
4-zEq. PJThkb wa^ to be defncnfiraied. 

PROP. X. 

If s figUUne Khe ^ 
vided iftfo two equal farts^ 
and another line be added 

in a right line with thefame^ then is thefijuare of the tuhek 
f^e together with the added line {as being one line) together 
ioith theffuare of the added line E, dottle to thefquare if 
half A, and the added line E, taken as one line. 






PROP. XL 

• 

7o cut a right line gl^ ■ 
ven AB, in a point G. fo 
that the reSfangle com- 
prehended under the ^hole 
line A By and one cf the 
fegments BGy ijball he e^ 
qual to thefquare that is 
pi^ (f the ether feg^ 
fronts AG. 

Upon AB a defcribe the fquare AC i&Bifcftthe fide « 4^- *• , 
AD.inE, and draw the line EC; from the lincEA b ic>, i. 
produced take £Fc=rEG. On AF make the ^aie AH. 
Then is AI4=AB x BG. 

For HG being drawn out to I ; the reftangle DH4- 
EAq c =EFq ^— EBq e ^BAq+EAq : Therefore is c d. *. 
DH/= BAq = to the Iquare A C. Take away AI ^ ^^^'^ 
common toboth, then remaixis the fquare AH^^GQ ^47' i* 
tfiat is^] AGq=;AB 3^ BG. Jf^tich was to be dene. * 1' ^«-- 

SchOi ' 

This proJ>ofition cannot be performed by munbeiv; 
^ for there is no number that can be fo divided, that ^ ^ ,-^ 
the product of the whole into one part (ball be equgitto * ^* 
^^»c ^uarc of die other part;. 



PROP. xa. 



A 



fw t^ufe-atigied friatiglei ABC^ A$ 

(mmre that is made cfthe fide A Q 

. Jubfenimg the thuife an^le ABC, is 

^ J ff^^afer than thefy^ares of the Bits 

C B 13 Be, ABy that amain the phtufe 

sngle ABQ hy a double reBangle contained tender one of the 
fides Be, <vhtch are about the obtufe angle ABC, en which 
fide produced the pevfendicular AD fatts^ and under the 
y«ff iD^ taken without the triangle fiim the point on whijs 
fbejerpendicul^r AD falls to the okufe angle ABC 
I fay that ACq r= CBq-V-ABq (- Zf^^ti x BD. 

h Mn r- For thdc are \ .f Obq V ADg. 

if; «B^ual S^CBq+aCBD"|BDq+APa. 

c 47^'x. CCi3q^>zCBD+f^. ^ 

Scholiums 

H^nce, ike fides afaniy obtufe angled triangle ABC leitig 
jLnowUy thefegmentoD mtera^ed Setfvixt the perpendicular 
ADy and4ie ohtufe angle ABC, asalfo the perpendicular 
it f^ ADy Jhall be eafily found out. 
. Thus, Let AC be |o, AB 7, CBj. Then is ACq 100, . 
ABq49, CBq 25. Abd ABq+CJ^ = 74. Take that 
out of loa, then will zd remain for 2 CBO. Where- 
ifore CBD ihall be 13 ; diride this bv C B 5, there wil^ 
z{ be found for BD. Whence AD wi|l be &un4 out 
^ the 47. 1. 

PROP. xin. 

Tn acute angled twia^les hSC^ 

ik f^uatte made if the fide AP, 

fubtending the acite angle A C 3* 

is lefs than the fffiares made if 

%he fides AC, CB, comprehendit^ 

tffe acute angle ACS^hy 4; donbh 

reBangle contained under one eft he 

fides BC, which are aboift the acute angle ACB^w which 

the perpendicular ADfallSy and under the line tXy taken 

within the triangle fiom the perpendicular A^ to the acute 




1 fay that ACq-l-6Gqc=ABq-)- 2 BCD. 
.^ACq+BCq. 
JFor thefe are J 4( ADq I DCq I BCq. 
equal. ) h ADqO-BDflXz BCD* 
CfABq4-aBCD. 
Ccmlh 
Benc^ the fides rf an acHte-atigUd triangle ABC hehf 
hMvn^ym mayfitdota thefegmem DQ intercepted betwixt 
the feirpendknlar ADy and the 4Mtte attgle ABQ as^fothe 
tfrpendkular itfeifAD. 

Let ABbe 13, AC 15, BC 14. Take ABq (1(^9)11001 
ACq^BCq, that is, from 2j.j4-i9^=4*i- Then rc- 
inains 25^2 for 2 BCD/ wkereme BCD will be 12^, di- 
vide this by BC 14, then will 9 be found out &r DC« 
From wh^ce it follows^ AD^zs^ :225— 8if=i2. 

PROP. XIV. 
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« 47' ^ 
b7« 2. 

c 47. |. 





I f W 



^pfindafytfare ML ew*/ *p a rl^^ lined figure gitfenh» - a< r " 

^ Make the reftangie DBr=A, and produce the great- ^ f ■ 

er fide thereof DC to F, ib thatCF=CB, ibifeaDF, ^ ^° '* 
in Gy about wJ^ich as the center at the diflance of GF 
defcribe the circle FHD, and draw out BC till it meets ^ .^ 
f he cii?cttmfereiicc inH Then fliaU be aiqr=*ML ^ JSa?* 

d 5. 2. 4«if 

3. «x. 

e 47. ijiotf 

3- --f^-* 



For let GH be drawn; Then is A g— DBgaaDCF d 
sd^q-GCq e =:HCq ^ z^ML. Which was to h dene. 



Tk^ End cf jbe fccond Bq$L 
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Definitions. 




CI> 





Qual circles (GABC, HDEF) arc fuch 
whole diameters arc equal ; or, fit)m whofe 
centers right lines drawn G A^ JID, arc 
equal. 



IL A right line Afi» is faid 
to touch a circle FEDQ when 
touching the fame, and beii^ 
produced, it cutteth it not. 

The right line FG cuts the 
circle FEDC. 




III. Circles DAC, ABE (and alfoFBG, ABE) ar« 
&id to touch on^ the other, wMch touph, but cut not 
oneth^pthcf The 
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The circle BFG cuts the circle FGH. 

IV. In a circle GABD, 
right lines FE, KL, are /aid 
to be equally difbnt from the 
center, when perpendiculars 
GH, GN, drawn from the 
center G to them, are equal- 
And that line fiC i$ (aid to be 
furthefl difhint from it, on 
which the ereater perpendi* 
cularGI £dl9. 



V. A fegment of a circle 
(ABC) is a figure contained 
under a right fine A Q and a 
portion of the circumference 

1>f a^ircli^.^^* 



VI. JAji angle of a legment CAB, is that angle which 
is contaiped under a right line C A, and the circumfe- 
rence of a circle AB» 

VII. An angle ABC is faid to.be in a fegment ABC, 
when in the circumferenc* thereof fbmc point B is taken, 
and from it right lines A B, C B, drawn to the ends of 
the ri^ht line AQ which is the bafe of the iegment ; 
then the angle ABC contained under the adjoined lin^ 
AB, CB, is faid to be an angle in a legment. 

VIII. But when the right lines ABfi/C, comprehending 
the angle ABQ do receive any periphery of the cir- 
cle ADC, then the an^e ABC is faid to fhnd upon that 
periphery. 

IX. A fe6tor of a cirde (ADB) 
is when an ang|e ADB is fet at the * a 
center D of that circle ; namelv, that 
figure ADB comprehended under the 
right lines AD, BD, containing 
the angle, and the part of the cirr V D 
fmn&reiH^ received by them AB. 



4$ 
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X. Like fcgmcnts of a circle (ABQ DFE) aic thoft 
which include equal angles (A B Q D E F;> or, m 
which the angles ABQ DEF, are equal 

PROP. I. 

7i find tie center V <f a given 
chcle ABC. 

Draw d right; Kne AC any- 
wifc in the circle, whkh hiCdBt 
in E ; thro* E draw a perpen* 
dicular DB, and hifed the vuoh 
in F ; the point F Ihall be the 
center. 

If you deny it, let G^ point 

without the line BD, be the 

center (for it cannot be in the^line BD, fincethatit 

divided uncgually in every point but F ;) let the lines 

a if.Jrf.i, G A, GC, GE, be drawn. Now if G be the center, a 

" ^* then is GArGC, and AE=£|C, by conftru^on, and 

the fide GE common, b Therefore are the angles G^A, 

GEC, equal, and c consequently right, d Therefore the 

angle GEC==FEG. e fThkh is abfyrd. 

Ceroil. 
Hence, if in acirck a right line BD biied: any ri|^t 
line AC at right angles, the cea|er ihall be in tnecut^ 
^InglineBO- 

a 




b S I 

ClO'def I* 
d 12. 4iy. 




Jndr. 



^be center cfa iircJe is eafily fcttnd eut ly afplytngthe tcfi 
of a fy^fftr^ ^0 *b^ circumference thereof For it the right 

ii^ie DE that joins the points D, E^ in which the fides of 

1 tto 
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the iquare QD, QJE, cut the circumference, be bilec- 
ted in A, the point A (hall be the center The demon* 
fliation whereof depends upon Prop, XXXI. of this 
Book. . 

PROP. IL 

If in the circHmference <f a eireti 
CAB, any two points A, B^ betaken^ 
the right line A B, which jorns thofe 
two points J Jhall fall within the 
circle • 

Take in the right line AB any 
^ point D ; from the center C draw 

CA, C3D, CB. Becaufc CA^ -rrCB,* therefore ii the a ij.d^.t. 
angle A A = B. But the angle CDB <::r-A, therefore b 5. i. 
is CDBi^c^B, therefore CB rf cr* CD But C^c i^. i. 
only reaches the circumference , therefore C D ^ I9« ^ 
€omes not ib &r ; wlierefore the point D it within 
the circle. * The fame may be proyed of any other 
point in the Hne.AB. And therefore the whole line 
AB £dls within the circle ff^bieh was to be d$m. 

^cfott. 
Ilence, if a right line touch a circley & that it cut 
it not, it touches but in one point. 

PROP. in. 

If in 0. clreh EABC, aright 
line BD drawn thro' the center^ bi- 
faBs any other line AQ not drawn 
thro* the centeTy it Jhall alfo cut it 
tut right angles : And if it 
cuts ft at right angles^ it Jhall alfo 
hifeB the fame. 

From the center E let the 
UnesEA) £Q be drawn. 

I. Hyp Becaufe AF ^ - FC, and EA J — EC, and a hyp, 
the fide EP common ; the angles EFA, EFG, c fliall hi^def.i. 
be equal, anri d donfcquently right. Ifhich was to be- c^ i. 
demmfirated Aiod^ u 

a. fhp. Becaufe EFA ^^sEPC, and the angle EAFf ^hyp atui 
r=ECF, and the fide EF common; ^ therefore is AF iz.ax. 
=FC. Therefore AC is cut into two equal parts, f 5. i. 
fFhicbwastobedemonJlrated, ^2.^.1. 

CereJL 




4« 
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ax** 
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CoroIL 

Hence, in zsyj equilateral or Kbfceles triangle, if i 

line drawn from the vertical angle bifed the bale, that 

line is perpendicular to it. And on the contrary, a pcr-^ 

peodicular drawn frctn the vertical angle bifeds the bal& 

PROP. IV. 

If in a circle ACD, iwH right 
/ww AB, CD, cut each othe^y 
^nd neither of fhem fafs thro thi 
Center B^ they Jhall not cut each o^ 
ther into equal farts. . 

For if one Unc pafs thro* the 
center, 'tis plain it cannot be 
T>i(efted by the other ; becaufe by hypothefis, the other 
does not pals thro' the center. 

If neither of them pals thro* ^/ic center, then from 
the center E draw EF ; now if j4By GD^ were both 
bife6fced in F, then a wbuld the angles EFB, EFD, be 
both right, and confequently equal, h tf^hich is abfurd. 

PROR V. 




nvydefi 
h 9* ax4 




ni^.def.t4 




t/ two circles BJC^ BDCi 
cat each other y they Jball noi 
have the fame center E» 

For otherwile the lines 
EBy EDJy drawn ftom E 
the common Center, would 
be DEaz=zEBa:=Ejiih.. 
Which is abfurd* 



PROP. VI. 

If two circles BAC^ BD^^ 
inwardly touch each other (Jn B) 
they have not one and the fame 
center -F. 

For otherwife the right Uneff 
FP, FDJy drawn from the 
center JPi would be FD a = 
FBa zzFA. b fThich is dhfurd. 

l^ROF'4 
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pROt. vn. 



If 




tf in AB tie sUamefet of a 
ttrcle fome foint G he taken^ which 
is not the center <f the ctrcUy and 
from thai pint certain right lines 
GC, GD, GE,\faU(m the ctr- 
cle the greateft line Jhali be that 
(Guf) in vohich is the center F; th$ 
leafi^ the remainder cf the fam% 
line (GB.) Jnd (f all the other 
lines^ thi line GC^ neareft te that which was drofOm 
thro the center is always greater than any line farther re- 
tnovedGD; and there can htatwo equal lines fall from 
the fame pint on the circle^ viz. one on each fide of the leaft 
GBy or tf the greateft GJ. 

From the center J'draw the right lines FC^ FD^ 
FE ; * make the angle BFH:=BFE. * 2*. rJ 

1. GF^FV (that 18 GJ) acrGC. Which was toU z 20. i. 
demonprated.^ 

2. The fide FG is common, andFCi=jF!D, and bij deft 
the angle GFCc zrGFD j d wherefore the bafe GCc^ q p.^ ^. 

5/ FB [FE)e -t) GE+^F. Therefore JPG, which c 1^.1! 
is common, being taken away from both, there re- f j. 4^, 
mains SG "3 EG. 

4. The fide FG is common, and FE-=:FH, and the 
angle BFH g =BFE ; h Therefore is GE = GH. But g confi. 
that no other line GD from the point G, can be equal b 4. i^ 
to GE, or GH, is already proved. JVhich wa^ toUd^-^ 
mmfirated* 



PROP- 



igU 3^ tkirdStok ^ 

PROP. ym. 

Iffmt pilot A U itivii 

Viiihiiit a chrek, and frtM 

that point he drawn etrU^ 

right lititi AT, AH, AG, 

AF, to the emit, tad <f 

Afejfc -m AI, he drawm 

thn' the etMtr K, avd tba 

tthert mij ivi/i ; if ttlJ thafe 

Umi that fall m the tenemoa 

if the cifoimferefue, that it 

the peiai^ A I, which it 

JrMonthro'tht cettltr; andtf 

the etheri, Aat (AH) vthko 

it tuMnfl to the line that 

fi^ei thri the center, it 

pMter than thai vAkh it mart difiant AG. But ^ ah 

Aofi Onet that fan m the eemexpart tf the eirek, tht 

bafi is that {AS) lehieh jj drawn frem lie foint ji, te tht 

diameter IB; and tf the etbert, that {AC) which it 

mearefi it the leaft, it kfi than that which it fariher difiant 

AD. And fnm that peim there can he only two equal right 

linei AC, AL, drawn, which Jball fall on the drcum- 

ferenee on each ^ tf, the leafi lint AB, ortftb* greatefi 

AI: 

From the center K, draw tte right lines KH, KG, 
KF,. KC, KD, KE, and make ihe Migfe AKL = 

• -n. t, I- AI{AK-^KH)aC-AH. 

* * a The fide .4K is common, and/rffasAG, and th« 

1.,. T angle A KHcrAKG; ithercftre the bafc AHcT 

'^ ^ AG. 

c oo I i- KAe-ZiKC-^ CA. From hence take away KC, 

» e I,*.' KB, which aw equal; then will' remain ^5,i-T3^C. 

eilu * j«:-CKe-ZiAB-^DK. Take from both, C/^ 

f DK, which are equal ; then remains ACf^zi AD. 

*• J. The fide KA is common, and KL=KC, and the 
m%)xAKLg=AKC; h therefore i^=CX But that 

S'^r' no other line could be drawn equal to thdc. was proved 

♦■ 1- above. Therefore, &c. 




fi cjc L i D E'i EJemnts. 
PROP. IX. 

If in a circle B C K, a point A 
^ takerty and from that point more 
than two equal right lines A B^ 
AQ AK, can be drawn to the 
tircumferencey then is that point A 
the center of the Circle, 

For a from no point without 
the center can more than twd ' 
equal right lirie^ be drawn to 
the circumference Therefore 
A is the center. Jflhich was to he deniiwfiraiedi 

P ROP. X. 



A circle tAKBL^ carh 
not cut another circle 
lEKFL, in more than 
two points. 

Let one circlej if it 
may lie, cut the other ^ 
in three points I, K, L, ** 
and IK, KL, being 
join'd, let them be bi- 
fo&cd in,M .andN. a 
Both circles have their 
centers in their perpen- 
diculars MC, Nil, and in the interfedion of thofe per- 
pendiculars which isO* Therefore the circles that 
cut each other have the fame center. Which is falio^ ' 
hfPnp. 5.3. ^ 

P.ROP; XL 



tf tw$ circles QADE^ 

FABC, touch one the other 

inwardly y and their centers 

he taken G, F ; a right line 

'¥G joining their centersy and 

froStcedy Jball cut the cir- 

cunference in A, the point cf 

contaB cfthe circles, 

, If it can be, let the' right 

line FG produced cut 

Ihi^ circles in fome other 
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point than A ; fo that not PGA. tut FGDB, «ull be a 
i?«i,» Hue. Let the line GA he drawn. Now, bccaufe 
S& licA, ^GB i-n GA (fince the right line FOB 
paffcsthro'F, the center of the greater circle) there- 
fore is GB-=iGD. c ffTnch is ahfitrd. 

PROP. TSJh 



a zo. I • 



a ti. Ji 




C15 ^fi* 



//,«;. .ir.fcx ACD, BCE. U^h^me the f^^^^^fl; . 
the right line AB, which joins their centm A, B, fi>aUti^s 

*1fh^C^,t^EB be a nrfitline^cotting the 
dries, nItin\he.ointof contaftC ^^ m Ae^J^ 
D, E; draw AC CB, then is ADfEBCAC ^Ui)^ 
ADEB. b Which is a^urd. 

PROP. xni. 

A circle CkY canm 
touch a circle BAH in 
ntote foims than one A» 
Vfhether it be inwardlf or 
outward^, 

I, Let^one circIeCif 
it can be) touch ano- 
ther in two points A, 
H. a Then will the 
rightlincGB,tbat joins 
the centers, if it be 
produced, &11 as well 
In A as H. Now be- 
caufeCH*:=CA,and 
BH cr CH, therefore 
isBA(fBH)cr-«CA. 

d HTbicb is abfufd. 

z. If 





. i.' If it be faid to touch ounrardly m the points B 
iud F, then draw the line KF, t which will be ui both ^ ^' 
circles. Thefefijrc thole cirdej cut oiic the other ; 
whith is againll the Hyp, 

PROP. XIV. 

in a (inUEJBC, rfnal right 
limt AC, B A Kit ejimlfy dh 
HMtUjhm the eMer E : ami right 
h»n AC, BD, lehicb aU t^kally 
difiaut frem tbt eenter, arttgual 
tmeitg tUmfilvti. 

FnHn the center E, draw the 
pcrpcndicolars EF, EG, a which 
willUfed; the lines AC, Bt>, 
Join EA, EB. 

I. Hyp. AC - BD, therefore Afi b=JiG. But alfo b ;. m. 
EA=£:B: thertSx&FEf^czzEAti-AFti^EB^-BGQ c 47. i. 
t =£Gq. d Therefore FEzrEd aitd j. *»; 

. z. fifp. EF=,i£!G. ThfireSan A F<i i — EAq—EF(i 
^ffjSq— £Gq=J?Gq. ThereforeviFrf^iGJ, wd Afihal. 

e 6. sii 
PRO P. XV. 

In a ci*th GABC, lie 
^reatifi liiu n tht dianuter 
AD ; Md tf *n ithtr linei, 
aat F£, oAkb h tiear»fi U 
tht tenter G, ii greMter tian 
aiy liae BC fanbtr Sfiaat 
frmt H. 

1 Draw GB, and GC. 
iTw diameter ADiaGB^- , ,^ i>,. 

GQtzrBC.^ fail 

G H Thro' the point N draw K L tictTi:endiaikr to 
GI-. kna QK, GL Uooufe GK=GB, vA GL ^Gfi. 
MidthcangleKGicr-BGC; t therefore is ^ tJt) - ,, 1 
crBC. ff'ifcfi w*» tf ht dt»it^»ttd. * "*■ ' 
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ne third Book of 

PROP. XVi. 

j4 I we CD, dra^fi 
from the extreme "potni 
pf the diameter Hhf 
if a circle BALH» 
perpendicular to the 
/aid diameter^ Jbatt 
fall wHheut thecir^ 
cle'y and between the 
fame right line and 
' thecircurnfereficeycan' 
fiothe drawn another 
line AL. Jnd the 
angle cfthefemkifcle 
B A I , is greater 
than any right-lined 
acute angle B A L ; and the remaining angle without the 
circumference DAI, // lefs than any right-lined angle. 

I, From the center B, to any point F, in the right 
line AC, drav the right line BF. The fide BF fubtcfid- 
ing the right angle dAF, is a greater than the fide BA, 
which k oppofite to the acute angle BFA* Thjsrcforc, 
whereas BA, (BG) reaches to the circumference, BF 
Ihall reach farther ; and fo the point F, and for th« 
fame realbn any other point of the line AC, fliall be 
without i;he circle. 

. 2. Draw BE perpendicular to AL. The fide BA, op- 
po0te to the riglit angle B£A, is b greater than the fide 
^Ey which !(ubten<k the acute angle BAB ; therefore 
the point E^ and fo the whole line £A, &lls within 
the citcle. 

; Hence it follows, that any acute angle, to wit, 
EAD, is greater than the angleofcofita6:IDAI, aud 
that any acute angle BAL is lefs than the. angle of a fe- 
micircie BAI* frhich was to be dem. 

CtrclL 
• Hence, a right line drawn fi*om the extremity of the 
,c\igmeter of a circle, and at right-angles, is a tangent 
to the (aid circle. 

From this proportion are escthered many paradoxes, 
and wonderfal conleScarieSi which you may meet with 
iu the interpreters. 

PROP. 



£o CI IDE's Elemnts. 



PROP. xvn. 



' 



Si 




* Ffom i foht f^iven A, to 
draw a rierbt line AQ which Jball 
touch a circle given D BC 

From D, the center of the 
circle given, to the given 
point A, kt the line DA be 
drawn, cutting the circumfe- 
rence in B, from the center D, 
deicribe another' circle thro* 
the point A ; and from B, draw a perpendicular to 
ADj which fliall meet with the circle AE in the point 
E ; and draw ED meeting with the circle BC, in the point 
C Then a line drawn from A to C, ihafl touch the 
circle ^K:. .. 

For DB a- DC, and DE ^=DA, and the angle D * i5-^*/-i* 
i,s common; b therefore the angle ACD ^^ EBD and ^^ ^' 
right, r Therefore AC, touches the circle inQ Jfhich ^ ^^'^^ ?• 
^4f to ^^ '*kne. ' . , 

' pb!^op. xvm. 

■ - . . ■ •' ' '" . 

^ am rijs^htUne AB touches a 

circle r EDC, and from the cett- . 

ter to the point of cohtaB E, a 

right line FE be drawn; that 

line, FE Jball he perpendicular t$ 

the tangent AB- 

If you deny it, letfbme o- 
ther line FG be drawn from 
the center F, perpendicular to , 

the tangent, and /i cutting the fi SB. ^ def.i.^, 

circle in D. Therafore, whei«fi9the angle FG E is hcor, 17.it 
faidto te. right., i theuce is the angk FEGa^nit^i ^ c 19- i* 
& that FE (¥D)^FG. i fJTbich is abfurl " ^ d 9 . *j^ 
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a 11. ax* 
b 9* ax. 



d 20 ax. 
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^e third Bwik if 
PROP. XJX* 

^at^f^ht Hm AB iMftrift i» 
• rifv/tr, 4ffi^ /ypDp the fohit (f 
cental Ct a right Une CE he 
greyed at fight aiglet id the 
tangent^ tht Renter of the 
. circle JhaU be ifi the line C£ fr 
ereBed 

If you deny it, let the ccn-? 
^_ ' tcr be without:! the Hoc CE, 

inthc ppStF; and from F, to the ppint ofconta^l:, 
let PC be drawn, Therefore the angle ECB is right^ 
and a coniequently equal to the angl^ ECB, which was 
right by Hypptfaefis. h J^hicb is akfuf^ 

PROP. XX. 






In a circle DABC, the avffh BDC at the center is double^ 
cfthe angle BAG at the circumference^, when the fame arch 
of the circle EC, is. (he hafe ofjhe angles. 

Draw the Diameter ADE. The outward angle BDE 
4^ DAB+ DBA ^=2DAB : In like manner the a^ 
gleEDCr=;2DAC, Therefore in theiirft cafec the 
whole angle BDC -^ 2 BaQ and in the third cafe the 
remaining angle BDC </= 2 BAG, Ifbicb wastobeder 
mtmJHratede 

PROP. XXL 

In a circle E D A.C, the an- 
gles DAQ and DBG, whiM 
areinthejamefegmenty are ^- 
q^al one to the other 

I Cafe. If the fegment 
DABC bf greater than a ic- 
mi^ir<:Ifc, from the center E 
draw ED, EG Then i$ 
twice the angle ^ assS^a as 
ft B. Wlifh ^as to he demifn^rated. 
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a S2. I. 

b 21 3. 
C f. MX, 



t. Cafe. If the fcg- 
incnt be kfs th^i a femj* 
circle, then is the fira 
of the angles of the tri- 
angle ADF equal to the 
fam of the angles of the 
triangle JBCF, from each 
let AFD equal to BFC, b \. ^ ^ 1^ J' ^ 

and ADBr:=ACB, be ^^ ^ chytheiA 

taken away, then remains DACssDBC IVbkhwas to ^^fi* 
he demonfiraud. P R O R XXII. 

f%$\dfigUs ADC, ABC, 
#f a quadfnUteral fgure 
ABCD, defetihed in « rir* 
#fc, vjibtch ar€ cpfefite cm to 
the oiher^ are equal to two 
tight afigUs, 

Draw AC, BD. The 
angle ABC4.BCA4- 
BAC^ssZ right. But 
BDA^ ssBCA, and 
BDC<6.=xBAC. 1; There- 
fore ABC ^-ADC=2;*right angles. TFbuh WSJ to he de- 
numfir^d. Coroll. 

I. Hence, ifonefide*AB of a quadrilateral, d«fcri- in 0.. ^^ 
bed in a circfc, be produced, the external angle EBC f^n^,u»^ 
16 equal to the internal angle ADQ which is oppoiite ni^m^ ' 
to that ABC, t^hich is adjacent to EBC, as appears by ^ 
13. 1, and 9. 4X. 

a* A circle cannot be defcribed about a Rhombus 
becaufe its oppofite aa^es are Rreater, or is& tUtui twa 
right angles. Scl^. 

ff in a quadritateMl 
ABCD, tie angles h^ and 
C, Kvhicb are ^pofite^ ^ f" 
qual to two rigbty then a 
circle may he defcribed ahoftt 
fhat qudimlaSeral* 

. For 9 circle will pafi. \ 
throt^ any three angle& 
B^ C, D, (as fliall appear 
br 5. 4 ) Jt fay ttiat it mall 

aftb pais thro' A the 4th an|k of fuch a quadrilatewfe: 
FwAf you deny i^ let the circle pafs^thro* F : There- 




^ 



a 22* 3, 
b hyp. 

C 3. tfJT. 

d 21. i> 



\) 16, I. 



b 10. 3« 



T^ifo third Book of 

fore the right lines BF, PD, BD being drawn, the am 
gle C4-F a=z 2 right b =- C^-A; wherefore A ^ is e- 
qualtoF, dlVhtcbisabfufd. 

PROP, xxm. 



^Hvo like and unejudt fegmentt 
cf circles ABQ AljC, camot he 
fet on the fame right lifte AC, 
and on the fame fide thereof 



For' if they are (aid to.be like, draw the lineCB 
cutting the circumferences in D and B, join AB and AD. 
Becau^ the fegments arcbfuppoled like, a therefore is 
the angl« ADC^ABC h Which is dbfurd. 

PROP. XXIV. 




Ur ^4i3)l )p 

E Eg 



Like fegments ^ ef 
circles >ABQ DEF 
upon equal right lines 
AC, DF, are ^j*fal 
one to the other. The 
ba(e AC beiilg laid on 
thebafeDF; will a^ 
gree with it, becaufe 
^D CF/Sd" rTr AC—DF. There- 

fore the fcgmcnt ABC fliall agree with the icgment 
DEF (for otherwife it ihall fall either within or with- 
put ; and if ib « then the iegiiients are not like, which 
is ciftitrary to the Hypothecs, and at leaift it fhall &11 
partly within and partly without, and fo cut in thrpe 
points, h which is abfurd. c Therefore the legmenc 
ABQirDEE, Wlichwastohedemovflrated. . ■ " 

\ PROP. XXV. 



Afegmentcfa circle ABCy fer-. 
ing givefty to difcribe the whole fir- 
cle whereof that is afegment. 

Let two right lines be drawn 
A B, B C, winch bifcd in the 
points D and E. From D and E 
draw the perpcrajiculars DF, EF, 

" . • meet- 




Euct'iiDE'i Ekmems. 



sr. 



meeting in the point F. I fajf this point ihall be the 
center of the circle. 

For the center fliall be as well in a DF as EF, there- a cet, i. j 
fore it mud be in the point F, which is common tQ them 
both. WhUhVi^itahed&m. 

PROP. xxyi. . . 




V 



In exfual circles GABC, HDEF, eatuU angles ftand u^ 
en eaual farts of the circumference^ AC, DF ; whether thofe 
angles be made at the centers G^ U^ cr at the circumferences^ 
B, E* 

Becaufe the circles are equal, therefore isG^=HD, 
and GC = HF ; alfo by Hfpothefis the angle G — H; 

^therefore AC ~DF. Moreover the angle B^-|Gr±=: -, . • 

# Hi r=E. y Therefore the fcgments ABC, DEF are I ^ . 

like, and e confeguently equal, / whence the remain- ^ i,^ ' 

ing fegments alfe AC, DF, are cqu^^ ^IThich was to be a .T'^- 

Schol ^ 3- 

In a ciy-cle ABCD, let an arch 
AB be equal to DC ; then fhall AD 
be parallel to BC. For the right 
line AC being drawn, the angle 
ACB a •=. CAD; wherefwe by 
27. !• the iaid fides are paral^ 
Id. 
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m 

PROP, xxva 

In emtg! drcUt 
GABG, HMP, iU 
4i^Ies ftandhig $tpm 
equal farts €f the chr- 
cttmferevce. AC, M", 
are equal between 
them/elves^ whether 

they he modi at the centers Q^^ ^ at the circumferences^ 

B, E. . 

For if it be poffible, let one of the angles AGC be 

tr- E«F, and make AGI =DHF ; thence is the arch 

AI a=^p¥ h-hC. c mich is ahfurd. » 

Schol 





fir^htUneE^j Vfhich, 
heing drawn from A the 
middle pQi^ if any ^-^ 

pheryBC^ toucheth the eif- 
cky is parallel to the right 
line BC, /ubtendit^ the 
/aid periphery. . 

From the center D 
draw a right line DA to 
the point of copta& A, 
andjoinDB,DC. ' 

. The fide DG is comnjon, arui DB =: DC, and the 
J 2/' 5- ' angle BDA a =CDA, (becaufe the arches BA, CA are 
^ ^^ tjjqual) therefore the angles at the ha<^ D G ^ P G C 

^ ^ ^'j^ ^^ ^ ^^"^ *°^ ^ coi^fcquently right ; but the inward 
Aio.d€fi. angles GAE, GAF are alfo en^ht, /therefore BC, 
ehyp. EF are parallel, W^bich was to he d^monjlrated. 

f %o. I. • *"' ' 

PROP, xxvni. 

/« equal circles GA- 
BC, HDEF, equal 
right lines AC, DF, 
cut off equal parts cfthe 
circumference^ the grea- 
tefi ABQ equal to the 
great epUEF^ and th^ 




leaf MCio the leafi DKF. 




E u c 1 1 D b'j £/<f«wjx. ^ 

From the ccnten G, H, dww GA, GC, and HD,HP; 

Becaufe GA^HD, andGC=HF, and AC4 = DF, ^hf, 
I therefore is the angle G=sH ; c whence the arch AIC b 8* r. 
=,tDKF; <landfo the remaining arch A BC=DEF. c z6, 5, 
Whkb was to be demonfirated* • d 3* 40p. 

But if the liibtcndcdf line AC be ir- or -n than 
DP, then in like manner will the arch A C be fT" w 
"-a than DF. 

PROP. XXIX. 

Tn equal circles G A- 
BC, IIDEF, the right 
lines AC, DF, *which 
fMend equal feripberies 
ABC, DBF, are equal 

Draw the lines GA, 
GC, andHD, HF. Bccaufc GArrHD, and GC=s 
HF, and (becaufe the arches AQ DF are a equal) the « ^* 
^ngle G^=xH,r therefore is thebafe AC-DF. IThicb ? ^l^ ^ 
nvas to be demonfirated. ^ C 4» 1- 

This and the three precedent propofitions may be 
underftood al& of the faibe circle. 

PROP XXX. 

^ocut a Periphery given ABC 
iifto two equal parts. 

Draw the right line AC, and 
bifedt it in D ; from D draw a 
perpendicular DB meeting with 
the arch in B, it ihall bileft the 
lame * , 

For join AB, and CB. The fide DB is common, and .; 

AD ^ = DC, and the angle ADB h = CDB. c There- a cof^. 
f*cAB=BC; 1/ whence the arch AB=BC iHjich b 12. 4^^, 




Was to he done* 

PROP. XXXL 
In a circle the angle ABC, 
whkh is in the femicirchy is a 
right angle ; but the angle^ 
' ^^^^ ^^ '^ *^^ greater figment 
BACyis lefsfhanaright angUy 
and the angle which is in the 
iejfer figment B F G ij great- 
er than a right angle, ^ More- 

voety the angle of the greater figment is greater than a right 
angle^ and the angle tfthe lefferjegment is lefs than a ri'^ht 



c 4. JU 

d z8. j. 
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a 5 I. 
b z-af* 
€.92 I. 

ecor. 17 

f Z2. J< 



7.1- 



g 9« «x 



b lip. 3. 

C51. 5. 

cconjlr. 

h 22 $. 



From the center D draw DB. Bccaufe DB sr DA, 
therefore is the angle A 4 = DBA, and the angle DCB 
4= DBC, b therefore the angle ABC ^ A4- ACB, 
c r=r£BQ d fo that ABC and EBC are right angles, 
ff^:fFi tobe dem. e Therefore BAC is an acute angle. 
fT. fT to be dem. And further, whereas BAC-f-BFtl/ 
zz. 2 right, therefore B F C is an obtulb ande. Laftly, 
the angle contained under the right line C d, and the 
arch BAC is greater than tlie right angle ABC ; but 
the angle made by the right line CB, and the periphe- 
ry of the leffer Segment BFC^ is le(s than the right 
angle EBC . Wlmh tva^ to be demmfirated* 

SchoL 

In a right angled triangle ABC, '^ the hypothemefe {or 
line jfuhf ending the right angle) AC be hifeBed in D, a circle 
drawn from the center D through the pint A Jball alfy 
pafs through the foint E ; as you may eafily demonfhatf 
from this prop ^d zi, i, 

+ PROP. XXXIL 

If a right line Kh touch a 
circle^ and from the point of 
contaB be dranvn a right line 
CE, cutting the circle^ the aft 
gles ECB, EC A, ^hich it 
.makef with the tangent lincy 
are equal to thofe angles EDC, 
EFC, vil^ich are made in 
the altemaie fegments of the 
ci/rcle 

Let CD, the fide of thtf 
angle EDC he perpendicular tp AB (^a for it's to the 
fame purpofc) b therefore CD is the diameter, t there- 
fore the angle CEO in a fcmiciircle is* a. right ande,' 
d and therefore the angle D+ DCE=:t(? a jtijght angle e 
=:^ECB+-DCR/ThereforetheapgleD==ECB. Wbi^, 

was to'be dem' 

Now whereas the angle ECB-j- ECA gzzz right- 
^-i_P4rFi from both ofthelc take away. ECB and 
D, jvhicii arc equal, k the» remains ECA^Fr U^hicl? 
fifias to be dem. 




?Rpp 



Euclid £^J Ukm^nts. 

PROP. xxxm. 



6t 



UfM a right line AB 
to defcrihe a fegment 
rf a chch AIEB 
Hvhichft>ail contain an 
single A IB, equal 'to 
a tight lined angle gr- 
venC 




a 2;. 



1: 



a Make the angle BADr=C Through the point A 
draw the line AB pcrpcndiatlar to H D. At the other 
end of the Uhe given A H make an angle ABF^= BAF, 
one of the fides of which fhall cut the line AE in F ; 
from the center F th!x)ugh the point A, deicribe a 
circle, which fliall pals through B. (Becaule the angle 
FBA fc.= FAB, and r therefore FB = FA.) AIB is h^on/hJ 
the fegroent fought. For becaufo H D is perpendicular c 6. i* 
to the diameter AE, therefore HD d touches the ciicle ^ ^^- *^^ J 
which A B cuts. And therefore the angle A I B « =» •« jz $• 
BAD/-.C rrincb was to be dene. £ ^imfir. • 

PROP. XXXIV. : 

From a circle given ABC 
fd cutoff a fegment ABC 
antaming an angle B equal 
to a right lined an^e given 

a Draw a right line EF 
which (hall touch the cir- -w - _j^ 
cle given in A, ^ let AC be *• xa^ 4^ 

drawn alfo making an angle FAC=D. This line ftalh $ ? ^, ^' 
cut off A B C containing an angle B<?=CAF</=D. ^ ''^*^' 
1fT)ich was to be dene. 

PROP. XXXV. 

■ If in a chrcle DBCA tivo ri^ht 
tines A B, D C cut each other y- 
the reBat^le comprehended under 
a>e figments AE, EB, rftbeone, 
fiallbeefual to the reBangle com- 
pehended under the figments CE, 
£D of the other. 

I. Cafe. If the right lines cut 
one the other in the center, the 
diing is evident. 




a 
b 
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g 47- 1- 
H 5. *. 
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a 15« I. 
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^e tbita Biok of 

z: Cafe If one HneAB paflesthl-o^ 

the center F, and biie6b the other 

Une CD^ then draw FD. Kfow 

thei«aanglc AEB4-FEq«r=a 

FBq. ^rrSDq. i:=:EDq4.FEq 

rf=CEIXf-FEq4 tf Therefore the 

refbangle A£B=sCED. Wlwb 

mjas to he demwfirated. 

3. Cafe, If one of the lines A B 

be the diameter, and cut the o- 

ther line QD unequally, biie£b 

CD by FG a perp^idicular froio 

the center. 



TBcfe 
are 
equal 




1^ he demmftratei 



The reftat^ AEB-J-FEq. 

/FBq(roq) 
>^FGq+GL)q 

ftrti+iOBW-Rcaang.CED. 

ikFEq+CED. . ^ 
I redsingle AEBniCED. 

4. Caf$. tf neither of" the 
right lines AB, CD pafs thro" 
the tenter, then through the 
point of interfcftion E> draw 
the diameter GH. By that which 
hath been already aemonflrated«- 
it appears th at th e reftangjie 
AE&siGEHarCED. W^b was 



z. 




Uhe^demfffifiraud. 



More eafily, and gefnendly^ 
thus ; join AC and BD, tbeii 
becanie the aisles iiCEA^ 
DEB, and ft alio Q B (upoa 
the fiune arch AD) arc equal, 
thence are thetriangles CEA, 
BED^ c equiangular. 4 
Wherefore CE, EA::BB^ 
ED, and e confiquently GE 
xED;=AExEB. fnichn$as 
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Kvcitovfs Eknuots. " 

• ■ 

The citations out of the 6» Book, both here and in 
%he £o>\iovrmgprap. have nodependaoce on the fame ; Ho 
that it was tree touie them. 

PROP. XXXVl J^ 

Ifanyfohaii taken 'OoHhm a dreU ^BQ mid from 
^at fd'm tW0 r^bt IhUs DA, DB, faJl upon tb$ circle^ 
nvheneftmi DA cuts the circle^ the other DB touches If, 
the reaasagle comprehended under the whole line DA that 
cuts the ckcle^ and DQ that tart Vfhch is taken from the 
point given D to the convex of the feriphefjfi fiaUbe efual 
to thefqsMre made ef the tattgent Une* 

U Cafe If the iecant AD pafles 
thro' toe center, then jok EB, 
this a will make a right angle a iS 
with the the line DB, wherefore 
DBq + -/J^(E(^)i«EDq b 47, i, 
r=AI)xDC4.ECq, Thcre^^<j.2. 
fore AD X DC =DBq. JVhUh d 5. ax* 
was to he demonfirated. 

2. Cafe^ But if AD pafles not 
thro' the center, then draw EC, 
EB, ED, and £F perpotkLicular 
to AD, ^ wbcrelore AC i^ bi- 
iededinF. 

BccaufeBDq44SBq4-J>Efl bA7 1 

4-FCq Z^h^^ G^ (EBq i d /c I 
; Therefore is tD^hS^\fX 
Which was to be d&nopfira$ed. ' 

Moiteafiljt, and genecalljr 
thus ; draw AB and &. Then, 
becauic the angles A, and D- 
BC if are equal, and the loigle a yi 9^ 
D common to both, thence 
are the triangles BDCADBib ^t* i. 
equiangiilar c WhcrcfercAD, 0,4. 6. 
DB : :DB, CD> and i< confe- d 17. tf, 
qucntljr AD x DC i= DBq. 
iVhicb was to be demonfirated, 

CertO. 
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i. hence, If from any point A< 
taken without a circle, there .b<^ 
fcvcral lines AB, AC drawn which 
' cut the circle; the reftangles com- 
prehended under the whole lines. 
AB, AC, and the outward parts ^ 
AE, AF, aire equal between them-' 
felves. 

For if the tangent AD be drawn j 
then is CAF = ADq 4 ^BAE. 

2. It appears aHb from hence, 
that if two lines. A B, AC, dtawn 
from the lame point: do touch a 
circle, thofe two lines are equal 
onetoth'ec^her. 

For if AE be drawn cutting thd 
circle, then is Afiq « z=HAF6=3 
ACq. 



c 2. cor* 
d 8. 9. 



e 2* cot' 
fbyp. 
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3. It is aHb evident, that froth a point A taken with**' 
out a circle, there can be drawn but two lines AB, AC . 
that fliall touch the circle 

For if a third line A D be fiid to touch the circle^ 
Ijience is AD rr=AB ir=rAC. d Which is ab/ftrii. 
- 4. And on the contrary, it is plain, that if two equal 
right lines AB, AC, fall from any point A, upon the 
convex periphery of a circle, and jhat if one of thefe 
equal lines AB touch' the circle,' th^ii^the other AC 
touches the circle alfo. • 

For if poflMe, let not AC, but another line- AD, 
touch the circle ; therefore is AD e "== AC /= AB. 
g ff%ich is abfimL 
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piROP. xxxvn. 

^toi^Mtt s circle EBF mj- 
)hM D be tahn, and frm that 
ftintftao right IhutDk, D3 fall 
to the circle, tohtretf me line Oh. 
atti the circle, the ether BBfallt 
tfponit; apJ if alfi the reSan^le 
comprehendid under tie while htu 
that cHtt the circle, told- under 
that f4tt ^itDCwhkhit taho 
betvilvt the foint D , and the ant- 
vex periphery, be equal to thia 
fymtre which is mtJe rf" the lint DB faSmg oh the dnle, I 
fiPI thai that JHte DB fo /tiling Jbali tvueb the eircli 

From the point D .1 let a tangent DFbc drann, and a i^ 4' 
from the center E draw ED, E B, E F. Now bccaufc K hi, 
DBq b = ADCc=DF(i, therefore is DB rf=DF : But c /(Ci. 
EB=EF, anl the fide ED common ; e therefore the d ..'^ rf 
angle EBD = EFD ; but EFD is a right angle, and f fib. 4. t. 
tbnvfore EBD is right alfo ; and g therefore DB c 8. i. 
loaches the circle. Irbich <aai to he dem. ' ■ f 12 ^jt' 

Fmn hence it feUowi that the £ sngic EDBasEI^. h8.1. 
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The Fourth Book 

O F 

E U C L ID E's 

Elements. 



I 'I III 



Definitions. 

L Ik Rig^<^"Hlicd figure is (aid to be inlciibed in 

* y^ a right-lined figure, when every one of the 

/""^ angles of the inlcribcd figure touch every 

JL , 3L one of the .fides of the figure wherein it w 

infcribed. 

So the iriafi^€ DEF is mfcrihed m 
the triangle ABC. 

II. In like manner a figure is iaid 
to be described about a %urey when 
every one .of the fides of the figure 
circumfcribed touch every one of the 
' angles of the figure about which it is circumfcribed. 
%o the triangle ABC is defcrihed about the triangk DEF. 





"a 



C 3E H F 

III. A right-lined figure is faid to be infcribed^ in a 
circle, when all the angles of that figure which is in- 
fcribed do touch the circumference of the circle. 

IV A right-lined figure is faid to be delcribed abc«lt 
a circle, when all the fides of the figure which is cir- 
cumfcribed touch the periphery of the circle 

V. After the like manner a circle is faid. to be inlcri- 
bed in a right-lined figure, when the periphery of the 
^ circle touches all the 5des of the iigure, in which it is * 
infcribed. VI A 




EucLiDfc^j Elements. (^ 

VI. A circle is (aid to be deicribed about a figure 
wJicn the periphery of the circle touches all the angles 
of the figure, which it circumfcribes, 

VII. A right line is iaid to be 
fitted or applied in a circle when 
the extremes thereof fidl upon 
the circumference; as the right 
line AB» 



PROP. 1. 

In a circle given ABC 
to afpJy a right line A B 
equal to a right line given 
D, whish doth not exceed 
AC the Sameter cf the 
circle. 

From the center A at 

thediittance AE=:D4f zi.fofiS^ 

defcribe a circle meeting with the circle civen m B, - , "^ 
draw AB. Then is AB1=: AE ^ :==D. JVbich was to b 1 5^. li 
he done, . c confir. 




PROP. IL 



A H 



Tn a circle given 
ABC to defcribe a 
triangle A^C, equl- 
angular to a triangle • 
given DEF. 

Let the right line 
GH a touch the cir- ^ ^ an. 

clc given inA; h make the angle HAC=E, h and the " ^?' ^ 
angle GAB:=F, then join BC; and the thing is done. c 32. a 

For the angle B<:=nAC i=E, and the angle Cr=: ^ ^* 
GAB i-=F;e whence alfo the angle BAG -D. There- ^ ?* 
fore the triaxij^e BAG infcribcd in the circle is equi- 
angul^ to DBF. Which was to he done. 
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Jtml a circle ghen lABC to defcrAe a triangk L NM 

equiangular to a triangle given DEF. 

n lU 1/ Produce the fide EF on both fides ; at th^ center I a 

make an angle AIB=DEG, and an angle BIC=DFH. 

Then in the points A, B, C, \cx three right lines L N, 

1 7 • i- LM, NM, h touch the circle, and the thing is done. 

For it's evident that the right lines L N,X M, M N, 

rH "^^T ^^ ?^^^ * triangle, c becaufe the 'angles 
LAI, LBI are right ; Co that if the ^* right line AB 
was drawn it would make the angles LAB, I3A lefi 
than two right angles. * 

i\7,\^. Jr=f I^EG+DEF\ andAIB^=DEG; Ahei^g,^^ 

fr conftf. ^l^^e ^^\h—^^^ ^y *^^ ^"^^ way of argument 
fi 2. i^x. i^*^ ^"gle- M = ^/ E. ^ Therefoit alfo thi angle 
k 5 2 . I . ^^ '*-'• ^^ therefore the triangle LNM defcribed a- 

bout the circle is equiangular to EDF the triangle given. 

Which ibas to be dom^ 

PROP. IV. 

fn a triangle given ABCf 
to infcribe a circle EFG. 
li P !• A>--^ /a ^ BKcBi the angles B 

/''^"^y^ ^"^ C w*th the right lines 

li 12. i; lEt^'^/ \V ^^' ^^* meeting in the 

point D, h and draw the 

peiyendiculars DE, D?, 

_____ DG. A circle defcribed 

^ C from the center D thto' 

E, will pals through G and F, and touch the thrcp fides 

of the triangle 

c cf!ftr. For the angle DBE c = DBF ; and the angle DEB d 

•1 12. ai. — DFB; and the fide DB common, c therefore DE= 

^ 46» I. DF. 
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DF. By thclikcargumcntDG=Eff', The circle them- ' 
fore described from the center D pafles through the 
three points E, F, G, and whereas the angles at E, F, 
G, arc right, therefore it touches all the fides of thp 
triangle, ^VbUh was to be done. 

Schoh 

Ilehce, ^The fides cf a triangle heing knowny their f^ ^ „ 
ments which 0te made by tht.touchh^s ^ the circh infcrihed^ ^' "^t 
fialibefomd^Thm; 

Let AB be 12, AC 18, BC 16, thenisAB-fBC=28. 
Out of which fubdua i8 = AC=AE + FC, then re- 
mans IO-BE4-BF. Therefore BE, orBF-=: 5 ; and 
foniequcijy FC;^orCG=ii. Wherefore GA, oy 

PROP. V. 






j4httt a triangle given ABC^ to defctile a circle FABC 
« Bi&6i: any two fides BA, CA with perpendiculars a 10. 8* 
DF, EF, meeting in the point F. I % thisftall. be ^i. I- 
the center of the^cirelc 

For, let the nght lines FA, FB, FC be drawn. Now 
becauie AD^sPB, and the fide DF common^ and h confix 
the angles FDA c = FDB, therefore is F B rf= F A. c confi. &f 
' After the fame manner is PC:=F A. Therefore a circle ift»^xw 
^efcribed from the center F ^lalLpa^ through the an- 4 \ i* 
gles of the triangle given (w;?:.) B, A, C Which was 



TO 
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CoroIL 

* Hcnc^ if a trlangl^ be acute-angled, the center 
fliall fall within the triangle ; if right-angled, in the 
fide oppofitc to tlie right angle^ and if obtufe angl^, 
without the trianglej 
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Bv the fame method may a pirdc be delcribed, that 
fliall pafs through three points given, not being in the 
lame ftrait line. « 

PROP. Vt I 

In a circle given BJiBCD 
U infer the afquare ABCD. 

a Draw the diameters 
AC, BD cutting each other 
at right angles in the cen- 
ter K Join the extremes 
of thefe diameters with the 
right lines AB, BC, CD, 
Dki And the thing is 
done^ 

Now becaufe the four 
angles at E are right, the h arches and c fubtendcd 
lines AB, EC, CD, DA, are equal ; therefore is the 
figure ABCD equilateral, and all the angles in lemi- 
circles, and fo aT right, e Therefore ABCD is a 
fqiiarc infcribed in a circle given. Which was to he 
done* 

PROP. VH 




9 17» ?« 
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About a circJe given 
EABCD, to dejcrihe a fqttare 

FHI& ^ 

Draw the Diameters 
AC, BD^ cutting .one the 
other at right angles; 
through the extremes of 
thefe diameters a draw 
tangents meeting in F, H, 
I, G, then I lay it's done. 

For 
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For bccaufe h the at^les A and C arc right, c there- b 18 3. 
fore is FG parallel to HI. After the lame manner is c 28 1. 
FH parallel to GI, and therefore FHIG is a Pgr, 
and al(b right angled. Jt is equilateral bccaule FQ d d 34. r. 
~Hr^=DB>rrCA^~FHi=GL ci'y def.i. 

Wherefore FHIG is a /fquare circumfcribcd to the iz^,dtf. i. 
circle gi vea Which vsas to be dom 

• Schol. 



A fquare ABCD defcribed about a 
cirdeis double of the fquare EFGH 
in/cribed in the lame drcle. 

For the "r^etangle H B = 2 HE F 
and HD =:Z HGF by the 41. i. 

P.ROP. VIIL 





In a fquare given ABCD, 
to infer the a circle IE F G H. 

' Bifedfc the fides of the (quare 
in the points H, E, F, G, cut- 
ting onci:he other in I, a circle 
drawn fixnn the center I thro 
H fhall be in&ribed in the ' 
fq&are. 

For becaulc A H and B F 
^re a equal and b- parallel, 

c therefore is A3 parallel to HF, parallel to DC. Af- 
ter the fame manner is AD parallel to EG, parallel to 
BC; therefore I A, ID, IB, IC, are parallelograms. 
Therefore AH /if:=AE I? =:ia~ EI =:FI=IG. The 
circle therefore dcfcribed from the center I through II, c 34 u 
fliall pafs thriMigh H, E, F, G, and touch the fides of 
the fquare fince the angles H, E, F, G, arc right. 
Which wax to be done*. 
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PROP. IXi 

Jlbofti a fyuare ghen 
. ABCDy todejcrihe a circle 
EABCD. 

Draw the diagonals AC, 
BD, cutting one the other 

in E9 From the center E 
through A dcfcribe a cir- 
cle , I fay this circle 
is circumicribed to the 
Iquare. 

For the angles ABD and 
BAG are a half of right angles, h therefore EA=EB. 
After the lame manner is EA ^ ED- EC. The circle 
therefore defcribed from the center E paffcs through 
A, B, C, D, the angles of the fquare given. fFhhJ^. 
ivas to be done* 

PROP. X 

» » 

9^ make an Ifocelei, 
triangle ABD, bo- 
ving each a^le at the. 
hafe B, and ADB 
double to the remaifh 
ing angle A. 

Take any rie;ht 
line A B, and divide 
it in Q 4; fbthat AB 
% BC may be equal 
to ACq. From the 
center ^ through B, 
defcribe the circle 
ABD; and in thi$ 
circle i applyBDprAQ atid jpin AD; Ifay ABD 
is the triangle required. 

For i||raw DC, and through the points C, D, A, r 
draw k circle. Now becaule AB x BCi=rACq n BDq, d 
it is evident that BD touches t?he circle ACD which 
CD aittcth ; e therefore is4he angle BDC±=A, and 
therefore the angle BDC4-CDA/=A4-CDAi— 
BCD. But BDC+.CDA = BDAi&r=CBD, k 
therefore the angle B C D = CBD, and therefore DC / 
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DB:=£^ AC, n vbcreforc the ai^le C DAs= A m cwfift. 



<;tbc 

U be dime. 



\jCfoUt 



Whereas all the angles A, B, D, ft m^c "^^"^^ 3*- ^' 
jht anc " *^ *^ **"* 

right angJ 



right andcs, if s evident thgt A is one fifth of two 
rles. 



PROP. m. 




In a circle given ABCDE to infcrihe a Pentagon 
ABCDE equilateral and equiangular. 

V ^Defcribe an Ifbceles triangle FGII, having each a 10.4. 
angle at the bale double to the other; to the circle, b b z. 4. 
infcribe a triangle CAD eqaian&ular to the laid tri- 
angle F'GH. c BifeSt the anjpes at the baie ACD c 9* <• 
and ADC with the right lines DB, CE meeting with 
the circumference in 5 and B, join the right lines 
CB, BA, AE, ED. fthen I /ay it is done. 

For it is evident by connrudion, that the angled 
CAD, CDB, BDA^ DCE, EGA, are equal ; wheitj- . 
fere the d arches and e the lines lubteading them DC, ^ * ^^ 




BCDE, ABCD, Qpc. 

A more eafy prafticeof this problem lhaII*hii4J|eliver*d 
at 10. 13. ' 

• Coroll 
Hence, each angle of an equilateral and o^uiangular 
pentagon is equal to tliree finhs of tvro right; angles, 
6r fix fifths of one right angle. 

Schoh 
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ScbpL 

FgKHertg. GeneraJly aJl fgures va>ofe number <f fides is odd, are 
infcribed in circles hy the helpi ef Ifofceles triatigleSy tvhofe 
angles at the hafe are multiples cf thofe at the tap : and 
figures whofe number of fides is odd, are ir^cribed in a circle 
bjf the Ulpef Ifofceles tHan^Sy <ufhofe ang^ at the bafpare 
multiples Jefquialter cf thofe at the top. 

Asia the Locelds triangle CAB 
if the angle A= 3 C:=B, then 
will AB be the fide of a heptagon. 
If A=r4C, then is AB the fide 
•f an Enneagotie. But if A=rf 
C, then is AB the fide of a Iquare. 
And if A = 2f CAB trill fub- 
tend the fixth part of a circnm-' 
ference, and likewife if A = 3 | then will A B be the 
fide of an o6:agone . 

PROP. Xlt 





Jhout' a circle given F A B C D E, » /^ defcrihe a petdagon 
HIKLG, equilateral and equiangular. 
SI 1 1. 4. a Infcribe a pentagon A d C D E in the circle given ; 
and from the center draw the right lines FA, Fff, FQ 
FD, FE ; and to thole lines draw fo many perpendicu- 
lars GAH, HBI,. ICK, KDL, LEG, meeting in the 

^ points H, I, K, L, G, then I lay it is done. For be-- 

c ^. cor 36 caufe GA, GE from the lame point G b touch the circle, 
4 8. I. c therefore is GAz=.GE, and </ therefore the ^ngle GFA 

= GFE. 
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rsGFE; therefore the angle AFE=r=2GFA. After 
the lame manner is theangk AFH ^ HFB^ and conf%- 
quently the angle AFB = 2 AFH. e But the ai^e e 27. 2. 
AFE=AFB,/ therefore the angle GFAn:AFH.f 7 ax: 
But alio the angle FAH^rsFAG, and the fide FA is com- g iz. iur. 
xoaa, ib therefore HA=cAGrzGE- EL, &»c. * There- h z6.i.^ 
fore HGy GL, LK, KI, IH, the fides of the pentagon k 2. ax^ 
are equal, and fb alio are the angles, because double of 
the equal angles AGF, AHF, therefore, 6^, 



Cwott. 
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After the fame manner, if any equilateral and equi- 
angied figure be delcribed in a circle, and at the extreme 
pomts of the femi-diameters drawn from the center to 
the angles, be drawn perpendicular Hues to the iaid dia- 
meters, I fay that the^ perpendiculars Ihall make ano- 
ther figure of as many equal fides and equal angles^ cii* 
cumfcribed to the circle. 

PROP. XOL I 

In an -equilateral and «- 
^utangular pentagon given 
ABCDE to infcrihe a circle 
FGHK. 

a Bifeft: two angles of 
the peiftagon A and B, 
with the right lines A I, 
B K, meeting in the point 
F. From F draw the per- 
pendiculareFG,FH,Fl,FK, ^ , 

FL, Then a circle defcribed from the center F throuirh 
Vj Will touch all the fides of the pentagon 

Draw FC, FD, FE. B«aufe bIa^BC, and the b h^ 
fide BI^ common, and the angle FBA . ^FBC, d there- I S^ 
fore IS AF J-Q and the angle FAB =FCB, but the A T\ 

* ^^t^K^^T^^- ThTrefomhe ngk J L'' 
^^^=^^^d^^^^«^^r ^TC ^11 tbt while ^• 
'"fes' ' r K«<^d. Now whereas the angle FGB f • f , , ^«. 
= FHB, and the angle FBH ^ FBG, and the fide Ffi "' "* 
IS common, g therefore is FG=FH In like itaanner ^ ,<{ , 
are aU the right lines FH, FI, FK, FL, FG equal ^ 
Therefore a circle defcribed from the center F through 
G paflcs through the points H, I, K, L, and i& touches h ccr. idj, 

ih« 
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the fidcof the pentagon, bccaufe the angles at thofe 
points are right. JVbkh was to be dwu 

CorolL ' 

Hence, if any two neareft angles of an equilateral and 
equiangular figure are biie&ed, and fiiom that point in 
V^hich the lines meet that biie6t the angles be draiim 
right lines to the remaining angles of the figux^i aU the 
angles of the figure fhall be bi^d^d* 



Schoh 
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{y the iame method may a circle be inlcribed in stny 
iUtejpI and equiangular figure* 

>ROR XIV. 



» » 




' jihotd a peniagm given ABCDE equilateral and equram, 

gftlar to defcribe a circle FABCDE. 

Biieft any two angles of the penta^n with the right 

lines AF, BF, meeting in the point F ; the circle de- 

fcribcd from the center F through A fliall be defcribcd 

about the pentagon. 
For kt FC, FD, FE be drawn. ^ Then the angles Q 
f ^^' ^5t 4 • D, E are bife^ted ; ^ and therefore FA, FB, FQ FD» 
P P. J.J p.g ^^ ^^^ . therefore the circle defcribed from the 

center F paffes througb A, B, C, D, E, all the angles 

of the pentagon Jrbich was to he donfi* 

ScM 
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% the lame method is a citt:le defcribcd about any 
figiBTC which is equilateral anil equiangular. 

PROP. XY. 



In a circle given GABCDBJP 
«0 infcribe an Hexa^one {or fix 
fided figure) ABCDEP equila- 
teral Mid equiangular* 

Draw the cSametcr AD; 
fixMn the center D through 
the center G deicribe a circle 
cutting the circle given in the 
points C and £• Draw the 
diameters CF, EB; and join 
AB, BC, CD, DE, EF, FA. 
^henl fay H*s done 

For the angle CGD/r=: 
f of 2 right4;=3:DGE^==s 
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A GF A= A G B. c Therefore BGC = |of 2 right = b 4 5- 1. 
FGE ; therefore the d arches and e (ubtenfes AB, BC, c cor. 15.I* 
CD, DE, EF, are cqual.^ Therefore the hexag;on is e- d 2^. ). 
quilateral ; but it is'fcquiangled alfo, / bccaule all the c 29 ^ 
the angles of it ftand upon equal arches. f & 7 • ^ • 

CoroU. 

1. Hence, the fide of ah hexagon infcribed in a circle 
is equal to the fcmidiameter. 

2. JEferebjr an equilateral triangle ACE may very cafir. 
ly be defcrined in a circle given, 

SMI Prohl 

^ ^0 make a true hexagon upon a right tine given CO. • ^^' 
a Make an equilateral triangle CGD upon the line ^^' 
given CD ; from the center G through C and D dcfcribe * ^' ^* 
a circle. That circle fhall contain the hexagon made 
upon the given line CD. 
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jj In a circle ghen AEBC, to mfcrihe a quindecagm (<>r J§f- 
i^ fided ffrufe) equilateral and equiangular. 
4' a fofcril)c an equilateral pentagon AEFGH in the cir- 

|.. cle given, and i alio an equilateral triangle ABC, then 
I % ^^ ^^ *^* ^*^^ of ^^hc quindecagpn required. 

confir.* fipr the arch AB ^ is ^ or^f of that periphery where • 
of A^F is |. orTT> therefore the remaining fart BFis 
rr of the periphery ; and therefore the qmndecagon, 
who^iidc is BF, is equilateral ;but it is equiangular 

27. 3. alfb if^becaufc all the angles infift on equal arches of a 
circler, whereof every one f f of the whole circumfe- 
rence. Therefore, oV. 

ScM 

• 

A circle is geo- C 4, 8, i<5, Sec. by 6, 4, and % t. 

metrically di- J 3, 6, 12, &c. by 15, 4, and 9, i. 

vidcd into ^ 5, 10, 20,&c. by 1 1, 4, and 9, i; 

parts C i5,3o,(Jo,&c. by id, 4, and 9, i. 

' Any other way of dividing the circumference into 
any parts given is as yet unknown; wherefore in the 
conftru6fcion of ordinate figures, we are forced to have 
recourfe to mechanick artifices, concerning which you 
may coniMt the writers of practical Geometry. . 
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E U C L I D E's 

Elements. 

Definitions. ^^^.'/^.//.^^ 

i; A Part, is a magnitude of a magnitude^ a Ids ^ 
/% of a greater, when the Ids mcaiureth the " 
/^L greater 

<^ m^m j£ Multiple is a greater magnitude in 
refpeft: of a leflcr, when the leffer meafureth the great- 
er, 
in Ratio is the mutual habitude or rcfpedl: of two 

magnitudes of the fame kind each to other^ according 
to quantity. 

In every ratio that quantity nvhich is refer/^ to another 
quantity is called the antecedent of the ratio^ and that to 
which the other - is referred is called the confequent of the 
ratioy at in the ratio of 6 to ^S is the antecedent and 4 
the confe^ent. 

Note, ^he quantity of any ratio is known hy dividing the 
antecedent hy the confeqtunt \ as the ratio tf iz to K is ex- 

A 
fr^ed by '}> olr the quantity of the ratio of A toBis^ . 

Wherefore^ eft en for brevity fake *Ufe denote the quantities of 

A C 

ratios thus; — CT", or;r,or ""n^— . that iSy the ratio 

B D 

^ A to Bis greater^ equals or lefs than the ratio of C to 
t). Which mujk be well obferved by thofe who would under- 

fiand this Booh 

Concerning the divers ffecies of ratio's^ you may fleafe 
to confult interpreters. 

ly. Proportion is a fimilitude of ratio's. 

^hat which is here termed proportion, is more rightly 
Called proportionality or analogy ; for proportion commonly 
denotes noniore than the ratio betwixt two magnitudes 

r . V. Thofe 
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V. Thofe numbers are laid to have a ratio betwixt 
tbem whicK.being multiplied may exceed oiie the other. 

* > 5 1^ » / « -» to be m the lame ratio, 

the firft A to the lecond J^ and the thihlQ tothefbuitli 
Dy Vben the equimultiple 1& and F of the firft A» 
and the third C! compared witl^ the equimultiples 
G, Hy of the lecond B, and the fourth D, according 
to any multiplication whatlbevery either both together 
E, F are lels than G H both tocher, or equal takefi 
together, or exceed one the other together, if thole be 
taken E, G, and F, H^ tvhich anlwer one to the o- 
tfaef. 
* ^he note heretfis : :; #r^ A. B. : T C. D. ^hat is^ as A 

is to BffoisC to D. which fignifies that A to B, and C te 
D, are in the fame ratio, fre fimetmes thus exprefi it 
AC 

— = — , thatis, A.B: : C D. 
B D 

VIL M^itudes that hare the lame ratio (A. B : i 
C D. are called proportional. 

E, ja [A, 6. B, 4G, z8 Till When of dquimul^ 
F» do. IQ iz. D, 9 |H,d.3 tiples, E the multiple of 

the firft magnitude A eX' 
ceeds G the multiple of the lecond B, bdt F the mul-^ 
tiple of the third C exceeds not H the multiple of 
the fourth O, then the firft A to the lecond B has a 
greater ratio than the third C to the finirth D. 
^ A C 

If^ cr , — I it is not necejfary from this definition^ that 

E Jbould always eieceed G, when F is lefs than H ; htt 
it is granted that this may he. 

IX. Proportion conWls in three terms at leaft. 
Whereof the fecond fieppUes the place rf two* 

X. When three magnitudes A, B, G, are proportional^ 
tbe firft ' A is laid to have a duplicate ratio to the 
third C, of that it hath to the lecond B : But when 
four magnitudes A, B, Q D are proportional, the 
firft A is laid to have a triolicate ratio to the fourth 
D, of what it has to the fecond B ; and io always in 
Older one more, as the proportion ihsdl be extended. 

Dutlir 






^v cti Dh^s E/entehis. ' gj 

A A 

DitpJicaieratio is thus expreffed-^^'^^ twice, that is, 

C B ( 

ihe ratio (f h to C is dtsplicate of the ratio if A to B. . 

• A A 

triplicate ratio is thus exprejfed; - — = — thrice; that 

D B 
f/, the ratio ifk to D ii triplicate of the ratio of A to B. 

rr: Denotes continued proportionals ; as A, B, C, U~i alj^ 
2, 6, 1 8, 54, -^ are continual proportionals. 

XL Hbitiolbgous, or Magnitudes of like ratio, ar6 
. antecedents to antecedents, and coiilequents to coni^ 
qucntt ', that is, (f A. B : : C. D ; A dnd C ; as wcU ^ 
B and D are called homologous magnitudes. 

XII, Alternate proportion is tht comparing of ante^ 
cedent to antecedent, and conlequent to confequent j4s 
^ A. B ; : C. D. therefore alternately y or by permutation. A,' 
C : t B. D. hy the l6. of^. 

In this d^nition^ and the five following^ names are gf- 
ven to the jfx ixiays of arguing which are often nfed hy Ma- 
ihemaJticians : the force of which inferences depends on the 
profofittons of this hook, which are named in their explica-*^ 
tions* 

Xin. Invcrfe ratio is when the confequent is taken 
^ the antecedent, and Ho compared to the antecedent 
as the coniequeflt ;^i A. B : : C D ; therefore inverjly B., 
A : : D. C. ^ cor. 4. 5, 

XrV. Compounded ratio is wheri the Antecedent and 
confequent takeil both as one are compared to the cbn-^ 
iequent iC felf. Js AB: :G D; therrfore by compofition 
A4-B. B : : Cf D. D. by 18. 5. 

XV* Divided ratio is when the excels wherein the 
antecedent exccedeth the cohiequenr, is compared to 
the conieqijent. Js A. B : : C. D ; therefofe Sy divijlck^ 
A— B. B : : C— D. D^ by i^.j. 

XVI. Q)nverfe ratio is wheil the antecedent is compa-^ ' 
red to the excels wherein the antecedent exceeds the 
confequent. j^s A. B : : C D; therefore by cgnverfe ratio 
A. A — B : : C C— Di by the corolU of the \^ of the 5. 

XVII. Proportion of equality is where there are ta- 
ken more magnitudes than two in one #rder, and alio 
as many magnitudes in another order, comparing two 
to two being in the fame ratio ; it cometh to pais that 
kf in the firft order of magnitudes, the firft is to the 
laft* fb in the fecond order of magnitudes, i^ the firft to 

F • the 
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the Iaft< Or othcrwifc : it is a comparifon of the ex- 
tremes together, the mean magnitudes being omitted, 

^^us let A, B, C, ke. three magnitudes and *D, E, F, 
three ethers^ and taking them two by pivOy let them be in 
the fame proportion^ that //, let A. B ; : D.E, and B, C : : 
E. F ; now if it be iff err d that A tbe^firji cf the frfi or- 
der ^ is to C the lafiy as D the firfi cf the fecpnd order^ is 
to F the lafiy this form of arguing is faid to he ex aequo, 
cr from equality 

XVIII. Ordinate proportion is, when antecedent is 
to conlequent, 9s antecedent to confequent, and as the 
conlequent is to any other, lb is the confequent to any 
other. Js when A. B : : D. E. atfo B. C : : Ei F. and 
then itfhall beA,C::D»F:hy the 2i. of the 5. 

XIX. Perturbate proportion is, when three magni- 
tudes being put, and others alfb, which are equal to 
thefe in multitude, as in thefirft magnitudes the antece- 
dent is to the confequent, fb in the fecond magnitudes 
is the antecedent to the confequent : and as in the firft 
magnitudes the confequent is to any other, fb in the 
fecond magnitudes is any other, to the antecedent. 7*hus 
if A, B, C, and E, F, G, are two fets of magnitudeSy if 
A the frfi of the firfi fety is to B the fecondy as F the /e- 
cond of the fecond fety is to G the lafi ; and alfo if B the 
fecond of thefirfifet // to'C the lafiy as E the firft if the fe- 
cond fet is to F the fecondy fuch is called pertubate proportiont 
and by the. 23. 5. A. C: : E G. 

XX. Any number of magnitudes being put ; the pro- 
portion of the firfl to the laft is compounded out ot the 
proportions of the firft to the fecond, the fecond to the 
third, and the third to the fourth, S^^. to the h&. 

Let there be any number of magnitudes A, B, C, D 

by this definition — =s — x — x— ^ 

D B C D. 

udxiom» 

Equimultii^es of the fame, or of equal magnitudes, 
are equal to each other- 
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tfihere te any numler of magnitudes AB, CD, eqnlmuhi^ 
^es to a like nttmber of magnitudes E, F, each to each ; 
va^atever muUrple one magnitude AB is of one E, the fame 
mnitipte is all the magnitudes AB-f-CD to all the other mag" 
nHudes E+F. 

Let AG, GH, HB, the parts of the quantity AB,. be 
equal: to E, and'alfb let C IK, KD, the parts of the 
quantity CD be equal to F. The Number of thefe are 
put equal to thofe. , Now whereas AG 4" C I ^-= E 4- a 2. ^ jj 
F; /randGH4-IK=rE4-F; a and HB i KD==E 
4-F, it is evident that AB4-CD doth ixi often contain 
E-f-F as one AB ccmtains E. Which was to he done. 

PROP. II. 
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If the frfi AB he. the fame muU 
tipJe of the fecond C, as the *fcr^DB 
// of the fourth F, and if the fifth 
BG he the fame mfiltiple of the fecond 
C, as thefixth EII isif the fourth F; 
thenjball the firfi and fifth taken to- 
gether ( AG) be the fame multiple of 
the fecond C, as the third and fixth 
taken together ( D H ) is of the fourth 
F. 

The number of parts in AB cq^^d 
each to C is put equal to the num- 
bers of part in DE, whereof c^ch 
part is equal to F. Likewifc the number o£parts BG 
u put equal to the number of parts in EH. lliereforc* 
the number of parts in AB-l-BG is equal to the num- 
ber of parts in DE h EH. a That is, the whole line 
AG i*s the fame multiple of C, as the whole line DH is 
•f F, Which was to be demonftrated. 
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a hyf* 



b 2. 5* 
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the fourth D. 
+.HI) the fame 
D. fUmhwAS 



PROP. in. 

If ibefffi A fa the fame fnsthlpU 
ifihefecond B, as the third C « tf' 
ihefotirth D, and there he taken ^1^ 
¥mequmuU^h$ ef thefirfl and thirds 
then nvilleacb cfthe magnitudes taken 
he equimultiples^ the one 'El ef the ft- 
condBy the other FMef the fourth D. 
Let EG, GHy Hi, the parts of 
the multiple BI be equal to A, 
alfo let FK, KL, LM, the parts 
of the multiple FM be equal to C, 
a the numba" of theie is equal to 
the number of thofe. Moreover 
A (that is) EG or GH or HI is put 
the fame multiple of B, as Q or 
FK, »c. is of D. b Therefore 
EG4-GH is the fame multiple of 
the fecond B, as FK + KL is of 
c By the fame way of arguing is Et (EH 
multiple of B, as FM (F^L+LN) is of 
to be demonfiratedi 
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Kn ct ID h^s Ebme^tsl 8 

PROP. IV. . 

s 

Tfthefirfi A have the fame tatie to the 
fecond B, as the thhd C to the fourth D ; 
then dlfo E and^¥ the equimultiples cf 
the fir ft A and the third C, Jball have 
the fame ratio to G and H the equimuJtt- 
pies of the fecond B and the fourth D, ac- 
cording to any multiflicationyiffo taken 
0LS they anftver each to other C E. G : : 

F.HO 

Take I and K equinwiltiples of E 
and F ; and alfb L and M equimulti- 
ples of G and II. a Then is I the 
ikmc multiple of A, as K is of C ; a and 
alfb L is the lame multiple of B, as M of 
D. Therefore whereas it is A. B ^ : : 
CD; according to the fixth defini- 
tion, if I be CT", =, -a L, then con- 
fcquently after the lame manner is K 
nr", =, — 3 M, Therefore when I 
and K are taken the lame multiples of 
E and F, as L and M of G, and H, then 
will it be by the feventh dciniti- 
on E. G : : F. H* JVhich Was to he 
(kmonfirated, 

Cordl. 

From hence is wont to he demonfhated the pro<f of inverfi 
ratio 

For becaufe A. E : : C. D, therefore if E CT^ _ 
"^ G, then is c likewifc F CTy —^ ^^ H • th^ j n 

gre it is evident, that if G cr-, -/ ^I^E, 't Jen t ^'^^'^^ 
He-, =, -^F; d therefore B.A.rD.Q Which a^ at . 
mstohedemonftrated. ^ * ' ^''^ d6.^f/: $. 

PROP. Y. 
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hhyp. 



If a magnitude AB 
he the fame multiple of 
a magnitude CO, as a 
part taken from the ons 



c 



A 



-r-i 



1^ "xj^Vf/!'"^'"/'"" «fe «WCP; the repdM <f 
the omEB, Jball be the/amernukiple of the refidueeftbe other^ 
fl> ^ the -fiheleABytf the -whole CIJl. 
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Take another G A, which Ihall be the lame multi- 
tiple of FD the refidue, as AB is of the whole CD, or 
as the part taken away AE, is of the part taken away 
CF. a Therefore the whole GA4- AEis the feme 
multiple of the whole CF-|-FD, as the one AE is of 
the one CF, that is, as AB is of CD ; therefore GE ^i= 
AB ; and c fb AE which is common being tsiken away, 
there remains GA=EB^ Therefore, &V. 

PROP. VL 



tor 
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If two magnitudes AB^ CD, are equt- 
nudtiples <f two magnitudes E, F ; and 
fome n^agnitudes AG and CH equimul-^ 
tifles (f the fame E, F, he taken away ; 
then the refidues GB, HD, are either e- 
qual to thefi magnitudes E, F, or elfe 
equimultiples cfthem, 

F*or bccaulc the number of parts in 
AB, whereof each is equal to ^ is 
put equal to the number of parts in 
CD, whereof each is equal to F; and 
alfo the number of parts in AG equal 
to the number of parts in CH; If from 
one you take AG, and from the other CH, a then re* 
mains the number of parts in the remainer GB equal 
to the number of parts in I ID; therefore if GB be 
once E, then is H D once C ; if G B be many times 
E, then is HP £b many times G Which was tp be de- 
monfirated. 

PROP.*VII. 
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I ' Equal magmtudes A 

I I * and B haoe the fame 

- . 1 proportion or ratio to 

the fame magnitude 
C. Jnd one and the fame magnitude C hath the fame 
rapo to equal magnitudes A and B, 

Take D and E equimultiples of the equal magnitudes 
A and B, and F any multiple of C ; then is D ^ .^=:rE 
Wherefore if D cr, =, -^3 F, then alio E will be 
CT", =, -:3 F, i therefore AC: : B. C; and c by 
inverfion C, A ^ : cQ B. Which f^as to be demonjirated, 

Schoh 



Euci,TDE^j Elements. 

A 

\ r 

Schoh 

• ff infteadof the multiple F, two equimultiples be 
taken, it will be the fl-me way proYed that equal mag- 
nitudes have the lame ratio to any other magnitudes that 
are equal between themfelves. 

p^ROP. vni. 
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(^ unequal magnitudes AB, AC, the 
greater AB haih a greater rath to the 
fame third line D, than the lejfer KZ\ and 
the fame third line D hath a greater rath 
to the lejfer AC, than to the greater AB 

Take EF, EG equimultiples of the 
laid AB, AC, ib that EH a multiple of 
D maj^ be greater than EG, but leffer 
thanEF, (which will eafily happen, if 
both EG and GF be taken greater than 
D. j It is manifeft from S def- 5» that 
AB AC D D 

D "* D AB AC 

Which voas to he demonfirated. 

PROP. IX. 



Id 



B 

c 
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Magnitudes whic6 to one and the fame mag- 
nitude have the fame ratio, are equal the on» 
to the other. And if a magnitude have the 
fame ratio to other magnitudes^ thofe mag- 
nitudes are equal one to the other. 

I. Hyp. If A.C : : B. C ; I fay that A = 
B. For let A be greater or lefs than C. C B, A 

i . B 

^- « "'• -^ — . IVhich ii contrary to 



a & ^. 



a then is "«- c" or 

C 

the Hypothecs, • 

2. Hyp. If CB : : C A. I £ay that A=B, For let A 

C C 
be cr- B, ^then — cr* — . Which is agahfi the Hy^ b 8 p. 

^thejjf4. 
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t) 8. 5 



c 7.5. 
^ 8. 5' 



PROP. X. 

0/ magnitudes having ratio to the faPifi 
magnitude^ that which has the greater ras- 
tioy is the greater magnitude : and that mag- 
nitude to which the fame bears a greater ratio^ 
is the leffer magnitude, 

A B 

A3C . I. %. If — JT--. IfeythatAc-B. 

G C 
For if it be faid that AnB, a then A. C ;.• B. G fThich 
is ctmtrary to the Hyfotheps^ If A -n B, § thci^ is 

A" B 

— -TJ, — Wiich is al/o againft the Hypothecs. 

c p 

4, Hyp, If ~ CT" —. I fay that B -3 A ; for if 
B A 

you fay B=A, it's againft the Hjrpothcfis, for it will 
cfollow that CB : : C. A". If you fay B c^ A, i then 

C C 
is — C ^- . ffhich is aifo againfi the Hypothecs. 
' A * B 
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A 
B* 

K 



H 
C 
D 
L 



I 

F 
M 



^ Proportions which are one and the fame to anythird^ are 

alfo the fame one to another, 
LctA.B::E. F, and CD:.-RF. IfaythatA.B 

:: CD. Take G, H, I, equimultiples of A, C, E; 
„ t * ^"^ ^> ^ W* equimultiples of B, D, F. <^ow:^ bc- 

» hh caufe A.B::E. ^; ifG CT^, =, -^K, h thcnafter 

the fame manner I tz^^ =r, Ti M. And likcwife a 
V^J^ c ^eca^fe 2 F::GD, ific-, ==, -TDM, i then is 
L Sr Hlike^'ife C-, =:, "^J^c wherefore A^B: :Ga 
c p. rtg^. 5. j^^^^^ ^^j ^^ j^ demonftr^ed. 
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¥r(yportioDs that are one and the fame^o the fame 
f roportionsj are the lame betwixt themfelves. 

PROP. XIL 
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A " ' C ■ ■ '■' ■ ■ E- 
B. D- F- 

K L ' ■ ■> M 



If any nmmber <f magnitudes A, B ; C, D; E and F le 
proportional \ as one if the antecedents A // to one of the confe- 
fuents By fo are all the antecedents A, C, E, to all the 
confiquents B^DyF, 

Take G, Hy I, equimultiples of the antecedents, and 
Ky Ly A^ of the confequent^. Becaufe that one G is 
tlie fame multiple of one A, ^ as all G, H, I, are of a i. 5. 
all Ay Q E ; and becauic one K is the fame niuhiple 1 

of one B, as all K, L, M, are of all B, D^ F : More- 
over becaufe A. B & : : C. D £ : : E. F, if G be CT", =, |, j^, j 
or -3 K, then will H likewife be CTy =r, "~a L, and 
ICTy sr, "T3M; andfoifGc", =:, —n K, in like 
manner will G4-H4-I beer", =, -3K4-L4-M; 
c wherefore A. B : : A +CfE. B-J^IifF. ff'hicb^ was c 6. def j, 
if he demonfirated. 



Ci^olh 

Hence, if like proportipnals he added to like pro- 
portionals, the wholes ihall be proportional. 

PROP, XIH. 
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A' i ' C * III E* 

B . D F- 

k L — M 



Jfthefirfi A have the fame ratio to the fecond B, that 
the third C hath to the fourth D, and if the third C ha<ue, 
a ^eater propertion t9 the fourth t), than theffth E to 
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the fiyeth P ; then alj'o JbaU the frfi A have a 'Rioter 
proportm to the fecend B, than4heffth E to the fixth F. 
Take G, H, I, equimultiples ot A, C, E, and K, l^ 
M, equimultiples of B, D, F. Now becaulc that A. 
B::C D, if H CT-L, a thcnisGcT'K; butbecaufe 
C E 

— . CT" - , ^.it may be that H cr* L, and yet I not CT" 
D . F 

A -E 
c 8. <fc/1 5. M. c Therefore — O-^ . Which ^as to he dem<m» 

B F 



a 6, d^» 5* 
b 8. def. 5, 



a S. 5< 
hhyp, 

C. 13' 



d 10 5 

f 7- 5- 
f hyp. 

gu.5- 

5i fc 



& 



C 

But if - 
D 

A C 

7. D 
C E 



SchoL 

B A 

-*<, thenalfbis -^ 

F B 

E A E 

— , then is —c~ — 

F B F 

A E 



E 

— .Alfo, if 
F 

A 
And if — 

a 



— "T3 — , then is — * —3 — . 
D F B F 

PROP. XIV. 

• If the frfi A have the fame rath to the 
fecond B, that the third G hath to the 
fourth D ; and Jf the firfi A be greater 
than the third C; then Jball the fecond B 
he greater than the fourth D. But if the 
prfi A he equal to the third C, then the fe- 
cond BJhaU he equal to the fourth T>\ hut^ 
A he lefsy then is B alfo lefs. 

A C 
Let Ac C ; a then ^ cr — fe but; 

B B 
AC C C 

^— =— ; c there fore - CT" — . t therefore 
B D D B , 

B C" D. By the like way of argument, if A "^ C, 
d then is B "^ D But it A be put equal to Q then, 
C.B::i?A.B/::GD. ^ Therefore B =: D. Which 
Hjjas to he demonfiratei* . 



5- A BCD 



Euclide'j Eleimnts. ^ j; 

AM 

A C . 
By an ai:|;ument ifinari, if — 3—, and A c" ^ 
B D 
tIicc)sB[^D. LikevifeifAsB, then isCsD, and 
if Act", or -a B, ihenalfois Gc"or -a D. 

PROP. XV. 
^4^^ C and F *m /b the fame rath, 
KBHh their like muMplei AB end DE, if 
talun ctrreji<»>dmly. (AB. DE : : C F.) 

Let AG, GB, parts of the multiple AB 
be equal to C ; and let DII, HE, parts of 
the multiple DE be equal to F. a The g j^j_ 

number of thcfcparts is equal to the uum- 
ber of ihofe Therefore whereas S AG. b 7. (■ 

C::Dri. F, andGB.C:;HKF; there- ^ ,2%, 

fore is e AG 4- GB ( AB) DH 4-HE (DE) 
cGF. mfichisastobtdtmrnfirmd. 

PROP. XVI. ' 



If four tjfagmiudi A, B, C, D, are prepprfimal, they 
aifajball he alter^ate/y pr^iimal (A. C : : S.D) 

Take E and F equimultiples of A and B ; take alio G ^ ^v . - 
andHequiniultiplesofC andD. Therefore E. F4: ; v l'J' 
A.B6::C.D4: :G.a Wherefore if E (^, =, (. ,r I fl. 
-n<^G,thenIikewifeisFc-,^,-^H JThcrcfow , 

ded^.i. 



Alternate ratio has place only when the quantities are 
of the lame kind For heierc^encous quantities are not 
compared tt^cther. 



> 



^e fifth Book of 



O 



a I. 5- 

b confir* 
c 1. 5. 

d 2. 5. 



PROP. xvn. 

N If magnrtudes compounded are 

proportionsl (AB, CB: : Dg.FE.) 
theyjball he preportfonal alfi whin 
dhided, (AG CB : : DF. FE.) 
Take GH, HL, IK, KM, iii 

L ' order equimultiples of AC, CB^ 

M— DF, FE; and alio LN, MO, 
equimultiples of CB, FE. The 
whole GLis^the &me multi- 
ple of the whole AB, a$ one 
GH is of one AC, b that is, as^ 
-Lh B K -i- K of DF, f^ or as the whole IM ^ 

of the whole DE. Alfo HN 
(HL-j-LN) is d the fame multi- 
ple of CB, as KG, (KM+. 
MO) is of FE. Therefore, 
whereas by Hyp. AB. BC : i DE. 
EF, if GL be C-, =:, -3 HN, 
then likewife e will iM CT", =; "^ KO. Take 
from thefe HL, KM, that are equal ; and if the re- 
mainder GH be cr-, =, "td LN, /then will IK 
r , -n MO, V whence AC CB : : DF. FE. IFbicb 



ci- pi 



g' A D 



e 6^def. 5< 

f 5. ax. j-^-.^ _2, --n MU, V \ 
g ^, i^. 5» ^^^ ^^ ^^ demonjlr^ted. 



Cl-l-G 



1 



b J^xf. 8^ S 
II. 5. 
c 14 5- 
d 9. <«^. 



E 



AD 



PROP. xvm. 

» 

If magnitudes divided are fropoAtonal 
(AB. BC : : DE. EF,) the fame alfoUim 
compounded JhaU he proportional (AC. Cl 
: : DF. FE.) 

For if it can be, let AC. CB : : DF. 
FG -zi FE. a Then by divifion will 
AB. BC : : DG.GF; h that is, DG.GF 
: :DE.EF, andfmce DG c~DE, 
c therefore is G F c E F, JVhieh is 
ahfurd. The like abliirdity will follow 
if it be faid AC.CB ; -.DF.GF cT! 



?RQ?, 



Euclid ifcV EJemms. 
PROP. XIX. 



n 



E 



Tf the <whJe AB he to C 

$he whole DE as the pari A 1 -B 

taken away KQ is to the F 

fwft taken away DF, D ■ ■ ■ 1 • v 

then Jhall the refidue CB be to the refidue FE^ as the whck 
AB // to the whole DE. 

Becaufc a AB.,DE: : AC DF, b therefore by per- a hypl 
mutation AB. AC : : DK DF, o and thence by divifion b i6. y# 
AC. CB : : DF. FE ; h wherefore again by permu- c 17. 5. 
tation ACDF::CB.FE; rf that is, AB. DE : : CB. FE d hyp. Sf, 
WMch was to he denumfirated. 1 1 . 5. 

CorolL 

Hencfe) ^ like proportionals be fubtradied £rOm like 
jproportionals, the rdidues ihall be proportional. 

2. Heme is ccnoerfe ratio demonftrated. 

Let AB.CB : : DE. FE. I fay that AB. AC : : DE. 
DF. For by a permutation AB. DE : CB. FE, 6 a i<>. J. 
therefore AB. DE: : ACDF, whence again by per- b 19. 5. 
mutatioa AB. AC : : DE DF. IFbicb was to be demojh 
ftrated. 

PROP. XX*- 

tf there are tiree magnitmles A, B, 
C, and others D, E, F, e(fual to thofe 
in numbeTy which heifig taken two and* 
two in each order are in the fame ratio^ 
(A.B::D.E; and B.G.-:E F, ) 
and if ex. aequo thefirfi A be greater t^an 
, the third C ; then Jball the fourth D 
he greater than the fixth F. But ^ 
the Jirfi A he equal to the third C, 
then the fourth D Jball be equal to 
thefmh¥\ and if Abe lefs than C, thenJballD be lefs 
than F. r ^^ 

I. f^IfAc-C Becaufe/rRF::aC, by iin-br£4?; 

I- ,cf then- 8. 1 

fotc 




ABCDEF 



ferfionitlhalIbeF.E::CB. ^But 



B 



5>4 ^^ ^fi^ Book of 

c lo. 5. fore — "^ — or — , e therefore D CT* F. U^hkh ^ai 

£ B E 
to he demon^rated, 

2, Hyp. By the lame way of arguing, if A ""^ C , it 
mil appear that D "td F. 
£7.5, 3. i^. IfA=C. BecaufeF.E::C.B::/AB :: 

g II. J Sf D* E. ^ therefore isDr=F. ffbich was tobedem. 

P.ROP. XXJ. 






I 



^ there are three magnHsides Af B, 
C, and others alfoDy E^ F^ e^^iy^/ /<» 
^i&«;77 ffli numbeTj which taken two 
and two are in the fame ratio ; and 
their proportion pertuvhate (A,B :: E.F, 
and B.C.: : D.E.) and if ex aequo 
the frft A he greater than the third C^ 
then is the fourth D greater than the 
fixth F ; hut if the frU be equal to the 
thirdj then is the fourth equal to the 
fixth', if left f fo is the other likewife^ 
- C ; then becaufe « D. E : . B. C, 

C A 

therefore inverfely E. D : : C. B, but — J -n — ; 

B B 

rh E A E 

cjch 13.5. ^ therefore — . -t3 — , that is, than — , d therefore 
die. 5. DBF 

DCTrF. 

'2. Hyp, By the like argument, if A "^3 C then i* 

3. Hyp. If A = C; then becaufe R D.- : * G B 
:_ : e A, B ? : /E. F, g therefore is D =: F. fFhich wai 
to he demonfirated. 



h S. 5. 



A BCDEP 
I Hyp. U A 



e 7. 5 
f hyp. 



PROR 



w 



£qcLioBV EUmettts, 



9S 



PROP. xxn. 



IF there he am 



Ttumher of 
fnagnitudes Ay By Q and o^ 
thers equal to them in number 
Dy Ey F, ivhicb taken two 
and two are in the fame ratio 
(AlB::D. E and B C::E, 
F.) iheiiball he in the fame ra- 
tio alfo hyMualHy (A-G ,• : D.F.) 

Take G, H, equimultiples 
ofA,D; and I, K, ofB, E; 
and alio L, M, of E. F. 

Becaufe ^ A. B : : D fi, « 
therefore G. I : : H. K ; and 
in like manner !• L : : K. M. 
therefore^ if G cr',==,""D I^ 
r then is HcT", =, 'Ti M, </ 
therefore A. C .• .• D. F. By 
the fame way of demonftra- 
tioa if further C. N : : F. O, 
then by equality AN:. D.(X 
JV^hich was to he demonfiro' 
ted. 

PROR XXIIL 

If there are three magnitudes A, B, 
C, and ethers D, E, F, equal to 
them in numbery which taken two and 
two are in fame ratiOy and their pro. 
portion perturbate (A.B ; : K F, atfd 
B.C.%:D.E) they JbaU be in the 
fame ratio alfo by equality (A. C : : D. 

TakcG, H, I, equimultiples of 
A, B, D; and alfo K, L, M, equi- 
multiples of C, E, F. Then G. U 
: :/iA.B::&E.F./?::L.M. More- 
over becaufe ^ B. G : :D E, thence 
is c H. K: : I. L ; therefore G, H, 
K, and I, L, M, are as in 2i< 5. 
Thcrefbrc if G be cr'y =, ^ 
K^ thfn is likewile I :r~, =, "^ 
My and fb d conlequently A»G : : D^ 
F. W^bicb was to be demon/hated^ 



I 



'» 



I 



A B CND^F O 
GIL H KM 



I 

I 



thyf.^ 
b4. 5* 

c 2a J. 
d6.d^yy 




I 

A BCDE F 
G H KiL M 

I 



a 15, 

b byp^ 
C 4. J. 



d6.def:^* 



tf 



^ 



5* and zo. 






b 7.5. 
c 19. 5- 

dhyp, 
cfck 14 5: 



Tbi fifth Book ef 

If there are more magnitudes than three^ this way cf 4fi 
mofiflration holds good in them aifo> 

CoroU. 

From hence * it follows, that ratio's compounded of 
the fahie ratio's, are among themfelves the lame ; as al- 
€0 that the fame parts of the fame ratio's, are amot^ 
themfelves the fame. 



PROP. XXIV. 



A 
C 
D 



-B 



H 



If the frfi magnitkde ABj 
has the fame ratio to the fe- 
cond Q iuhich the third DE, 
has to the fourth F ; a»id if 
*heffth B.Cr has the fame ra* 
tio U the fecond C, which the fixth EH has to the fourth 
F; thenJbaU the frji compounded with the f^h (AG) haive 
the fame ratio to tie fecond C, which the third compounded 
with the fixth (JD H) has to the fourth F. 

For becaule a AB. C : : Dfe, F, and by the Hyp. and 
inverfion G BG : : F. EH ; therefore by h equalitv AB. 
BG :: DE. E*Hy whence by compounding, AG. BG : : 
DH. EH. Alfo r BG. C : ; Ea F. Therefore again by 
h equality AG. C : / D H. F. Which was he demonfira- 
fed» 



pHop. xxVl 



u 



D 



G- 



H- 



If four magnitudes are propor- 
tional ( AB. CD : : E. F) the great- 
eJlAH uind the leafi F Jbatt be 
greater than the reft C, D, and E. 
Make AG— E, ^nd CH==F. 
Becaufe AB. CD : 2 /I EF. i AG. 
CH, c thence is AB. CD : : GB. 
HD; dhut AB cr CD, e there- 
fore GBc-HD. But AG + 
A C E F F=E -+ CH, therefore AG +» 

F+GBcr-EH-CH+HD 
that is, AB-f- Fcr"^4-CD. JVhichwasiohedemonftra- 
ted. 

^hefepropofttions which follow arena "EMclidc^Sy hut ta- 
ken out of ether j4uthors^ and here fubjoyned becaufe of theif 
frequent ufe. ■ P R O P^ 



fi u c I. i i>E*j kiimnii* ' ^ 

PROP. XXVL 

if iie fitfi have a great" A ■ ■ C 

it prcportion to the feddnjy B ■' D 

than the third to the fourth; E" ■ ' " ■ ' ' 

^hen by converfidrty the fe- 

tondjhalihave a kfs proportion to thejlrji, thafi the fbtirA 

to the third, 

AC B D 

Let — cr**— , 1 iay that — -^ — . For Cdnceive 
B D A ^ d 

C E A E 

— =—;i« therefore— CT"*— ;* whcriccAcr^E, <rthei«- « ij. J* 
D B B B b lo. J. 

, B B D c8. 5 

fore — -:j — , </ or — < -^i«i w^j to U iemmRrxlei, ^'^- 4- 5< 

A £ C 

prop: xxVii. / 

Vfthifirf ha'Oe a gf eater pr^ A — — — C ■ - ■ ■> 

/pff/oTf to the fecondy than the B— D • 

third to the fourth \ then alter* E ^— ^ * 

natefy the fitfi Jhafl have a great- 

Hr proportion to thetbirdy than the fecond to the fourth. 

AC A B 

Let — cr- — i then I fijr — . cT*^ . For concciVc 
. B D CD 

^ C . ^ A , E 

*- = — , a thetefofe AcT'E, h and therefore — c^~ . ? lo. 5t 

B D C C 6 1. 5. 

B . ■ . • , . 
# or — . ^lac^ «J^ ^ ie demon/hated. C i5 Ji 

D 

JQT /i&^ yR;^ have a greater proportion to the fecond than the, 
third to thefourthy then the fir ft compounded with the fectind 
Jhallhave a greater proportion to thefecondj than the third 
iHfttfounded tttfith thefourthy to the fourth. 



4^ 



^8 <The fftb Book of 

AB DE AC DP 

Let — cr~ . I lay that—— c~ i Fw 

BC EB* BC EF 

GB DE 

* lo. 5< coticeiTe = , » therefore is, ABc~GB, aW 

BC EF 
D 4. iwr. B C to each part, then h wUl AC tr" GC, c therefore 
c 8.5' ' AC GC DF ' 

dlS.j. ' c~ ,<fthatis, . ff^bkb was to be Jem. 

BC BC ]^ 

PROP. XXK. 




pm 



h"^ 

npomideJ VfHh the /ecand has a 



fourth hath to the fourth ; ^l>w *y d!«>^<w thefrfi Jhatl have 
a greater preportion to thefecond^ than the third to the fourth^ 

AC DF AB DE 

Let cr • then I fay CT • For 

BC EF BC EF 

. GC DF , 

a 16. <* conceive' = , a ttercfore AC C" GC Take 

BC EF 
b ?. ax* 2^27 ^C which is comition ; tbeni remains ABc 
c^. 4. AB GB DE 

d 17. ?• GB ; c theref©re CT dor . Which was 

^ BC BC EF 

toU demtnfirated % 

PROP. XXX^ 

B tf the frfi compounded 

A ' ' ■■■■ ' 1 C with the fecpndy haSy a 

D #— 1 F greater proportion to the 

E Jecondy than the third com* 

pounded with the fourth^ hath tothefourthy then hy converfe 
tathjball the frfi compounded with the fecond have a lejfer 
ratio to thefirfiy than the third compounded with the fourth 
Jball have to the third. 

AC DF AC DF 

Let CT . Then I fay that 



BC EF AB DE. 

Fetf 



£ V c L I b B*f Eiemefiis. pp 

« AC DF . 

For becauie that 4 CT* , btbacbn bjr diviuon a h/p. 

BC EF . b ao. 5. 

AB DE BC EF 

"— c~ ^.by converfiflfatfthetefiwe— — "D— — c 16, 5. 

BC EF AB DE 

AC DF 

and rf thisFefere by cortipofition ~ti — . IfTikM d £8. f . I 

AB DE 
Ibas h ie demet^atid. 

PROP. X3CXI 



mtudes A, B, G, and &- B E 

ibers alfo D, E, F, §qua( C F— — 

ite. th^m tn nuMer; and G •' 

^ ^ib^tf itf 4c grtatefpTQ^ H ■ i ■ 

forthn <f ibe firfi cf the 

former to thefecondy than there is if the firfi of the lafi to 

•r- CT" — J 1^ there he alfi a greater 

frtfortton cf the fecofld cf the firfi magnitudes to the third; 
than there isofthefec&ndofihe lafi mdgnitudes to their third 

("A Tf "v 

-=^ CT* p- ) ^hen hy equality alfi Jball tie ratio cf 

the firfi of the former maffmtndes to the thirds be greater, 
than tie ratio of the firfi of the latter magnHiuiej, to the third 

^ G E 

Conceive ^=—, *thctefore isBCHG, andilhere- a lo.^. 
- C F b 8. 5. 

A A , H D . 

fare-— CT" A»uff 4:oriteive — = -^,«thcfeft*« c 13. y. 

G B, G E 

HA H A ^ 

«— -ra — ,' therefiwfe ttsach rtiore— "3 — /iwhclfcfore d 10. j: 
G B Q G 

A H D 

h c" H' « and confequehily— tr"— > /<* -< .' ^8. /., 



C C F fii-i. 

6 sr fif!OP'' 



PROF. xxxn. 




If then he three m^g; 
nitides, A, B, Cy a 



others D, B, F, miui/ 

^0 them in nwmer', 

and there he /{ grea^r 

frofortion ef the firft tf 

the former magnHudes to the fecond^ th^n there U rftUft' 

c(fnd of the latter to the third ^^^^^A and aJfo the 

tatio of the fecond of the former to the third be ireater than 
the ratio ef^frft of the latter to the fecond ^— ^^ g-\ 

then by equality alfo Jhal! the pr^orfhn cf the frft of the 
former to the thirds be greater than thai of the j^rji sof tht 

latter to the third ( TT CT" Tf ) 

G .D 

« 10. 5. Soppoft -i-^ss.'^ thcrcjfijrc i$#B CTG^ and ther^ 

b 8 5. A A n E 

c fchoU tott h — c^~ . Agaiii, Suppofe -335 -*; therefore is e 
lis G B G F 

HA 

^-:5«-^ aftd confeqiiendy ii A CT H Juid thence t 

G G • 

A H D 

d 13. 5. .^-i;^— il or — • W%ich tvas to he demonjhated. 
C C F 

PROP, xxxiir. 

% If the frqponion tf the ^johok AB At 

^ ^ ,..— ^ 1 !- B litf whole CD 5e greater' than thepo- 

Q 4 ^ D prtton of ifi&e jp<rit taken away AE » 

F the fart takeft away CF ; *hen.fl>aU 

4{f9 /^e r^t^/o ef the remainder E B <^ 
f j&e remainder PD i$ great fi: than that of the whole AB to 
the whokCDf. 

\ 6e€au& 



E u c L 1 D^'s BJements. tO| 

A3 AE 

Becaufcthat • a IZ* — h therefore by permor a lyp. 

CD CF, )) 47. ^ 

AB CD AB ^ 

catioa cr" ;^ therefore by converle ratfo — ^* q a-^ «, 

AE CF EB * ^ 

CD AB EB 

', and by permutation again -rr*"'^"r*^# 



FD CD FD 

Which was to be demonfirated^ 

PROP. XXXIV. 

^ If there he any nunt- A ■■ w D 

for of magnitudes^ and B ' ' ■ » E <■» 

others t^o equal to them C '■ F ■■— 

in number \ and the pr^ G— H 

portion of thefrfi of tha 

former to the firfi cf the tatter he greater than that of the 
fecond to 'thejkondy and that greater than the proportion cf 
the third to the thirdy and fo forward : all the fiprmer magnh 
tudes itgetherJhaU have a greater ratio tb all the latter fo* 
gaber, than all the former y leofoing eut the fifty Jball have 
to the lottery leaving out the firfi *, hut lefs than that of the 
fifi <f the former to the firft of the latter ; ^and faftlyy 
greater than that of the lafi of the former to the laftoftbe 
latter. 

You may pleaie to confult feterpraters fbt the demon- 
Ibatiou hereof, we having for brevity fake on^itte4 it, 
^4 .bceaiiie 'tis of no ufe it) thtie I^ement^; 



fh ^d cf th fifth BoQka 
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* 

The Sixth Book 

EUCLID E's 

) 

Elements. 



J)^finitions. 




L 



I. J- Ike right-lined figures (ABC, D CE) are 
iuch whofe feveral angles are equal one to 
the other, andalfb their fides about the 
equal angles^ proportional 
^he Muth B = DCP, an4KK BC ; : DC. CE. 
Jlfo the antth A =: D, tf»i B A. AC : : CD. DR Laftk 
the angle ACS ^E, andBd CkizCKED. 

II Reciprocal figures are 
(BD, BF) when in each of the 
figures there*are terms both an- 
tecedent and coniequent (that 
is, AB.BG::EB.BC) 

m. A right line AB is rai4 
to be cut according to extreme 
and mean proportion^ .when as 
'I ^ — 5 the whole AB is to the ^eatcr 

"^ fcgment AC, fb is the greater 

fcginent AC to the lefs CB (AB. AC ; ; AG CB ) 



jy-T^? 




f 
V 



EuciiDE*J Elmeuts. lo, 

IV. The altitude of any figure * 

ABC, is a perpendicular line AD 
drawn from the top A to the baic 
BC. 



/K 



V. A ratio is laid to be compounded of ratio's, when 
the quantities of the ratio's, being muldplie<) iM» one 
another, do produce a ratiO' At the rati* «f AloC u 

' A B . 
c^amdedtfthratitfjifAnBatidStfC Ftr~~X~~ 

BC C ^ 'I'* 

PROP I 

ftria^Us ABC, A CD, 
andjaralhhgrams BCAE, A 

CDFA, which have the f^me . 
height, art to each other, at 
their bafis, BC, CD . 

a Take as many as von « i i 

pleafe, B G, GH, cgual to '' 

to BC, and alfo DI =: CD, 
and join AG^^H, At 

6 The triangles ACB,ABG, AGH, are equal, and b 38. « 
hm the mangTe ACD= ADI. Therefore the triangle ^ 
ACH IS the Same multiple of the trianele ACB. as^e 
bale lie IS of chebafefeC; and the tTiangleACiS 
rvf "S"'^-?'?,^*^''"' '"^g^ ^^ ^ '^^ >^c CI is of 
S^ v"! '^^^ ^■'=.^ CI, . then is likewife the cfii. ,8.1. 
mangle AHCtr- -, ;p ACI; and </then:fo,^ Bc! dtf.4.> 
CD;, thetnangle ABC. ACD ; ; ,Pgr.C5.CF. c4tT* 
ffT»eb vat u i>t dmmpatd. * J J. 5 



G4 



Soh^ 



tbejtxtb Book of 

Schot. 



Hence (r/4«jl«, ABC, DEF, and Pgri. AGBC, DEFH, 
Whfe hafts BC, EF *« tqual, are to each oibtr as thth 
Althy^s, AI, DK. 

c I. <S. ABC DEF : : i AU. DKM .■ .- ^ AI. DK ■ : J Sr. 
4 41. I e^ AGBC. DEFIl. Whkh «... ,. i. i^Lor^d ^ 

'5 5- PROP. U. ^ 

If tt, cnejide BC of a trUngU ABC, 
6; dmiun tt faralkf fighf litu DE, the 
fameJbalUunheSdei'^ihttTiatielepn- ' 
prtit^l/y iAB. BDt :AE EC) >«/ 
ifthefdei if the triangle arecut pnipor- 
timatty {hD.B'D :AKEC)th«,a 
right line DE, jaining the points offeB- 
'<^P,K,fiail be faralkUoBC, tl* 
ellerjide cfiht trhpgle. Draw CD and BE. 

I. Hyp Becaufetbc triangle DEB a=DEC, b there- 
, ., , fore fliallbc the triangle ADE.DBEi.-ADE.ECD. 
I V" Butthc mandcAED.DBE : .■ c AD. DB, andthctri- 

l >; ]: anslc ADE. DEC ; .- AE. EC, rfihcreforc AD. pB : : 
^ ^■'*, AE-EG 

* '•/' 4. %. Bccaufe AD.DB;.-AE.EC, e that is the 

f '* ;• triangle ADE DEE : : ADR ECD ; / therefore is the 
c JO I triangle DBE^ECD; and^ifteieforeDE, BC arcpa- 
" *'" ■ ralhls. Whhhwastobedemtnfiratei. '~ ' 
Sctol. 
If there are drawn ftvcral 
lines DE, FG parallel to one 
fide BC of a triangle, all the 
fcgnienrs of the fides fliall be 
proportional. 

For 





EuchdeV BUmms. i©5 

For IF. FA A : : EG. GA ; and compotmdii^ and 
inverting, FA. DA: : GA. EA ; if and DA Dfi : : EA. a Z 6. 
EC, therefore by equality DF. DB : : EG. EC. fFbich 
was to he demonftrated, 

Cofolh 

If DF. DB : : EG* EC; a thcnBC, DE, PG, flxall 
be jparallels. 

PROP, m, 

• 

If an angle BAC cf a' triangle 
BAC he hifeBedy and the tight line 
AD, that bifeBs the angle, cut the 
hafe alfo ; '.then JhaJl the fegments 
fif the hafe home the fame ratio that 
the ether fides of the Mangle have^ 
(BD. DC : : AB, AC) Jnd rfthe 
fegments cfthe hafe have the fame ratio, that the other fides 
of the triangle have (BD. DC : : AB. AC ) then a right line 
AD drawn from the top A to the feBion D, Jball hifeB that 
. angle BAC of the triangle. 

Produce BA, and make AE=AC, and*join CE. 

1. Hyf. Bitoaufc AE = AC, therefore is the angle 
ACEi* -z E fe=: half BAC ci=DAC; ^therefore DA, 35. 1} 
CE are parallels, e Wherefore BA. AE ( AC ) : : BD b 32. i. 
DC c hyp. 

2. Hyp. Becauic BA. AC ( AE ) : : BD. DC, / there- d 17. i. 
fore are DA, CE parallels ; and^ therefore is the angle e 2. 6. 
BAD=E; and the angle DAC^= AGE h^E, k 
therefore the angle BAD = DAC Whereforethe an- 
gle BAC is bifc&d. ffhicb was to hedemonfiyattd* 




PROP. IV. 

Of equiangular triangles ABC, 
DCE, *the fides are poportional 
which are about the equal angles, B, 
.DCE, CAB. BG; ;DC. CE, 8cc) 
Jnd the fides AB, DC, &c which 
are fuhtended under the equal angles 
ACB, E, &c. are homologous, or of 
like rath. 

Set the fide BC in a direft line to the fide GE, and 
pfoduce BA and ED till they a meet* 

Be- 



f 2.6. 

f^9* I. 
5. J. 
k I . ax* 




a 32.1. 
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bhji^ Becaule ilie aode Bbz=F.Ct), t therefore BF, 

c 18. 1. CD are parallel : Alio bccaufc the angle BCA b = 

CED,« therefiwe are CA, EF parallel Therefore the 

figure CAFX) tsaPgr.J therefore AF " CD, and AC 

d 34- I • =dFD. Whence it is evident, that AB. AF fCD) : : e 

ez.6. BGCE.fhjr pernmtationthereforeAB.BCr:CaCE, 

f itf. J. alfo BC CE t : 'FD (AC) DE. f and thence by perma- 

g »»■ 5- lation BC AC : : CE. DE. * Wherefore alfo by equality 

AB.AC:-.CD. DE. Therefore, e-o 

Hen<i AB. DC : : BC. CE : : AC DE. 



Hence, if in a triai^le FBE there be drawn AC a 

fiarallel to one fide FE, the triangle ABC fiiall be 
Ucc to the whole FBE 



rf two tris^hi ABC, 

D EF, haw their fidfiprth 

fmknal fAH.8C: : DE. 

W, ""l AC, BC : : DF. 

EF, andalfo AB A^ : : DE. 

DF ) fhefi triitxghs an c- 

fHianpiUr, /mdlhefi anglet ■ 

equal under whieh arefitlr- 

Itnikd the hemoh^cu: jidei. 

a 21 I. ^^ *^ '■''^ ^Ftf make the angle FEG=:B, and the 

!,,_'" ' angle EFG=C; * whence the angle G = A.' There- 

"rV'" foreGE.EFr:: ARBC:: JDEEF.e and therefore 

GE = DE. likcwife GF. FE r : : AG CB ; ; <f DF. 

*^,eP ^^t < therefore GF=DF, Therefore the triangles 

""F, GgF, are piuriaily equilateral. / Therefore 

angle D = G = A, and the angle FED f = PEG 

B, and g confequenriy the angle DFE=: C- Thcrc- 

■, &c. 




c^ 6. 
dhyf. 



PRPPv 




I. 
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' PROP. VL 

7f two triangles ABC, 
DEF ibtfve one angle B 
«^im/ /o one angle DBF, 
and the fides about the 
equal armies B, DEF p^ 
tortional ( AB. BC : : DE. 
fiF) then thofe tf tangles 
ABCy DEFy are equiangu- 

laty and have thofi angles equals under which are fuhtended 
the bomelogous fides. 

At the fide EB' make the angle FEG =iB, and the 
angle EFG =C ; a then will the angle G==A. Thqre- ? 3/- 1- 
foreGKEF :: ^ AB.BC: : rDEEF, </and therefore *^ 4- 6. 
DE=GE. But the angle DEF #=:B/=GEF; ^ ^• 
therefore the angle D^ ^G^r-^y h and confequently £" 5* 
the angle EFD-C. fFhichwastobedemfm/hated* fcSri 

PROP. VII. P;/- 

If two triangles ABC, 
DEF ^/i«e o)ie ^^ir^/e A e- 
^M^/ /p 0fzff angle D, ^r^ 
the fides about the other an- 
gles ABC, E, proportional 
(AB.BC .-iDE MF)and 
if they have the remaining 
anlges C, F, either both lefs or both not lefs than a right 
angle', thenjhall the triangles ABC^ DEF ^ be equiangu- 
lar, and have thofe angles equal about which the proportional 
fides are* 

For, if it can be, let the angle ABC cr-ft^ and 
make the angle A B G == E. Therefore, whereas the 
ang^e A 4! = D b thence is the -angle AGB = F. a hyp. 
Therefore AB. BG c ; : DE. EF .• : rf AB. BC, e therefore b 32. i, 
BG == BC, /therefore the angle BGC =BCG. g There- c 4. 6. 
lore BGC or C is lefs than a right angle, and h confo- d hyp, 
queiltly AGB or F is greater than a right : Therefore e j>, 5. 
the angles C and F are not of thelame Ipecies or kind, f 5. i. 
which i% againft the Hypothefis. ^ g cor, 1 7 i- 

'* "' . hcor. 15.^: 

PROP, 
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PROP. vni. 

If a Ihte AD he dratvn 

from the right angle A^ tf a 

fight anghd triangle jio C^ 

perfendicuUr to the haft B C; 

*^^fii the triangles A DB^ 

ADC^ en each fide the per* 

pendkuJarj' aire like betb te 

«^ ^ whole AB C, omAto one ^tn^her^ 

^ '97- Forlxrcaufe BAC, ADB are a right angles, h zvi^fo 

» f P* equal, and B common ; the triangles BAC^ ADB^ c are 

c. 3Z, i.CT- j.j^^ gy ^jj^ ^^^ of arg»iing BAC, ADCy are like ; 

t ; •, ^ d whence alfo ADB, ADC wiU be like. /f^<r/& <t»as t$ 
^"""^^^'^^hedemonfirated. •* 




p I. tf2f/l 6« 



h9i. I, 

C 2 6. 

^ >8. 5- 



Hence, i. ^2). DAei: DA, DC. ' 
a. -PC ^C: ; y^.ZX7, andCT* BAi : BA.BJX 

PROP. IX 

From s right line given 
AB to cut off any part 
required f as one third- 

From the point A 
draw di\ infinite line 
^ Cany wife, in which 
a t^ke any three eqii4 
parts AD, DE, FE^ 
join FB, to which fron^ 
D h draw the parallel 7) G; and the thing is done. 

For GB. AG : : c FD. AD ; v(rhence by d composition 
AB. AG : : AF ADy therefore fincc AD =s one third 
ofAF, fhsll ^Gbe=onc third of AB. IVhich^ffa^ 
to bs done. 




PRQR 

4 r \ f < 
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p R P. X. 

tijfaifw AB(»F, G,) ii 
muthtr ghiU right line ii divi- 
(ferf(mD, E.) 

Let a right line BC join 
the extitmitics of the line di- 
vided, and of the line not di- 
vided ; and paralkl to this, ^^ ^„ . . , 
from tie poititi E, D, « draw EG, DP, mjoingwith a 51. t. 
tbeririit liuc wbich is to be cut inGandF; then the 
thins IS done. _. .r^ 

I^ let tai be tf drawn parallel t« AB. IJcn AD b j. j, 
DE::iAF.FG, aDdnE.EC4::DI.IH:: ^ FG. GB c 54 i,S^ 
Iflfkb wMUhtdtmi. ;. 5. 




tJtMt 101 Jean te tnt a tight line gruen AB, inte Xs tti/ilif 
tpiai farti Si ttv fkafw {fi^fi 5 O tvluch will be more 
caSy peiformcd thus. 

IJraw an lofimteline AD, and another BH paralkl ta 
it, and infinite alfo. Of theft take equal parts, AR, R^ 
SV, VN; andBZ, ZX, XT, TL; in each line lefs 
parts by one, than are reqtiii-ed in AB; then let the 
right lines LR, TS, XV, ZN, be drawn ; thefc lines fo 
drawn fliall cut ijie right line%iven AB into iive 
•Ottalpdrta. 



no ^ "Be fixth Book of 

a 33. I. ^or RL, ST, VX, NZ, arc a paraHcIs ; thcrelor<r 

b confir. whereas AR, RS, SV, VN are b equal ; c tlience AM, 

c a. 6. MO, OP, PCX are equal alfo. Likewife, becaufe that 

BZ =r ZX, therefore is B(^= PQ, aftd therefbre A B 

is cut into five equal parts. fFbich was. to be done. 

PROP. XL 

t 

^wo fight lines heif^ 
given AB, AD, u fiid 
cat a third in profot* 
. tion to them (DE ) 

Join BD, and front 
AB being produced take BC=AD. Thnmgh C draw 
CEparaPel to BD ; with which 16t AD produced meet 
in Ki then is D£ the proportional required. 
a 2. 6. For AR BC(AD) a : : AD. DE. fFbicb w^j to be don^. 

Or thus: make the angle ABC rieht, 
and alio tTa6 angie ACX) right, theef 
h AB*BC::BC-m 





wn 



PROP. XH. 




\ 



^Uee right lines being given, DE, EF, DG, to fM cut 

a fourth frt^rtional GrL t ^^ 

Join feci, and through F di^w FH parallel to EG; 

with which let D G produced to H meet. Then it is 

. . ^ evident that DB EF « : : DG. Qlh IVhich <oas u be 

f^ROI^; 
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PROP. xm. • 

9a?p right lines heing ghen 
AE, EB, to find a mean, pro- 
portional EF. 

Upon the whole line A B 
as a diametet, deftribe a femi- 
circle A FB, and from E creft a pcfpcndirtlar FE 
ineetirig with the periphery in F, then AE. EF: : EF. 
EB. For let AF and FB be drawn ; d then from the a 51. a. 
right angle of the right angled triangle AFB is drawn 
a right line FE perpendicular to the bafc. A There- bn»r S 6 
fcre AE^FE : : FE. EB. Which vjos to be dane. 

Coroll ♦ 

Hence, a right line drawn in a circle from any point 
of a diameter, perpendicular to that diameter, and pro- 
duced to the circumference, is a mean proportional be- 
twixt the two legments of that diameter. 

PROP.- XIV. 

Equal Parallelcgrams BD, 
BF, having one angle ABC, e- 
qual to <me EBG, have the fides 
fvhich afe ahottt the equal angles 
reciprocal (AB. BG : : EB. BC ;) 
and ihofe parallelograms PD, BF, 
^hich have one angle ABC equal ' 
to one EBG, and the fides ivhich are about the equal angles 
reciprccaly are eaual 

For let the udes AB, BG, about the equal angles make 
one right line ; a wherefore EB, BC, fliall do the lame. afih. 1 5.1, 
Let FG, DC, be produced till they meet. 

1. //;J>. AB.BGA::BD. BH::cBF. BH::^BE.EC, b 1.6. 
• therefore, &^c. ' c 7. 5. 

2. //>j>BD,BH::/AB.BG::^BE. BC::i&BF.BH. d i. ^. 
4 Therefore the Pgr. BD-sBF. Which was to be *- e 11. 5. 
monfirated. * i i 6. * 

g hyp^ 
PROP hi. 6. 

k II. and 

9' 5- 




til 




i^fck rjf. 1. 
1> 1.6. 
C7. 5. 
d I. 6. 
c II 5, 
£j. 6. • 

n I. 6, 
k II. and 

9 5- 
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PROP. XV. 

Equal Mangles having m 
angle ABC, equal io ^wDBE, 
theh fides which are about the 
equal angles are reciprocal 
(AB.BE: :DB.BG) Jnd 
thofe triangles that have oni 
angle ABC equal to me DBE^ 
and have alfar the fides that are about the equal angles red- 
troc4l{AB.BE::DB,BC) are equal. 

Let the fides CB, BD, which are about the equal an- 
gles be fet iii a /hart Kn<5 ; a therefore ABE is a right 
linci Let CE be drawn. 

1. H)fk^. BE::b the triangle ABC. CBE c : : the 
triangle DBE. CBE: : d DB. BC» e therefore &Pc. 

2. A^. The triarigle ABC. CBE : ; f AB. BE : : ^ DB. 
BC ^ : : the triangle DBE CBE. k Therefore the tri- 
angle ABC s=: DBE. Which was to he demonfirated, 

PROP. XVI 



a t%.a^» 
1 14. 6.' 




AE£C 





9 



. ff founrightjines ate proportidnal (AB. FG r :EF. CBJ 
the reBangle At) comprehended under the extremes AB, CB^ 
^JJfttal to the reHangle EG comprehended Under the meani 
FG, ^P. And if the reBangle AC c^nfrehended under th& 
extremes AB^ CB, he equal to tie reBangle EG^ c&ntpre* 
hended under the means FG, EF, theh are the four righi 
tines proportional (AB FG : : EF. CB ) 

I Hyp. The angles B and F are right, and a confe-' 
qnently equal, and by hypothefis AB, FG : : EF. C^ 
b therefore the reftanglc AC;=EG. 

ft. m 



\ 



/ 
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2. Hyp. The redanrlc ACr^EG, and the angle <^ ^• 
B = F; rfthcrcforeAS.PG::EP.Ca fVbkbwasto d 14. 6. 
ie demanfiraied. 

Corolh 

Hence it is eafjr to apply a re&angle given EG to a 
right-line ^ven AB ; {pit) e by making AB« £F : : F& e 12. tf. 

prop! XVDt. 




ifiti4i fight isnes are prcftfrtimal AB EF : : EF.CB) 
rtfi re^an^h AC ftrade uniet the extteims AB, CB // equal 
fo ihefqua^e E G tniOt of the middle EF. Jnd if the reB- 
imgh A Q eamprehendtd utider the extremes A &, CB» he 
(tfuaifothe/fuareEGf made ^the middle EF, then the 
tiffee Ihies Mreprcfmi&naif (AB. £F : ; EF. CB ) 

TakeFG=EF. 

I. Hyp. AB,EF: :4EF.(FG0 CB, therefore the a htp. 
itftangle AC&=tG(r = EFqi t {6. 6. 

1. Hyp. The rcdangle AC <^ = to thp %are E G = c 29. ^i. 
HFq.e therefore AB.EF::FG(EF.)BC iVhich was A hyp. 
te he demef^ated. z 16.6* 

CcfolL 

I^t A xB ssGq, therefore A. C : ; C.0. 



B 



PROP; 



»•. 
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PROP. xvm. 



a Z3. I. 



c 32. I. 
d 2« 4X< 



e 4. 6. 

£11, 5 





B C 



Vpcn a right line given AB, to defcribe a Tight-lined figure 
AGHB, like and alike Jituate to a right-lined figure gi- 
ven CEFD. 

Rc(blvc the right-lined figure given into triangles ;tf 
Make the angle ABH-=.D, ^ and the angle BAH = DCF, 
a and the angle AHG-CFF, a and the angle HAG r: 
F C H, then AGHB ihall be the right-lined figure fo^ight. 

For the angle B ^ - D, and the angle BAI I A =DCF, 
c wherefore the angle AHB = C FD, b alio the angle 
HAG =FCE, and the angle AHG b^CFEy c wherefore 
the angle G=F, and the whole angle GAB //c=ECD, 
and the whole angle G H B </=- E F D. The Polygons 
therefore are mutually equiangular^ Moreover bccauic 
the triangles are equiangular, therefore AB. BH e i.i 
Ca DF ; and AG. GMei: CE. EF. Likewife AG. AH 
: : tf CE. CF, and AH A B : :CF. CD. , / From whence 
by cguality AG. AB : : CE. CD. After the fame man- 
gl def.6. ner 6B HB : : EF.FD. g Therefore the Polygons 
ABHG, CDF£ are like and alike fituate. muh wi 
to he done. 

PROP. XIX.' 



Like triangles ABC, 
DEF, 4r« in duplicate 
ratio of their homologous 
fides, BC,EF. 

a Let there be made 
BC.EF::.EF.BG,and 
let AG be drawn. Be- 



a II. (iw 




\) cor. 4. 6 caufe that AB. DE b : : BC EF r : : EF. BG, and the 
c confirL angle B=:E, d therefore i$ the triangle AEG ~ DEF. 
di5. 6. But the triangle ABGA8G :: « BGBG, and/ 
e I. 6 ^ BC 

f 10. def^. W . 



Eluc^Ti!)E*j Elements. iij 

Be BC . t. c. ABC ABC BC 

BG-EP^^^; therefore -^thati.,5gp^=£pS XI. 5. 

twice. Wlokh tvas to hi dimanfirated. 

CoroU 
Hence, If three right-h'nes (BQ EF, BG) arc pro* 
pordonal, then as the firft is to the third, fb is a triangle 
made upon the fiti^ BC, to a triangle like and alike de-> • 
icribed- upon the (ccond EF *, or 16 is a triangle defcri- 
bed upon the fecond EP, to a triangle like and alike doM 
icribol upon the third. 

PROP. XX/ 




Like Poty£(ms ABCDE, FGHIK, are divided itao ^quat 
triangles ABC, FGH, and ACD, FHI, and ADE, FilC ; 
loth equal in number and hovHoloeous to the wholes ( ABC. 
FGH : : ABCDK FGHIK : : ACD. FHI: : ADE. FlK.) 
Jnd the Polygons A3 CD Ey FGHIK, have a duplicate 
ratio one fo the other cfwhat one homologous fide BC hath to 
the other homolgous fide GH. ' 

J. For the angle B /i=G, and AB.BC a : : FG. GH. » ^ 
b Therefore the triangles ABC, FGH, are equian- 
gular. After the fame planner arc the triangles AED, ^ <>• ^' ^ 
FKI like. Since therefore the angle BCAi ^GHF, 
attdthe angle ADE & = FIK, and the whole angles b 6 6. 
BCD, GhC and the; whole angles CDE, HIK are c e- c ^>P- 
qual, there remains the angle ACD </rFHIj and the ^ 3. 4*. 
angle At)C~FIH ; e from whence alfo the angle CAD c 5a. i. 
== H F I, therefore the triangles A G D^ FHI arc like , ^ . ^ 
Theifeforc, afc. t 19 ^• 

z. Becaufc the triangles B C A, G H F ate like, / 

is ^Tjjg; zz rrj ^*^^- ^^^ ^^^ ^^""^ reafon is — r. 

CD , , DEA DE . ^ ■ ,m 

te|Tj-twic4i; laftly jy y z^inr twice> NowwheR^ 

H 2 as 



\ 
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Rhfpi Sf asihatBC*GHf:tCD.HIp:: DEIK, £ therefore fa 

?S. 5- the triangle BCA. GHF : : CAD. HFI : : DEA. IKF it 

k "'li 'j ' " ''•^ P^'yS^ ABGDB. FGHK : :1S nricc. 

I. Hence if there are three HghNjiiKS propertional, 
then as the firft is to the third, fo is a poljrgon made 
upon the firfl to a polygon made on the fecfxxl like and 
alike dclcribed ; or fo is a polygon made upoa the 
fecond, to a polygon made on the third like aul alike 
^ delcribcd. 

fleiue *te have « method if Margrw cr iimin^^ 
tavj rigbt-liiuJ fgun m a rath gnm : For ifyaa would 
make a pentagon qiiintaple of that pentagon whereof 
CD is the fide, then betwixt AB and 5 AB find out a 
* i8. 6. mean proportional, • upoa this raift a pcnt^oii like to 
that given, and it Sail be quintuple of the f 



given. 

2. Hence alio, If the homolc^oiu fides of like &utc5 
be known, then will the pn>portion of the figures DC e- 
vidcnr, viz- by finding out a third proportional. 

PROP. XXL 

Righi Imed fgtiret A BC, DIE, •ahkbart likt ft lil 
fame right-lined ^unHFG, analfolihimetftheaaer. 
I ud^.C Fortheai»leA<i=H*=I>; and the angle C ,* = 
G«=£; amfthe angle B«=:F4TtI. AlfoaABAC 
::HF. BG:; DI.D^ and * AC CB; :HG. GP ;:DE 
EI. And AB.BC::HF. FG:.-Dl IE Therefore 
mABC, DIEj are like, ffbci vim ttit ^gnmpnued. 



£ tr c 1 1 o e's dements. 



PROP. XXIL 



K ^ 


M 


A 


• 
• 


H ,0 



BC DE FG! K 



^/Wf fighhlmes wt^ frapo^HMaJ (AB. CD : : EF. GH) 
ih right-lined figures alfo defcr^d ufan them being like and 
in like fsrt pnuHe^ JhaU he fretftrtional (ABL CDK: : 
EM. GO) And ^ the right-lined figmes defcrihed upon 
the livesy like and alike fituate^ he propertienal (ABL CDK 
: : Em. GO) then the right lines alfijkall be prepertional 

{AB.CD::EF.G«) 

ABI AB ' EP EM 



I. Hyp. 



a^=i 



twice zza' 



;twice a: 



GO 



CDK''=CD'"*""-'*Gtf 
I therefore ABL CDK : : EM. GO. 

„ AB ABI EM EF 

*• "yh j^ twicc^c= Q^ b^ g^ = c g— 

twice Therefore d AB. CD ! : EF. GH. IVbich was 
fo he demonftrated. 



Sckt^» 

Hence is deduced the manner ^nd r^afiin ef multipfyir^ 
fitrd quantitiesy ex. g. Let ^5 be to be multiplied into 
V^ 2 . I fay that the produft will be v* 1 5. For by the 
definition of multiplication it ought to be, as i<v^^ 
; : V'f, to the produ^ ITierefore by this cj. i.q. ^ 5/: : 

![• v/5. q. of the produft That is, i. 3 : : 5, xo the 
quarc of the produdfc, therefore the fquarc of the pm- 
<iu£fc is 15. Whcrelbrq ^ 15 is the ppochi^ <^f V^S 
jpto ^/5. Whigh i^;a.f to tie demonfifated- 



a 19.^ 



\>hyp. 
c 20 6, 



Hj 



fKea, 



jj8 



fh^ fxth EoQk of 




a cor. 8 6, 
b zz. 6, 

c 17. 6. 



d cw 

C2Z. 



8.6. 
6. 



Pet^Herig. ^fa right-line AB bi cttt am^ifg in D, the veB angle 
comprehended under the parts kt)^ DB, is a mean propor- 
tional hetwixt their ftfuares. Likewife the reB angle compre- 
hended under the whole AB, and one part AD, or D B /i <j 
mean proportional betwixt the fquare cfthe whole AB. and 
the {quare of the faid party AD, orDB. 

Upon the diameter A B delcribc a lemicircle ; from 
D ercd a perpendicular DE, meeting with the periphe- 
ry in E, join AE, BE. 

It's evident that AD. DE i« : ; DE. DB, h therefore 
ADq. DEq : : DEq DBq, c that is, ADq, ADB : : ADB. 
DBq. Which was tobedemonfirated 

Moreover Bi^. AE: rrfAfe AD, e thercfQre BAq- 
AEq : : AEq. ADq. /that is, BAq.BAD : : BAD. ADq, 
After the fame manner ABq. ABD : : A B D. BDq. Which 
was to he dsmcnfiraied 

Or thus • fuppofe 2:;=A4-E. It is manifeft that Aq. 
AE : : ^ A. E : : ^ AE. Eq. alfo Zq. 2A : : a2^ A : : 
ZA, Aq, and 2^. ZE: : ^ Z.E : : ZE. Eq, 

} 

PROP. XXIIl 

Equiangular parallelograms 
AC, CF, have the ratio one to 
the other y which is compounded <f 
.J. • rj /'AC BC , DC \' 

Let the fides about the equal, 

^fch 15, , , C^ ""^^ , ^^ Cbc^fctin adircd line, 
mid let the Pgr. CH be compleated. Then is the ratio of 
tzo.iiff.5. AC, AC ,CH BC , DC «, 

pi. (J. @^CH"*"eF'^CG'+Ci: ^^}V^^*'^ 
demonfirate^ ^ ^oro}];. 



? I 



6. 




E u c II D eV Ekments. 

CorolL 



up 



Hence, and from ^^. i. Happears^ i. ^hat triangles Jiidr* 
which have one angle equal {as at C) have a ratio compound- Taeq, 1 5.5 
ed of the ratios of the right-lines^ AC to CB^ and LC to 
CF,) containing the e(ftial angle. 



I" 



X 






B 



/z 



•2. T'i^^^ ^// reBanghSy and 

* confequently all parallelo^ 
grams^ have their ratio one to 
the other compounded cf the ra. 
tios (f hafe to bafe^ and altt" 
tude to altitude. After the like 
manner you may »rgue in tri- 
angles 

3. From hence is apparent 
how to give the proportion of 
triangles^ and parallelograms, i 

Let there be two Pgrs. X aftd Z, whofe bafcs are A C, 
CB, and altitudes CL, CF; Make CL* CF : ; CB. O, 

* tlicnwinitbeX.Z::ACO. 

PRO P. XXIV. 
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In every par^lehgram A BCD, 
the parallelograms EG, HF which 
are ahcut the diameter AC, are. like, 
to the whole, and a^ooneU the other. ' 

For the PgOLEG, HF, have each 
of them one angle common with the 
whole ; a therefore they are equi- 
angular to the whole, and alio one to the other Alio 
both the triangles AtC, AEIJiHC a and the triangles a 29. I. 
ADC, AGl, LFC are equiangular mutually ; h there- 
fore AE. EI .• 1 AB. BC, and h hE, AI ; AB. AC, and ^ . ^ 
i A I. AG : : A C AD. c Therefore by* equality, A E. _ ^* ' 
A(5 : i AB AD, d. Therefore the Pgrs EG, BD are ^ \^'^l ^ 
like. After the lame manner are HF, BD like aUb. ^ 

Therefore, &"€. 
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PROP. XXV. 
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t 45 
b 44^ I. 

c 15. 6* 

di8. 6. 



e cor 20.tf# 
f I. 6. 

g 14. 5- 
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Unf the HgMinedfytire given ABEDC; fc (Ufirihe awh 
iher fgme P, like and aiike fituatey luhicb ^^ojbail be equai 
to amiher fighHined figure given F^ 

^ Make the redangleiiXirsr ABEDC; hsUbxufon 
BL make the rcftangle BM=F ; betwixt A B and B H 
c find out i mean prapoitional N O ; Vpon NO d make 
the pdjrgon P like to the righ^lined figore given 
ABEIXl I % the- polygon P §> made^ fliall he eqpd 
to F, that was givea 

ForABJSDCcAL.)P::AB.BII::/AL;BM. Thewr 
£fj^c^gzz,B}ibs=^. Ifhich wm U be dff^ 



9 24. <?. 
b I. def* 6, 
c J^p. 
dp. 5. 
f p. ^;r« 



PROP. XXVI. 

^fffrom the p4ralkhgMm A EC E^ 
beffAen away another pawaUekgisM» 
AGFEjy /f|le Hnto the 9»ho1e^ Midm 
like Joh feti having alfi an angk 
EA(a common with k ; ihm is that 
parallelogram about the fame Magonai 
ACwith the ttthoU, 
Ifyoudeny AG to be the cpmmon diagonal^ then let 
FK be it, cutting EF in H, and let HI bedrawn par 
rallel to AR Then are Pgrs. EI, DB, a like, b there- 
fore AR Eli ; : AD.DC : : r AE. EF, and icGnfequcni- 
lyEH;5EF. f mich is ah/Hr^ 
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PROP. xxvn. 

of M parMkgrams A IX 
AG aMied to the fame right 
line ABy and wantitig i^gui^ 
hy the parallelograms CH, Kl, 
like and alike, fct to the Pgr. 
PJJ^nvhich is defcrihed upon the 
half line^ the greatefi is that ' 
AD, which is afptied to the 
half live being like fa the defeB KI. 

Forbccaufe th^tGE<ii=:GQ if KI wluch is com- a 45. i, 
mon be added, 5 then i? KE=CI<rr=rAM, addCG hi^ax^ 
which is comiaon, d then is AQssUct thci Gnoi^qo A£BL ; c ^6 u 
e but the Gnomon MBL "3 C£ (AD.) Tbfrcfiire d i. axs 
AG "=) AD« tfhich was to be demef^haHA c y ax. 

PEOP. xxvin. 




K B, 




^nf a right^int^iven A F, to apply a parallelogram A P, 
etfoalto a right-lined figure giwM Q d^ient hy a parailelo- 
gram ZR, which is tme to aftoiher parallelogram given D ; 
f but ip is ^cef[ary thait the rtght-lined figure gi%ie». Q /« * 27. ^. 
which the Pgr. to be applied AP muft be eattUl^ be not greaHer 
than the Pgr. A P which is applied to half the Itne^ gnce the 
drfeBs both ofAFf which is apply d to haff the Uney and if 
AP the pKraU^gram to be applted\ mufi be lify, 

Biie^ AB iaE; upon £B a make the Pgr-E.^G li)ce a 18 ^* 
tt> the P|r. D ; and ft fet EG=C4^ t e M»ke thePfr. hfch 45.1. 



ivcn D, or EG; draw c ^,5. du 



NT = ij an4 Kke to the Pgr. givci 
the diameter FB ; Make FO = KN, and F (^= K T ; 
thro* O and Q^ draw the parallels SR, QZ>. Then is 
li|f P» AFtlwt >yluch was Ibught* 



For 
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d^ofipr. ep Fv the Pgrs. D, EG, OCt, NT, 2,R, a^ aU rf like 

24. 6 one to the octier, and the Pgr. EG = e NT-f-C =* OQ, 

ccenfir. 4-^ f wherefore C == to the Gnomon OBQj? =AO-f- 

f^/ax. PG5=i&A0-i-EP = AP. IVhichwastobedone. 
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a 18. 6. 
Ii 25. 6. 
<: 5. I. 
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e 24. ^. 
f confir* 

56. I. 

k43 I- 
1 2. and u 
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PROP. XXIX. 




C^w « righp-line given AB, fp <i^^i^ 4 paraJlelcgram AN 
Mualto a right-lined figure given C, exceeding by a Pgr* 
OP, which Jball he like to antfther Pgr* given D. 

Bifcd AB in E. Upon EB a make a Pgr. EG liketo 
the given one D, and ^let the Pgr; HK=EG4-Q and 
like to the given one D, or to EG. Make FEI-i=:c IH; 
and c FGM^JK. Thro* L, M, draw the parallels MN 
andRN,* and AR parallel to NM. Produce ABP, 
GBQi draw the diataeteir FBN. Then is AbJ the ja* 
rallelogram required * .' 

For the Pgrs. D, HK, LM, EG, are i like, e therefore 
the Per, OP is like to the Pgr. LM, or D. AKo IMf 
rrHKlf.s: EG-|-C. g Therefore C =r to the Gnomon 
ENG. But AL i&=LB k =:BM ; / therefore C z=:AN. 
W})ich ^as to be dune. 
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^d eta a finite right-line 
given A B , according to 
extreme and mean ratio 
(AB.AG::AG..Gr.) 

a Cut AB in G, in {lich 
wife that AB x BG=sAGq. 
b Then BA.AG::AQ. 
GB. If^hich 'Was to be done. 



PROe. 



EycLiD^V BJtmwts. 
PilOP. XXXl 



las 




In right-'ajigkd triangles BAQ /tfiy figure BF defcrh 
hed upon the fide BC fuht ending the right angle BAQ Im 
equal to the figures BG, AL, 4t^i&/cJ& are Hie and alike fitu* 
ate* to the former BF, ^w/ defcribed upon the fides dA^ 

AC, containing the right angle. 

From the right-angle BAG let fell the perpendicular 

AD. Becaufc DC CA : : « CA. CB, b therefore AL. . „ ^ 
BF :♦: DC. GB; Alfo, becaufe DB. BA : : .. BA. BC, b J ^^' ^' 5' 
therefoitj BG. BF: : DB. BC ; £: therefore AL+BG. ^^^^0.6. 
BFirDC-l-DBcBOBC. ^ Thcreforc AL^-BG= ^/^ 5' . 
BF. PThicb was to he demonfirated. . dfch^l^.^^ 

Or thus': BG.BF::aBAq.BCq: And 1? AL. BF « "' ^• 
:: ACq. BCq, /therefore BG-f-AL. BF : : BAq+.ACq. ^^^5- 
BCq-^ Therefore whereas BAq+ ACq=FBCq ; %fi^^^^i^ 
h thence is BG4-AL;=JBF, Ifhich was to be demonfirat " 47 * ^\ 

H ' . - 

CoroU, 

From this propofition you na^y learn how to add 
or fubtraft stny like figures, by tne fame method that 
is uled in adding' and lubtrafting of tquares^ in Schef. 
47. I. 
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a 29. 1. 

dz« ax. 

e 32. I. 
f I* ax^ 

514- 1. 
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PROP, xxxii. 

TjfKt^o triangles ABQ DCE 
having two fides ttaponional to 
two (AB. AC : : DC. DE.) A* 
yi compounded or fet together at 
enean^leACDy that their he* 
moJogous fides ate al/o parallel 
(AB to DC, tfif^ AC to DE,) 
then the remaining fides (f thofe triangles (£C, CE) fi^aU he 
found placed in one fir ait line* 

Forthcangle A«r=: ACDii— D^ andAB.AC^: ; 
DC. DE, f therefore the angle B - DCE. Therefore 
the angle B-f-A d ^ACE ; but the angle B-fA-fACB e 
na right, /therefore the ancle ACE-fACB ':r a right ; 
g therefore BCE is a rightJine. Which was to he do* 




monfirated* 



PROP, xxxni. 





In equal circles D3CA, HFGP, the angles BDC, FfK, 
h/ne tie fame ratio with the peripheries BC, FG, on which 
ihey infifi ; whether the angles be fet at the centers {as BDC^ 
FHG) or at the circumfereuces^ A^ E : ^nd fa likewife 
halve the SeBors BDC, FHG. 

Drav the right-Jines BQ FG. Make CI^^CB, ^nd 
GLrr FGr:rLP, wd join D I, fit, HP. 

The arch BC 4 =CI. 4» alio the arches FG, GL, LP, 
are equal ; h therefore the angle BDG=CD1, h and the 
angle FHG;=dGHL=LHP. Therefore the arch B I i% 
the lame multiple of the arch BC, as the an^le BDI 1% 
of the angle BDC And in like manner is the arch FP, 
the (amc multiple of the arch PG, as the angle FHP is of 
the angle FflG. But if the arch B I CT', =, -t3 FP^ 
t then likewife is the angle BDI CT", ==, "^ FHP, 



Ectii^B^^ Ekmtnts. 
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c 15. 5. 

h 24. 3. 
k4. 1. 
1 2. iflur. 
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Therefore is the arch BC. FG : : </ the angle BDC PHG 

e : : — — . — — / : : A. E, trhkh <vas to he demm* 

z 2 

Moreover, the angle BMC^a=CNI; h and there- 
Ibfcthe foment BCM=CIN. *Alfo the triangle 
BDC^CDI; / wherefore the feftor BDCM = CDIN. 
After the fimc manner are the lefltors FHG, GHL> 
LHP equal one to other. Therefore firice accordiivly 
las the arch BI C", =r, -D FGP, fo is Ukcwife the 
ieftorBDIc-", =, -"dPHF; w thence Ihallhcthe m6.Jef.<. 
feaor BDC. FHG :: the arch BC PG. JFbu^masUht 
demonfiraied, Covatt. 

1. Hence, 4sfiBcf is tofeihfy fi is angh io m^. 

2. ^he ai^U BDC in the centtfy is to fittr right angles^ 
as the arch BC, on which it ittfifis^ to the whole circunfe- 
fence. 

For as the angle BDC is ^o a right-angle, fo i$ the 
arch BC to a quadrant. ThercFott BDC is to foot 
right-angles, as the arch B C is to four quadrants, that 
i^ to the whole circumference. Alfo, the angle Ai 
2 right : : the arch BC. periphexy, 

5. Hence, the strches iJ^ BC, of unequal citcks which 
fubfend etjptal angles^ whether at the centers^ as lAL and 
fi AC, of at the per^ery^ are like. 

For iL. periph. s: angle I AL (BAC.) 4 right 
Alfo, Arch BG periph : : angle B AC. 4 right. Thm:- 
fore IL. periph : ;BC periph. And cot^eqoently the 
ttchcsILandBCattKfee. Whence ' 




4. ^Wofef^amiteri AB, AG, cut tff hht dnhei IL, 
^fromeoncentrickfirffheries. 
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Definitions. 

L W* ^ Kity is that, by which every Aing that is, 
■ I ^^ called, One. 
.^^^J II. Number is a multitude compofed of 

^^^^ units. 
ni. Part is a number of a number, thelefler of the 
greater, when the leffer meafureth the greater. 

Every part is denomnyiUd from that number y hy qvhich H 
meafures the tmrnber <wherecfit is a part ; as^is caJted the 
third part (flty hecaufe it meafures 12 ^ 5. 

IV . But when the leffer number does qot mealure the 
greater, then the leffer is call'd, not a part, but parts of 
Jne greater. 

M parts whatfiever are denonunated from thefe two numr 

herSj ^ which the greate/i common meafure of the two nuntr 

hers meafures each cfthem ; as 10 isfaidio he two thirds of the 

. number 15 ; hecaufe the greatefi common meafure^ which 

is 5, meafures 10 by 2, and 1$ hy ^. 

V. A multiple is a greater number compared with a 
lefler,* when the lefler meafures the greater. 

VI.' An even number is that which may be divided 
into two equal parts. 

VII: But an odd number ^is that whidi cannot be di* 
vided into two equal parts ; or that which differeth from 
an even number by unity. 

VUL A number evenly even, is that which an evem 
number meaiureth by an even number* 
' am IX. But a number evenly odd, is that which an even 
• immber meafureth by an odd number. 

* XA 
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X A number oddly odd, is that which an odd num* 
l)er meafUreth by an odd number. 

XL A prime (or firfl) number is that which is ipcft- 
lured only by unity, 

XII. Numbers prime the one to the other, arefbch as 
only unit/ dnth meafiire, being their common meaiure. 

XlII A compofed number is that which Ibrae certain 
number meaiiireth. 

XIV. Numbers compofed the one to the other, arc 
thofe, which fbme number, being a ccnomon meafure 
to them both, doth mea(ure4 

In tlnsy dud the preceding defnithn^ unity is not a nur»* 
let. ^ . • 

XV. . One number is laid to moltiply another when 
the number multiplied is fo often added to it ielf; as 
thdre are units in the number multiplying, and another 
number is produced. 

Hence in every multiplication unity is to the multiplitr^ a§ 
the muhiplicanais to the product. 

ObiT ^hat many times^ when any numbers are to he mul- 
tiplied {as A into B) the conjunifion cf the letters denotes th$ 
produa : So AB ~ Ax B, and CDE = Cx DxE. 

XVI. .When two numbers multiplying, thcmfclvcs 
produce another, the number produced is called a plain 
number ; and the numbers which multiplied one ano- 
ther, dre called the fides of it : So 2 (C) x 5 (D) = 6^5: 
CD is a plane number, 

XVII. But when three numbers multiplying one ano- 
ther produce any number, the number produced is 
termed a (olid number ; and the numbers multiplying 
one another, are called the fides thereof: So z (C) x } 
(D) X 5 (E) = 50 =: CDE // a filid number. 

XVIII. A fquare number is that which is equally e- 
qua! ; or, which is contained under two equal numbers. 
Let A he the fide of afquare; the fquare is thus noted^ 
AA, wAq, 

XIX A Cube is that number which is equally equal 
equally ; or, which is contained under three equal num- 
bers. Let A be the fide of a Cube ; the Cube is thus noted^ 
AaA, or kc. 

In this defmtiony and the three foregoing^ unity is num- 
ler. 

XX. Numbers are proportional, when the firfi' is 
the fame multiple of the fccond, as the third is of the 

fourth^, . 
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fbnrth ; bi*, the lame part ; or, when a part of the firtf 
cumbermeafiires the fecond, and the fame part of the 
thixd meafores the fourth, equally : and tnce verfa. ^i 
A. B. ::C D, ihatis^ 3.9 ::jf. 15. 

XXL Like plane, and Iblid numbers, arc thofe which 
hare theii* (idcs proportional ; Nafmfyy tuft ail thefiJes, 

XXII. A pi^rfed; Number is that which is equal 16 
its Own parts- 

As €y and ftS. Bjt m mwbtf thatU Ufs a>an h*s fans 
is called an Abounding mimBer, and (mt vfhkb is greai- 
er, a Diminudve : fi i%is an ahnnShgf 15 a difninutiv^ 
nnntber. 

XXm. One number Is (aid to meaiure another, by a 
third number, which when it either multiplies, or is 
muhipficd bv the mealuring munber^produces the ounr- 
bcrmcaliired. 

In Dht^eny ttfdsy is to the qmtiem^ ai the diwfir is id 
the J^idmL Note, that a mmAer placed under another 

A 

nMalimkhvemtem^figmfiesdivifiQn: So-— aAdi* 

CA 

videdbyB, and ..^^s:CxA divided by B. 

Hiolc two numbers are called the Terms or Roots of 
a Proportion, than which leflet cannot be found in the 
iame ptoprtton. 

Pe/hdaietf et Petitions. 

t. ^1 ^ Hat numbers equal or multifile to any liumber 
I maybe taken at pleasure. 
ft.'TKat a number greater than any other whatibevet 
may be taken. 

1, That Addition, Subtrad^on, Multiplication, Di^ 
viuon, and the Eittra&ions of Roots or fides of (quare 
and cube aombers be alfi> granted at poffible. 

Axhtns. 

1. *f TyjHatfbever agrees with one^ of many equal 
V V numbers, agrees likewife with the rdJ. 

2. Thoie parts tbJtt ai^ the &me to tfae&me patt, or 
parts, are the fame amohff themielves* 

5, Numbers that are the fame parts of equal num- 
bers, or of the fame number, arc equal among theni- 
fdvcs, 4 Thofe 
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4> liiiofe numbers, of which the fame number or e* 
iQual numbers, are the fame pan^ are equal amongft 
tneiUfelves. 

^. Unity hieaf^bes every number by the* units that # 

are in it ; tnat is, by the fame number, 

6, Every number meaiures it (elf by unity. 

r» If one number multiplying another, produces % 
third, the multiplier ihall mealure the pitxluft by the 
mxiltiplied ; and the multiplied fhall mcdure the fame 
fcy the multiplier. 

Jiencif No prime nHrnher is either a plane^ foUdi ffuare^ 
Ifr cube number . 

8. If one number meaiures another, that number by 
which it meafiireth fhall meafure the fame by the units 
that Ire in thte number meafuring, that is^ by the num« 
her it felf that iheafures. 

94 If a nuhiber meafuring another, multiply that by 
yhich it meafuteth, or be multiplied by it, it prOdu- 
Ceth the number which it nieafureth. 
^ lo How many numbers fbevcr any number meafureth, 
It likewife meafureth the numbers compoled of them. 

II. If a number meafiires any niimber, it alfb mea- 
lureth every number which the wid number mearfureth. 

12* A number that meafures the whole and a part ta- 
ken away, doth alfb iheafure the refidue. 

f ROP. I. 

^'wo unetpml ftufnhers AB, A E. G.B 85^ 

CDy hei9^givefty if tie fefer e.F..D fi^ 

CD, he conttnuaily taken from H--- 

the greater AB {and the-refidue 

EB frem ^D, 8cc.) by an alternate fuhlraBkmj and the 

number remaining do never meafure the precedent^ til! unity 

GB he taken; then are the numbers which were given hS^ 

CD, ^ime the ine to the other. 

If you deny it, let AB^ CD, have a common meafure, 
tiaroelythe number H, therefore H meafuring CD, doth 
a alfb meafiire AE ; and h confequcntly^thc remainder 
fiB; a therefore it likewife m^fures OF, and b fb the a iuax.j. 
remainder FD; a therefore it alfb meafures EG But bi2.ifx. 7. 
itmeafured the whole EB, and b therefore it miift ihea- 
fure that which remaineth GB, that is^ a number mea- 
foref utoity. c fVhich is abfurd c ^, a», l* 

1 * 1?R0P. 
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^'W^ fiumhefs AB^ 9 6 

CD being given^ not A ••£....•. B15 9 ^ 

prime the offe to the other f 6 3 

to fnd out their greatefi C. F...D if i 

eommon meafureYD, G — 

Take the Icffcr number CD from the greater AB as 
a (S 4jr. 7* often as yoa can. If nothing remains, a it is manifefl 
that CD is the greateft common meafure. But if there 
remains lomething (as EB) then take it out of CD, and the 
refidue FD out of H3, andfb forward till Ibmc nuiii* 
b 1. 7- ber (FD) meafure the faid EB (i for this will be, be- 
fore you come to unity) FDihallbethe greatefi co^unoo 
meafure. 
c confir- For FD c meaiiires EB, and </ therefore alfb CF ; and 

dii.^y. 7-e confcquently the whole CD; d therefore likewifc 
e iz.ax. 7. AE ; and fo meafures the whole AB. Wherefore it is e* 
vident that FD is a common meafure. If you deny it to 
be the greatefi, let there be a greater (G ) then wherc^ 
d II aKl as G meafureth CD, it d mufl likewife meafure AE, e 
ciz,ax.T* arid the refidue EB, d as alfb CF, e and by confequcncc 
gfuppof. the refidue FD, g the greater the lefs. frbkb is ahfmd, 
h 9. ax* I. 

CoroU. 

Hence, A number that meafuiies two numbers, does 
alio meafure their greatefi common meafure. 

PROP. m. 

A •*.•;••: I* ^hree numhers being ^ivefif A, B, 

B 8 Cf not prime one to another^ to find out 

D .... 4 their greatefi common meafitre £• 
C -6 Find out D the greatefi common 

E . . 2 meafure of the two numbers A, 6. 

F — » If D meafures C the third, it is 

clear that D is the greatefi common 
meafbre of alll the three nvlmbcrs. If D does not mea- 
fure C, at leafl D and C will be compoTed the one to 
the other, by the CJoroU. of the Propofition preceding. 
Therefore let E be the greatefi common meafure of the 
laid numbers D and C| and it ihall be the number which 
was required. 

Far 
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^or E 4( meafUres C and D, and D meafures A and B; ^etmfi. * 
therefore h E mcafiires each of the niunbcrs A, B, C : b ii. ax* 7.' 
ndther (hall any greater (F) meafurc them ; for if you 
affirm that, c then F raeaiuring A and B, docs likewife c cor. i. J. 
meafure D their greatefl contmon mealure ; and in like 
manner, F meafuring D and C, does alfb meailtre E c 
their greateft common meafiire, d the greater the lefs, dfuppof* 
€ Which hahfiird. c ^. ax, !• 

Cwdtt. 

Hence, a number that meafures three numbers, does 
alfb meafure^ their greateft common meafure. 

PROP; IV. 

Every Ufs number 'A is <f every A . . . ; . . 6 
greafer B either a part or parts. B ..•...• 7 

If A and B be prime to one and- B 18 ^^defl']. 

ther, ah fhall be as many parts of B •••;••.•• 9 

the number B, as there are units 

in A (as ^ =E 7 of .7). But if A meafures B^ it is h plain \^ - ^ j 

that A is a partdf B (as 6=^ of i8.) Laftly, if A and B ^* ■'* ;' 

be otherwifc compofed to one another, c the greatefl ^4« def 7. 

common meafure fhall determine how many parts A 

does contain of B ; as 6 = J gf 9. 

PROP, V. 

A ••^•••0 xJ • a • • i^ ^ 

^ ^ - 4 4 

B •.••••Cj««»»»«C*i2£«.».«xi*««.r8* 

If a numher A he apart of a Itumher BC, and another 
mtmber D the fame fart of another number "EF; then both 
the numbers together {A-\-U ) JhaJl be the fame part of both 
the numbers together {BC\- EF,) fwhich one number A is of 
one number ^C. 

For if BC be refblved into its parts B G, G C, equal 
to A ; and EF alfb into its parts EH, HFj equal to Dr; 
a the number of parts in BC fhall be equal to the num- a hjfp^ 
her ofparts in EF. Therefore fince A-f D^==: BG -H b confi. 8^ 
EH=CjC-M1F, thence A+D fhall be as often in BG4. a ^^'^ i- 
EF, as A is in BC Which was to be der^onjhated. 

I z Or " 
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c %*a». I. Or thus. Let «=-- » "*<^ 1>=X then 2 a =x, and 

2 2 

2 b ssjTy thoreforc 2a 4-^ b = x-f^y, therefore a-|-b.s= 
'jtX . Whkh noas to he denrnfiraUil 



b5. 7, 
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PROP. VI. 

J ; 4 4 /f 4r number AB fo 

A...G...B6 D H^ — E8 parts of a mmher Qy 

C 9 F 12 and amaher fiMmberiy& 

the fame farts cf am: 
fher number P ; then both numbers together Aa^\rDE JbaA 
be of both numbers together C -{- F /2v fame pafts^ that one 
number AB is of one number C • 

Divide AB into its parts AG, GB; and DBinto its 
parts DH, HE. The multinide of parts in both AB, DE, 
IS equal by fuppofition; fince then AG a is the (amepart 
of the number C, that DH is of the number F, AGr -^i- 
DH^ (hall be the fame part of the compounded num- 
ber C-f-F, that one number AG is of one number G 
h In like manner GB^-IIE is the lame. part of the (aid 
C4-F, that one number GB is of one number G 
c Therefore AB 4- D£ is the fame parts of C 4- F, that 
AB is of C JVhich was to he demonfhrated 

Or thus. Let a =f x, and b=f y, and x-f-y — g^ 
then, becaufe ; a = zst, and 9 br=zy, is 3 a 4* 3 b = 
2x-|-2y=sag, therefore a-|-b=fg=:f:x4-y. 

PROP. vn. 



5 3 

A E...B8 

6 10 6 
G C» #p iJ 16 



If a number AB be 
the fame fart of a 
number CD, that a 
fart taken away AE 
is of a fart taken avfoy 
CF ; thenfhall the refidue EB he the fame fart efthe rep- 
due F D that the whole AB is of the whole C D. 

a Let EB be the fame part of the number GC that 
AB is of CD, or AE of CF, b therefore AE^-EB is 
the fame part ofCF-fGC that AE isof CF, or AB 
c 6»ax, I, of CD, c therefore GF-=sCD. Take away CF cora- 
^^.ax.u mon to both, and d there remains GGbFD, e Whcrc- 



a iiofi.*j. 
b5-7- 



4' 2 4X, /< 



fore 



fore E B IS the fame part of the rcfidac FD (GC) that 
the whole AB is of the whole CB. IFbkh was to bi de- 
monfirated. 

x*"^*^! II y 




PROP. VIIL 



^ a number kh be 6 t 422 

^fi^partsfffanmn- A. H.,G....E..L..B 16 

ber CD^ that apart ta^ iS 6 

te» away AE, is ef C F D 24 

CF;tbe refidue alfo EBJhali be of the refidae FD the fame 

'"^ TV *l^^ '** *^^^' ^^ isfthe v^hole CD, 

DmdcABintQ AG, GB, parts of the number CD; 
alfoAE latoAII, HE, parts of the number CF: and 
takcGL=AH=HE, 4 wherefore HG = EL And ? J-^*^ 
bccaufe * AG =GB.<: therefore HG = LB. Now ^''*^- 
whereas the whole AG is the fame part of the whpic 5 5- ^^t U 
UJ that the part taken away AH is of the part taken ^ 7* 7* 
away CF, rf the refidue HGTor Et Ihall be the fame 
yart aMb of the refidue F D that A G is of CD. In like 
manner, hecaufe GB is the fame part of the whole CD 
J«at HE or G L are of CP, d therefore the refidue LB 
ftall be the fame part of the refidue FD that GB is of 
the whole CDr Therefore EL -|- LB (EB) is the fame 

??^, ^^^^ ^^^^^^ ^^» ^^^ *« ^hole A B is of the- 
whole CD. IFhich ^as to be demonftrated. 

Or thus more cafily. Let i -hb=:x, and c+d^y. ^ 9' ax. 7. 
Alfo y =: ^ X as well as c =f a ; or, * which is the fame. ^ '• ^• 
3y=2x; andg^ — aa. I fay d^f b. For ac-f. ?^- ^'•••^ 
3d/— 3yi==2x/=r2a|-2b. ^ Therefore 3 c-Hd^ ? ^• 
2a+2b take aw^y fro/ji each 3 c^ —2a, and i^ there t3''^'' ^^ 
remains 3 d— 2b, / tl^crefore d =f b frbkb was to be * ^' ^- ?♦ 
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PROP. IX 

A .. • .4 If a number A be a part of a num-i 

4 4 her BCy and amthet number D thei 

B .... G .... C 8 fame part of another numhtr EF ; 

5D.«.,« ^ then alternately what part or parts 

5 5 thefrJikhrfthethtr/Dj the fame 

E H Fio part or parts fball the fecond EC be 

\f the fourth EF. 

A is fuppofcd^a D, therefore let BG, GC, and EH, 

IIF, parts.ofthc numbers BC, EFbe equal; BG and 

G C to A ; and EH, HF to D. The multitude of parts 

a i.^x. 7^ is put equal in both. But it is clear that BG is « the 

6^ 4. 7. fame part or parts of EH, that GG is of HF ; b wherefore 

b 5 or 6.1. BC (BG-f-UC) is the fame part or parts pf EF (EH-j- 

H F) that B G alone ( A ) is of EH alone (D.) WThkh 

Kvas tobe demonftrated. 

Or thus. Let a ^T"* and c = — ; or 3 a=ib, and 

' ' 3C = d, then is — =1 -2—= ]-- 

a V ja y b« 

; P R O P. X. 

A • . G . .B 4 ' H If a number AB he parts of 

C 6 ajiumber C, and anethernum- 

. ' 5 5 her DE 'the fame parts ofano- 

D .#...H E 10 ther number F; then alter- 

F 15 nately^ what parts or part the 

frft AB isof the third DE, 
. , the famf parts or partjball the Jecond Cbeof the fourth F. 

AB is taken "d DE, and C "-a F. Let AG, G^ 
and DH, HE, be parts of the numbers C and F, viz* as 
many in A B as in D E ^ It is manifeft that AG is the 
^ 9. 7. fame part of C, thatD^H isof F, <i whence alternately 
^5 6p 9. 7. AG is of DH, and likewife GB of HE, and b fo conjoint- 
ly A B of DE the fame part, or parts, that C is of F, 
W'hich was to be demonfirated* 

2b 2d 

Or thus. Let a == ^, and c=r •— ;or3a=2b, 



, hr^. c 2c ad d 

and 5 fsszd. Tlien is — =r^= 'r= t" 

:>r-r- a q^a ab b« 
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PROP. XI 

- If d part taken away AEbe 4 ? 
lo a part taken away CF, 45i A . . • -E . . . B 7 
the whole AB isH the whole S 6- 

CD, therefidueaifoEBJbattbe C...,....F D 14 

to the refine FD, as the whole 
AB is to the whole CD: 

Firft, let AB ho— d CD; a then AB is cither a part a 4. 7.I 
or parts of the number CD ; and likewife AE is b the b %o.defy . 
fame part or parts of C F ; c therefore the refidue E B c 7 or 8. )• 
is the fame part or parts of the refidue FD that the 
whole AB is of the whole CD, i& and fo AB. CD: : EB. 
FD. But if AB becr"CD, then accordiM; to what is al- 
ready flicwn, will CD. AB : : FD. EB, therefore by it>- 
verfion AR CD: : EB. FD. 

PROP. xn. 

A, 4. Q 2. Ey ;• If there be numbers^ how many 

B, 8. D, 4. F, 6. foevety prpportiondl (A, B : : (J. 

D : : Ei> F ; ) then as one of the 
antecedents A is to one pfthe confequents B^fofiall all the-an- 
tpcedents (A^O^-B:) be to all fhe cpnfequents (B-f-D+F.) 
Firft, let A, C, E, be -3 B, D, F •, then (becaufc 
of the lame proportions) i» ihall A be the fame part or zio.def,^* 
parts of B that C is of D ; b and likewife coniointly a4- h 5,6^ 6, 7. 
C ihail be the fame part or parts of B^D that A alone 
is of B alone. In the like manner A4-C4-*E is' the fame 
part or parts of B -I-D4-F that A is of B. c Therefore c zoJ^rl 
A+C+E,B-f-D+-F : ; A. B. But if A, G, E, be put 
greater th^n B, D, F, the fam? thing may be lhew.n by 
ihverfion* 

PROP. xni. 

If there be fmr numbers prcportional A» 5* Q 4^ 
( A. B : : Q D ) then alternately they 8^ ^. I^ IZ^ 
Jball alfo ife proportipnaly ^h^CliiEJ* » . 

D. ) *• 

Firf^. letA andCbe-riBandD, andA-aC, By 
fcafon pf the fame proportion a fhall A be the fame a £0^^ 7« 
pan Of pans of B, that C is of D. f T^^rtfprc alter- b,9»&*ia< 
\ ^ ^^' ^ 1 4 O^tely 7, 



V 
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nately A is the fame part en: parts of C that B is of D, 
and ro A.C : : B, D. But it A be CT" Q and A and C 
iiippofed cr B and D» it will come to theianae tfaipg 
by inverting the proportions. 

PROP- XIV. 

b 

Ay 9. D, ($. tf there U numbefs^ haw fXMWf^ fie^m^ 

By 4^. E, 4. Ay B, Q and as manf tnate eqttal to 
Qyy F» %• them ki niddtitudey tohieb' may. be eomfared 

tw^ and twom the fame fr^ortwi (A. B ; : 
D.K and B.C::E.F';i thefa>alialf4^ iytfHoii^^be in 
thejameprvpcrtim (A* C : : D. r.) 
A . ^ . For bccauie A. B :. : D. £» a therefore alternately is 

A. D : : B. E :.: 4(C. F ; a therefore again, by permuta- 
tion, A.C::D. ]?• Wlfich was tohe dem^pfifoUi* 

PROP. XV. 



I • D . . If an unite meafstre any number 

B .. .J. £....«. <^. B^ asfd anfitber number D do equally 

meafurefpme other number E; aher- 
Hotely affojhaffan unite meafure the third numberDf as eften 
asihefecond B d(ah the fourth E. 

For feeing i is the lame part of B, that D is of E ; 
?9' 7« a thercfpre alternately fliatl i be the fame part of D, 
that B is of E. W'hich was to be demonfiraud. 

PROP. XVI. 

B,4. A, ^ tf two numbers A, B, mutually 

A 9* B, 4. multiplying themfeheSy produce any 

AB, 12* BA, 12. numbers AB, BA; the numhers 

frpduced AB, and BA, Jball be ^qual 

the one to the other » 

% 15. def. 7, For Becaufe A B = A x B, a therefore fhaU i be as 

V 15 7- often in A^ as B in AB, b and by confcqucnce alternately 

I fhaU be as often in B as A in AB. But becauie BA=r 

B X A, a therefore fliall 1 be as often in B, as A in BA, 

therefore as often as i is in AB, fo often is I in BA^ and 

4. a)^^ 7. c fo AB j:^BA ^^bich was to be demonfhraud. 

m 

PROP 

4 4 « >.* K 
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PROP. XVU. 

If a mmher A mt^tt^yh^ two Ay%, 

fmmbers B, G, pnditce other tmm^ B, 2. C, 4.- 
hiFS A By AC ; the mmbers fro' AB, 6, AQ 12. 
ifiy^tfi/ of them fiall he m the fame 
pt^tten that the mafhbets mttlti^iedare. (AB. AC : : B^C) 

For fince AB=Ax B, a therefore fhall i be as often ^ ^5 ^•>' 
inAasBinAfi^ ^ Likewife bccauie ACsAxQ 
ihaB tbeasoftenin Ay as C in AC, and ib alfi> B as 
often in AB as C in AC; i wherefore B. A B : : C AC, l>aO'«f- 7- 
c and therefore alio alternately B*C : : AB AC fFhkh c 13. h 
was to he demorfimted, 

PROP. xvm. 

If two numbers AB, muitipJyh^ C, ^. C, 5. 
49fy mmher Q produce other num* A, j* B , 9. 
*w AQ BC; ^Ae www^w/ ^<>- 5J^ jr. "6^45. 
d^tf^ ^ themjbatthein the fame 
frtfortiou that the mtmbers mukiflylng 4r« ( A. B : : AC- 

For4AC==CA,andBCtf=CB; ib the fame C mul* d 16.7. 
tiplying A and B produceth AC and BC, h therefore A. b 17. 7. 
B::ACBC mich was to he demonpated. 

Sehoi* 

.... t 

Hence is deduced the vulgar manner of reducing 
fra&ions(f, ^,) to the £une denomination. Formul* 
tiply 9 bioth by 3 and 5, and they producSc J^=f ; 
bccaufc by this 35:: 27. 45. Likewife multiply 5 by 
7 and 9 , there arifes Jf= J *> becaufe 7. 9 ; : 35. 45. - 

PROP. XIX. 

If there ate four nun^s A,4. B, 6. C, 8. D, 12. 
mpitorthniLB^iiCU) AD, 48. BC48. 

fj&e mnfi&rr -produced gfthe 

fif and fourth (JSS) is equal to the number which is ptf- 
duced of the fecond and third ( B G ) And if the number' 
which is produced if the firfi and fourth {htH) bi equal to 
that trodttced of the fecond and third (BQ thofe four num- 
hrsfiall he in proportion CA.B:;QD) 
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a 17.7. i.Hyf.FoT AC.ADa::C.Db::k.Bc::AC.BC, 

b hyp* d therefore A D=BC. JVhich <vas to hedem. 

c 18. 7. 2 ffyif' Becaufe e AD=: BC, therefore AC. AD/: : 

d 9. 5. "ACBC. ButACAD^::CD, andAG.BCib::A. 

c hyp. B ; k therefore C D :. : A.B. ff^hicb was to he demott- 

f 17. 5* firated, 

Ei?. 7. PROP. XX. 

kii. 5. 

A. B. C. If there are three numbers in po* 

4. . 6. 9. portion ( A. B : : B. C ) the number 

AC, 36. BB, 56. contained under the extremes (^AC) 

D, 6- /J ^qua! to the fquare made of the 

middle (BB.) Jnd if the number 
contained under the extremes he equal to that (Bq,) produced 
of the middle^ thofe three numhers Jhall be in proportion 

(r ej 

n\ ax 1 I- ^y?- For-take D =ir E, ^ therefore A. B : : D (B) 
b 19. 7 . C ; ^ wherefore AC = BD, a or BB. IThich was to be 

demonfirated 
c hyp. ^- ^yP Becaufe A C c = B D, <; therefore A. B : : D 

d I9.*7. (B)C. Which was to he demonfirated. 

PR,OP. XXL 

V 

A...C..B5. E.... 10. Numbers AB, CD, 

C..H.D3. F 6. being the haft of all that 

have the fame prof or tion 

with them (E, F,) do equally meafure the numhers E, P, 

having the fame proportion with them \ the greater AB the 

greater E, and the leffer CD the leffer F. 

For AB. CP ^ : : E. F, ^ therefore alternatrfy AB. E : : 

a hyp> ^ Q^ p^ ^ therefore AB is the fame part or parts of E that 

° ^5- 7- CD is of F ; but parts it cannot be, for if lb, then let 

f:zo,def.-t. ^g^ (^3^ be parts of the number E; and CH, HD, 

p^rts of the number F, c therefore AG. E .• : C H. F, 

and by inverfion AG, CH ^: : K Fi? : ; AB. CD ; there- 

^ j^' "• fore AB, CD, are not the leaft in their proportion; 

f ••^^ •vrWch is contrary t® the hypothefu. Therefore, &c. 
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PROP. xxn. 

If there are three numbers A, B, C; A, 4. D, i%> 
and ether numbers e^ual to them in mul^ B^ 3. E. 8. 
titude^ D, E, F ; which may be com" C> 2. F, 6. 
fared two and two in the fame "propor- 
tion : andifalfo the proportion cfthem beperturbed{K B : : E; 
F. and KC:i D. E) then by equality theyjhall he in the 
fame proportion (A. C : : D. F.) -^ 

For becaufc A. B ^ :: E. F, therefore fliall AF = l^ 
BE ; an4 became B. C : : ^ D.E, b therefore BE=CD, ° *^* "' 
c and confequently AF =£D. d Therefore A. C ; : D. ^ ^' '*** '» 
F. fFhichivas to be demonftrated. ^ '^* ^ 

PROP. XXIII. 

Numbers prime the one to the other ^ A', 9. B, 4. 

A, B, ^r^ /i&tf /?^/f #f* all numbers C D--- 

that have the fame proportion with E — 

them. 

If it be.polTible, let C and D be Ids than A and B, 
and in the fame proportion ; a therefore C meafiires A 
equally as D mcalurps B, lu^pofe by the fame number F ; 
^dfo Cfliall be & as oftenin A as i isin E; c likewifc y.^^ j^^ 
alternately, E as often in A as i in p. By the like rca- ^ }e- ^' 
Ibning as many times as i i$ in D, fb ipaiiy times fliall ^' '' 
E be m B. Therefore E meafiir^s both A and B ; which 
' confequently are not prime the one tp oth^r, contrary tp 
the hypothejis, 

PROP. XXIV. 

Numbers A, B, being the leafi of A, 9. B, 4. 
ft// that have the fame proportion with C - - - 

themy are prime the one to the others* D - - - E - - 

If it poffible, let A and B have a 
<:ommon mealure C ; and let' the lame meafurc A by D, 
and B by E ; a therefore CD=A, b and CE=B. b Wher?- ^ „ 
fore A. B : : D. £. But D and E are leffer than A and u x-^^ 

B, as being but parts of them. Therefore A and B are ' ' 
?iot the leaft in their proportion, ^^^/;3/2 the Hymhe- 
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PROP. XXV. 

Af 5^ B, 4. . Ifim Numbers A, B, 4M prima iht 
C» 3. D- « cm to the ethef^ the wtmber C mea/HWig 

one eftbem^ A, jfiall be prime te the etber^ 
mimherB* 
|i XI. aX'^' V^^ if yoa afi^iB any othei:D to meafiire thcmunb^n 
Band Q iitheuD meafuriag Cdo(nsiUbmcafQx«A; 
and conioqucntly A and B arc noc prime th^ ono to the 
other f Which is againft the Hepotftefi^ 

PROP- XXVI. 

A, 5. C, 8. Jf two numbers Pi^ B, are prime 

^y V to any number Q the number alfo 

AB, 15. E - - - • produced of them AB, JbaUbeJnrime 

JP- - • - tothefameC 

If itbe polSble, let thenumlwr E,be a common meaiure 

AB 
9^9. ax."]* tfi AB> apdC; and let -^b^ .= F ; 4 thenceAB 

^l^'l* =EF; b wherefore alio E. A : : RF. ButbecaufeA 

d 2^ 7' " prime to C, which E meafures, c therefore E and A 

A' .' arc prime to one another, iand fb leaft in their own 

* ^' proportion, e and confequently they muft meaiure B and 

P ; namely F Ihall meaiure B, and A ihall mea&re F. 

Therefore iceing E'meaiuresbothB andQ they ihal! 

ix>( be prime to one another : Contrary to the HypotheJtS' 

PROP. XXVtt 

A, 4. B, 5. • ff t^o numbers A» B, are prime te 

Aq> 16L one another^ that alfo which is produced 

D, 4. tfone of them (Aq) Jhall beprime to the 

other B. 
a I ax. 7. Take D=r A; therefore both D, and A are prime to 
t z6. 7. ^ > * therefore A D or Aq is prime to B. Irhich wai 
to be demon/irated. 
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PROP, xxvm.- 

If two futmbers A, B^ are prime A, 5. C, 4. 
U two nwnbersQ^ D, eadf to eitber B^ }. ^ Dy^_ 
1^ hoth^ the numbers aifo froducedly ABTxi'CD^S 
muIt^Jyrng them AB, CD, J&ii/ £r 
prime to one another,^ 

*For becaufe A afid B are ^me to Q « thereforie a 26. 7^ 
fhall AB alio be prime to the fame And for the lame . 
reafbn ihall AB be |U^ime to D. h TheMbfe AB 1$ b 2^. 7. 
prime to CD. Which was to he demen^ated, 

PROP. XXIX. 

If two Numhers A^By are prime ' A, j. B, 2. 

to one another^ and each multtpfy- Aq, 9. Bq, 4. « 

ing ftfe^ produces another number Ac, 27. Be, 8. 
(Aq, ondAi ;) then the nnnAerspro- 
^nced of them (Aq, Bq,) ft>all hefrime to cm another. Jnd 
if the nmmbers given at frft A, B, multiplying the faidfro^ 
iuced numbers (Aq, hqy) produce rtl>erj(Ac, Be,) thoje 
numbers alfi (ball be prime to one another : Jnd .fo on. 

For becatife A is prime to B, a therefore Aq ihall 
be prime to B, and Aq being prime to B, a therefore a 27. 7« 
Aq Ihall be alio prime to Bc^. Again, becaufe A is as well 
prime to B and Bq, as Aq is to the laid B and Bq, 6 b 28. '^ 
therefore Ihall AxAq, that is, Ac, be prime to BxBq, 
that is, to Be ; And io forth of the reft. 

PROP, XXX. 

Ift^vo numbers KBy 8 5 

BCy be prime the one to A., B G 13. D--- 

the other ; then both ad" 

ded tt^ether ( AC ) Jball he prime to either of them AB, BC. 
-/^df both added together AC he prime to any one of them 
AB, the numbers alfo given in the oeginning AB, BC, Jhall 
he prime to one another, 

I. Hyp For if you would have AC, AB to be com- 
pofed, let D be the common mcalure : a this Ihall mea- a I2.iiy. 7. 
ftrc the refidue BC .• And therefore AB, BC, are not 
prime to one another ; which is agarnft the Hypothefis. 

2 Hyp AC, AB, being taken prime to one another, 
let D be the common mealure of AB, BC. ^ t ut feeing ][, ^-.^ ^jp n. 
tliat mealures the whole AC, therefore AC, AB, are not 
prime to one another ; contrary to the Hypothefisy 

CcrSlL 
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Corolh 

Hence, A number, which being compounded of tw<y, 
is pri(ne to one of them, is alio prime to the otheri 

PROP. XXXI. 

A, 5. B, 8. Eiiefy prime numher A // frime to every 

number d, <tvbtcb H meafureth not. 
For if any common meafure doth mealurc both, Af 
All dtfi. ^» ^ ^^^^^ A will not be a prime number; contrary to the 
Hyfatbefis. 

PROP. xxxn. 

A, 4. D, 3. If Ptvo numbers A, B, multtply'mg ont 

B, ^. C, S. another produce another A 5, and fome 
Jg 2Z prime liumbist D, meafure the number 

' produced of them AB; thenjball it alfo 

meafure one ofthofe numbersy A, or B, *wUcb were given at 

the beginning, 

5uppofe the number D not to meafiire the number Ai 

AB 
a^. ax. 7. and let-^be =E, a then AB =: DE ; b whence D. 

^ J[9- 7- A : : B. E. c But D is prime to A ; ^ therefore D and 
c typ. and j^ jjj.^ ^1^^ jg^^ jj^ tl^gij* proportion; e and confequently 

5 ^ " 7 • . D meafi^res B 'as often as A mealurcs E. ^he propofition 

^ ^5- 7- therefore is'evident. 
cai.7, ^ ^ 

PROP. XXXIlL 

A, I a. Every compofed number A, is tneafured by 

B, 2. fome prime numher h. 

a 13^/^ 7. i^t one or more numbers a meafure A, of which let 
the leaft be B ; that fliall be a prime number : For if it 
be faid to be compofed, then Ibme a leffer Aiumber 

b 1 1 4X. 7. fliali meafure it, h which ihall alfb confequently meafure 
A. Wherefore B is not the leaft of thofe which mcafUrt 
A, contrary to the Hyp^ 

• •» 
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PROP. XXXIV. 

A, 9. Every rmmher A, // either a primey or meafured hy 
' fome prime number. 

For A is neceflarily cither a prime or a compoled 
number. If it be a prime, *tis that wc affirm. If com- 
poled, a then fbme prime number mcalureth it. Which a 53. 7* 
C&4J to be demorfirated 

PROP, XXXV. 

D, 2. H — l--iC---« 

Ey 3. F, 2,* 6,4- L--- 

ffott? many numbers foever A, B, C, A«;/^ ghtjenuffid 
the leafi numbers E, F, G, ^ib^/ j&^v^ the fame proportion 
with them. 

• If A, B, C, be prime to one another, a they Ihall 32". 7- 
be the leaft iu their proportion,^ If they be compoftd, 
h let their greateft common mealure be D, which let |j -, ^, 
meafUre them by E, F, G. Thefe are then the leaft 
.in the proportion A, B, d 

ForDxE, F, G, r produceth A, B,C, </ therefore thefe co.^if.;.' 
and thQ^ are in the lame proportion. But allow other d 17. 7! 
ntmibers F J, I, K, to be the leaft in the fame proportion ; 
e which Ihall therefore equally meaiure A, B, C, name- c 21. 7. 
ly by the number L, /therefore LxH, I, K, ihall pro- f ^ ax. 7. 
duce A, B, G, j^ and confequently ED zr A =HL ; g j. ^jp. t. 
h from whence E. H : : I* D But E* c- H ; / there- h 19. 7. 
fore L CT" D, and fo D is not the greateft common j^ fuppof. 
mealure of A, B, C. ' Which is againfi the Hypothecs, Izodef.-]' 

CoroJL 

Hence, The greateft common meafure of how many 
number^ fbever, does mealure them by the numbers 
which are leaft of all that have the lame proportion with \ 

them . Wherebv appears t he vulgar method of reducing 
fraftions to the leaft terms, 

r 

PROP. 
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I 

PROP. XXXiVI. 

!7to ntmbers leing gruen^ A, B, fo find out tte Uafi 
number which tbey meafitn. 

A, 5. By 4. I. Cafwi If A and B be prime the one 

ABy 20. to the other, AB is the number requi- 

D red* For it is manifeft that A and B 

JE.-.F mcafiuc AB. Kit bendSble, let A 

and B meafiire ibme ottier numbei^ D 
a 9. ax. 7. —3 AB, ftppofc by E, and F. ii therefore AE==D=s 
& I.4X. I. BF^ i,^^ foA. B:: F.E. Butbecaufe A and Bit are 
l^^' prime the one to other,^ and lb leaft in their proportion, 
5 ^V A Ihall e equally mcafure F as B does E. But B. E/: i 
^ ^3- /• AB. AE (D.) g Therefore AB fliall alfo meafure D, 

5"-7- which is lefs than it felf. ffHuch is abfurd. 

£17.7. 

g2o.4f^j; A,6. 8,4. F 2. C^/«. But if A and 

- ' C, J. D,2, G--*H**- ^ Bbe compo&d onetoar• 
" 35* /• ADj 12. nother, h let there be 
, found C and D the leaft 
* ip- 7« ih the iarne ptopbrtion. k Therefore AD«bBC ; and 
. AD ot BC .fliall be the nimiber fought. 
1 7. »*. 7. po|. i^ i5 / pj^ijj i-haj B 3^4 A ^Q merflirc AD or BC. 

Conceive A ahd B to meaforc F "^ AD, namely A by 
m 9^ax. 7- G, ahd B by H, fn thercforeAG=F= BH, n wheiKie 
n 19' 1' A. B : : H. tSo : : C D, » and confcquently C equally 
ocmjir. «eafni«s H as D does G. But D. Gy > : AD. AG ( F,5 
P ^^- 7' therefore ADr niiealurcsP, the greater the lefi. fP'bM 
^^77. isahfurd. 
t^odef.-i. CarolL 

Hence, If tw^ tiunibers multiply the leaftthat are in 
' the lame proportion, the greater the lels, atid the lels the 
greater, the leaft number yhich they mealure ihall be 
produced. 

PROP. XXXV& 
A, 2 B, 3. If two numbers A, B, meafure 

E 6 any number CD, theleafi nuntbeif 

C F - -- D winch ther meafure "BJbaU aift 

meafure the fa^ CD. 
If you deny it, take E from CD as often as you can| 
a hyp, and leave FD ~7=) E, therefore leei^ A ahd B a mealiire' 

b coTjfir E, b and E mealiires CF, c likewile A aAd B will mealure 
c 1 1, ^x. 7. CF. But a they meaHirc the whole CD; d therefore alfo' 
d x2 ax-i- they mealure the rcfidue FD; and ^onlcquenty E is not 
the leaft which A and Banealure : Cer^rary to the Hypothefis. 

P K Q F. 



., , ^ROP. XXXVIII. 

.•Three numhers hein^ giveny h^ Aj 3. B, 4. C, tf* 
6, Q /a 'find out iU Uafi which • t]f, 12. 

ibey nieafure. ^ , . * . . 

« Fiiid D the leaft that tfiro of them A arid B do mW a gtf; 7. 
iure ;. which if the third C do alio mealure^ it is inaiii-« 
fcft tfiat D IS the niimber fought. But if C doth not 
iieaSiTt D, let E he the lead that C arid D do ri3eailire» 
E ihall be the number required. 

For it appears by the ii,^** A^ 2. B, ?. Q 4- 
7* that A, By C, JhealureB; D,'(J. E, 12; 

^ad it is cafily Ihewn that thw F - - - 

riieafbre no other F lels thari E. 

For if you affirm they do, h then D mieaiures F, h and h j^. j; 
tonfequently E mfcalures'tHe firae R the greater the lefi. 
fTbicb is abfurd. 

Cmll. 

TIence it appears^ that if three numbers meafure any 
number, the Icaft alio, which they meafure, fliall nifea- 
fure the fame. , . 

t & o P. xxilx. . 

. if any immher B meafures a wtrtiier A, A, l^ 

ihenumher mBafured A, JhaU have a part B, 4. C, jf. 

C denbm'rfiated cfihe txurriher medfitrirtg B, 

p^ ■ f^ 

For beteuie -g-^ == C^ ^ Aatt A ssaBQ rdicrdfore-^ ^ iyf: 

• s B. if'bieb was to he denumfhated. ^ 9- ax. j: 

, PROP. XL. C7.4X.7. 

tfa mmter Move arry part whatfieiter Ai I J. 
J, the number Cy from which the part 8,3.' C/5.' 
D is demmifiatedy jiall medjure the fame. 

ForfciccBe^'rrrAj^fliaH £r=B. ti^m 4»as to U ihyp.&' 

'■^•^ • p-adp.xu. - ^''^^' 

, Uofndout a number G, the kafi that can | G, I2v 
have given parts, 7> f , 7» ? H 

- !■• ■ 

41 Let G be found the leail which the deriominatdrs'iy •: -a ^ , 

...... ^ * 3 7* 




i^hich 2, 3, 4, meaiure ; 4^4/^ theconfir. 
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a 17. 
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PROP. I. > 

At 8. B, 12. QiS. D,27; 
E-F-G— -H 

IF there he dhers mnAers how many fiever in cmkmal 
freportiony A, B, Q D, and their extremes A, D, 
pimet9 one anetkery ; then, thefe numbers A, H, Q D, 
afe the le^cfdll numbers that have the fame fraportion^Mb 
them* ^ ' 

For, if it be ppfSble, let there be as many others E^ 
F, G, H, lefi than A^ B, C, D, and in<the lame propor* 
tion irith tfactn. a TherdEbre from equality A. D : ; E 
H^ and fb A and D which 9re prime numbers, h and 
confequently the leaft in their proportion, e equally 
meafiireE and H, which are lefs than themielves. IfUch 

isaifnrA ' ' ' 

PROP, II 



t • 



A, 2. B, 3, 

Aq, 4. AB, 6. Bq, 9, 
Ac, 8. AqB^n: ABq, 18. 3c, 27. 

^0 find cut the kafi numbers centinuaVy frtfertienaly as 
many as Jhall be required^ in the fropertion given efA te B* 

• Let' A and B be the leaft m. the proportion given ; 
Then Aq, AB, Bq, fliall be the three fcaft in the fame 
continual proportion thsM: A is to & 

ForAA.AB^::A.B^::AB.BB. Likewiic bccaufc. 
A and B are prime one to another, c fhall Aq, Bq^ be. 
alfb prime to one another, d and (b Aq, AB, Bq, are rr.' 
the leaft in the proportion of A to B. 

More- 
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Moreover, I lay Ac, AuB, ABq, Be, are the four Icaft ' 
in the proportion of A to B. ForAqA. AqBe: :A. B.* :: e 17. ]. 
ABit(AqB.) ABB. e and A. B ; : ABq; BBq rBc.)' Therefore f 19 7- 
fiice Ac« and 3c, are /prime to one aaotiier, likewiie ^ g t* 8, 
(hall Ac, A^B, ABq, tk be the four Icaft ^ in th^pr<>- 
portion of A to B. Ji| the (anie manner may you find out 
88 many prdpoftiodal numbers as you pleale. Wlokhvjtki 

1. Hence, If thrc^ numbers, being the le^ arepro- 
jHKtionel^ their extreihes ihali be (quares ; if four, cubes, 
.v^ au The extremes of any number of j)roportioiials found 
by this proportion, if fuch proporrionak are the leaft 
^aH m a given ratio, ate priii»: to one another. 
<'. ;. Two numbers, being the leaft in a §kvcU ratio, da 
meafure all the mean numben of proporciomds, i>e thcf 
ever fo many, provided they are the ka£t in the fame 
proportion ; l>e^ufe they ariie from the multiplication 
of them into certain cither members. 

4. Hence it alfo appears bv the coilftru^ion, that thtf 
ferics of numbers i. A, Aq, Ac; i^ B, Bq, Be ; Ac, AqB» 
ABq, Bc#Con{ift of an equal multitude of numbers; and 
Conlequently, the extreme numbers of Iiow mapjr focvet 
the Icaii continually proportionals are the lafl* of as many 
other continually proportionals from unity ; thus the ex- 
tremes Ac, Be, of the continually proportionals Ac, AqB| 
ABq, Bti are the laft of as many proportionals from uni- 
ty 1, A, AiqvAc, and i, B, Bq,6c- 

5. i,A,Aq, Ac; and B, BA, BAq; and Bq,AFqarfc 
«ri& the ratio of i to A. Alfo B, Bq, Be; and A, AB^ABq } 
«nd Aq, AqB are '^ in the ratio of i to £1^ 

' PROP. ffl. . i 

If ttfefi he Mimbe^i- A, 8. B, 12. C, 18. D, 27. 
tofHhmallf proportional^ 

how ntoftyfiever^ A, B, C, D, behu^ atfo tie leaft tf alt 
that have the fame prtfortien tvith thefn ; their extremes h^ 
D, are priffte'io one afwther. 

For if there be 4 found as many numbers the lead: in a 2. 8. 
the proportion of A to B, they ihall be no other than 
A, B, Q D ; therefore,, by the fccond Coroll of the pre- 
cedtttxt prop, the extremes A and D arc prime to one ano- 
ther. Which was to be demonjirated, 

K 2. mOP. , 
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PROP. IV. 

A, 6, B, 5. C, 4. D, J, Ptoportioni how M^ 

H,4. F, 24. ]^ zo. G, 15. fyfitvef being given in thi 

I*-K— *L-*-- /wtf numhers ( A, /<? B; 

and C to D) to find otaihe 

Uaft numiers continually proportional in the proportions givtk.. 

a 3^. 7. « Find out E the leaft number which B and C do mca- 

b 3 pf>fi. 7. ^^c 5 2Ui<i kt B mealiire E A as often as A does another 

Fy viz, by ttic fiime nambcr H. 5 Alio let C mealiire the faid 

E as often as D meafurcs another G, then F, E, G, ihail 

c ^.ax. 7. \^ ^|j^ j^^ jj^ ^l^g proportions given. For AH <: =;r F, 

^ J^- "• andBHi:r=E; ^thereforeA.B:: AH. BHe:;^ E k 
^ /• 5- like manner C D : : E. G ; therefore F, E/G, are con- 
tinually proportional in the proportions given. And they 
^ ^ are moreover the leaft in the laid proportions; for con* 
* ^i- 7- ceive other numbers I, K, L, to be the leaft ; / then 
A and B muft equally mealnre I and K, /and C and 
_ _ , D likewile K and L ; and fo B and C mealiire the lame 
8 37- 7- * K. ^ Wherefore alio ]E mealures the lamenumbcrK, 
which 15 lefs than it felf. l^hich is abfurd. 

A, 6. B, 5- G,4- D, S- E, 5. F^ 7, 
H, 24. G, 20. 1,15 lC^2i. 
But three proportions being given, A to B, C to D^ 
atid E to^F; find out as before three numbers H, G, I* 
the leaft continually in the proportipns of A to B, and C 
" ? /^- 7- to D. Then if E mealures I^ h take another number K, 
which may be equally mealured by F ; and thole four 
numbers H, G^ . I, K^ Ihall be continually the leaft in the 
given proportions ; which we need go no other way to 
prove than w^did in the firft part. 

A> 6. B,s^ C,4 As- P>2. F,7. 

H,24. G, ao. 1,15. 
■ M,48. L, 40. K, 50. N, loj. 
If E doth not mealure I, let K be the leaft iHrbich E an^ 
I do meafure ; and as often as I mealures K, let G as of*' 
fen meafure L, and H alfo M, fo Hkewifc let F mealure 
N as often E mealures K. The four numbers M, L, JC, 
N, Ihall be leaft continually in the given proprortions > 
which we may demonftratc as before. 

PROP. 
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PROP. V. 

PUifiHumhersCD.JSF, C,4' E, J- 
0re in that frcforthnto om D, 6. F, \6» ED ^ iS. 
another which is compofed CD, 24.EP,4S. 
ef their Jides» ^ 

Porbccaiifea).DE^::GE;«andED.EF::D.P. J^'T,- 
.CD, CD ED ^ n.iiv 1. / b2o^^5. 

'EF' ^ ED ^ 7T^ ^ ^^^ ^^^ ^ proportion c ii. 5. 

CD CD 

i:^ ^ 55- X n» ' t^^ich was to be demon. 

PROP. VJ. 

If there he nnm- A, id. B, 24. Q ^(J. D, 54. R 8r 
itffi continually fr^ F, 4 G, 6. H, 9. 

fortional how many 

foevery A, B, Q D, E, <r77</ thefitft A <fc*/ w/ mtafHre the 
fecond B, iif //i&rr jZ>4// any <f ih% other meafure any one of 
the refi. 

Since A docs npt mcafure B, a neither, (liall any one a 20. def.^^ 
meagre tliat which next follows; Because A. B : : B. C 
: :C D, Scf. h Take three numbers, F, G, H, tljo Itaft b 35 7. 
in thp proppnion of A to B, therefore fince A does noc 
mcafure B, a neither mall FmealureG, c therefore F is c 5. 7. 
nqt unity. But F and- H are prime one to another ; there- 
fore^ fince by equality A. C : ; F. H, and F does not d 3. 3. 
meafurc H, a neither fhall A mcafiirc C ; and conie- 
quently neither ihall B meafiire D, nor C meafure E» 
cf<;. becauie A. C « ; : B. De ;; : Q E, Q^c In like mannev e 14. 7. 
four or five numbers being taken the Icaft in the propor? 
tion of A to B, it may be fhewii that A does not mcalurc 
Dand E ; nor does B pneafiire E and F, QPc, Wherefore 
none of them fhail' meafiire any other. Which was to he 
i^((nfiraUd> 

PROP Ylf. 

A, 3. B,6. C, 12. D, 24. B,48. 
If there he numbers continuallyproportional how manf foe^ 
t/tff-A, B, C^D, Ry and the fr^ h meafures thelafi'Ey it 
Jhafi alfo meafure the fecond o. 

if you deny that A meafiires B, a then npither ihall a ^.. #• 
i| meafiir^ E ; ff^hich is contrary to the Hyp. 

K 3 PROP. 
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PROP. vni. 

If hetmep t9fo A^ X4. Q 5^. 1% 54, B,8i. 
^ numbers hyhythere G, 8. H, la. T 18. K, a; 
fall man numbers JS, 5a. L,48. M, 7 a. F, 108, 
in continual proper- 

tipn C^T>; as many mean numbers in ceniinuai prcportipn 
as fall between thenty fo many mean numbers alfoL^ M, 
in continual prcforHWy fialifali bePtSfem Hve other mtmber* 
E, F, 9vhich have the fame proportion with them (L. M.) 
a Take G, H, I» K, the leaft ^ in the proportion of 
a 35- ■• A to C; * by equality it Ihall be G. K : : A. Bi:: :R F. 
h\ ^* ^^ G,and K << arc prime one toanother. e Wherefore 
^ ^P^ G mcafurcs E as often as K docs F. Let H nicafure L, 

^ 3- ^-J and I likewifc M by the feme number ;/ therefore E, 
c ai. 7- L, M, F» are in ^ch proportion as G, fl, I, KL that 
t^W^' is, ^A,B,C,I>. iThich was to be demonjir^d. 

* • . 

PROP. IX. 

!• If two numbers A, 

E, a. F, 3. B are prime to oneano^ 

G, 4. H, 6.' I, 9. theTy and mean 9tum- 

A,8. C, la. D, i8, B, a], feri in continual pro- 
p^hn Cy D, fall, between them; as many mean numbers 
in continual proportion as fall between them^ fo many means 
alfo in continualproportion (E, G ; and F, t)Jhall fall between 
either of them .and unity. 

It is evident; that i, E, G, A, and 1, F, I, B, are^, 
^nd as inany as A, Q D, B, namely by the 4th Coroll 
%. 8. IVhich was to be demonfirated, 

PROP. X. 

A, 8. J, ta. K, 18. B. a/. If between two nutnr 

E, 4. DF, 6. G> 51- bers A, B, and an uni^y 

D, a. F^j. numbers continually pr^ 

X. />tf»twiw/ (E, D, and F, 

G, dofally how maty 
pjean numbers in continual proportion fall between either ef 
them and unityy fo many means alfo Jhall fdU in continual 
* proportion between them^ I, K/ * • 

ForE, DF, G, and A, PqF (I) t)G (K) B are^ 
hvZ-S, therefore, &=?. ' 
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PROP. XI. 

Betwun Hpo finuare fmnh A, 2. B, ^ 

•hrs Aq, Bq, there is ^ne mean Aq> 4. AB, 6. oq, 9. 

fropofficnal number AB : and 

Aq f<F Dq, // in dupiicafe prc^ortipn ef the fide A to the fdi 
B. 

tf It is manifeft that Aq, AB, Bq, are -4? ; ^ and con- a 1 7. 7. 

ftqocntly alio g^^^g twice. fFbich^u^aitebedemm'^^^'^^^* 
firated, % 

PROP. xn. 

BeiwtmtmfocHhe Ac,!;. A^, j^l ABqy48.BC| 64^ 
numbersy Ac, Be, A, 2. B, 4. 

there are two mean Aq,^t A^ 12. Bq, i6. 

frtfpewtienalmtmbers 

AqB, ABq : and the atbe Ac // to the cuBe Be 'in trioleate 
ratio efthe fide h to the fideB. 

s¥ot Ac, AqB, Aoq, Be, are-rj in the proportion a *• *• 

. of A to B; 5and therefore g^ =« 4" *"» ^^* ^ ^^'''^** 
ffi^4V i^ ^ demonfirated. 

PROP. xin. 

A, 2* B, 4* Cp 8* 
Aq,4. AB, 8. B<[y 16. BC, 32 Cq, df 

AC,8. AqB, 16. ABq,j2. ifc,<S4. BqC,ii9. BCq3iy6. Cc,yi** 

Jl^ there hi mtmhers in centiniMlpropertion hew many fiever 
A, B, C; andevery efthem multiffying it/ef frodnces eer^ 
tain mmbers ; the numbers produced of them Aq, Bq, Cq, 
fi>aJl be fraportional : J$id if the nnmbers firfi given A, B, C, 
multiplying their froduBs Aq, Bq, Cq, protme ether numbers 
Ac, Be, Cc, they alfo Jball he frtportionat; and tjifis (ball 
hferh^^fento the extremes. 
For Aq,AB, Bq, BC, Cq a are ^; * therefore by a 2% 8^ 
* equality Aq.Bq : : Bq. Cq. ff^hhh was to be denwnfiraied b 14^ 7% ^ 
^ Alfo Ac, AqB, AB<^ Be, BaC, iBCq, Cc, are -3 ; A 
therefonf again by equality Ac dc : rBc.Cc.^ib/<i& wa€, 
f9 b§ difn^npratid. 

•K4 PROR 
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P8.0P. XIV. 

Aq, 4. AB| 12. Bq, ^6. If a fquare numher Aq meat 

A| 2* B| ^. fure a ffuatfi number Bq^tbefiJe • 

al/o cftbe one (A) Jball meajfura 

the fide of the other ( B): and ff the fide cf one fquan A 

meaftire the fide of another B, the fquare Aq Jball Ukeivifi 

tneafitre thefyuare Bq. 
mP^ii.?. 1. f^yp For Aq. AB^ : : AB. Bq, therefore (eeing by 
^ 7. 8. the faypothefis'Aq measures Bq, b it fhall meafUre alio 
jC io.def, 7. AB. But Aq: AB : : A; B, c therefore 'alfo A mcaiures 

B. ff^hhh was to he dem^firated 

2. >Hyp. A meafures B,^ therefore Aq ihall as well 
i thax* ;• meaiure AB, f as AB ^eaftres Bq ; d conieqiftntly Aq 

mcaiures Bq. JVbich mas to be demonfiratcd, * 

PROP. XV. 

A) 2. Bj6» If a cube number 

A€|8. AqBy24.ABq, 72.'&c,zi^. Ac meafures a cube 

number' Be, thett th^ 
' fide of the one (A) fiatt meafute the fide of the other ( 6. ) 
Jnd if the fide A of one cube Ac meofure the fide B(f the 
ether BQ a!fo the cube ^c Jball n^afure the cube Be. 

I. Hyp. For Ac, AqB, ABq, Be <irare-H, therefore 
$ 2.©»i2. 8» f^^y 5 mcaiuring thceytrpmc Bp, fliall alfo c meaiure the 
^ 7?- . fccond AqB. Ba? Ac. A^B : : A. B, d therefore' A ihall 
^"•7' _^ j^ meaiure B. IFhich ivas iche tirm, ^ 
ftio.dcf^ ^ fjyp ^ itieaiures B; //therefore Ac meafures 
en. ax.]. ^q3^ which alfo meaiur^s ABq, and this Be ; ethcrc- 
fore Ac Ihall meaiure Be 'H^bich nvas to be dem<mfir4i!te^. 

PRQR. XVI. 

A» 4' B^ ^. If a fquare. number Kqdonof mfia-* 

Aq, 16. Bq, 81. • fure afquare number Bq, neither fbaU 

the fide' 9f the Mne^h meaft^e the fide 
#/ the other B : j^nd if A the fide oftheonefquafe Aq ifo not * 
tneafure B the fide of the o(het Bq, peifber Jball the fquare 
Aq nieafure the fquare Bq. 

I. Hyp, For if yoii a£Grm that A meaiiircs B^ then 
4 14. S. Aq alfo ihall meafure Bq. Agarnfithe. Hopotheps, 

2 Hyp. If vou maintain Aq to meaiure Bq ; a thei> 
likcvrilc A ihall meafure B. Contrary to the Hypothefis. 

• PROB 
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PROP. xvn. 

1 

If a cubt ntifnhir Ac does tiH mest* A, 2* B, }. 

fiire A cube number Be, neither Jball A|:, 8. Be, 27, 
'ibe fidt efone A meafure the fide ff 
the other d : JndifK thepde of one cnhe Ac deei net mear^ 
fine B thefde if the other Elc, neither JbaU the ct^ Ac mea* 
fare the etthe Be, 

1. Hyp. Let A meaiure B; a t:hep Ac fhall meafure a ic !• 
Be. Jgalnfi the Hyfothefis. '' 

2. ffyp. Let A meauire Be ; tken A ihall mealii^ 
B ; which is affe againji the Hypothefis, 

PROP. XVIIt. 

Between two like plane nufff- C, 6. D, 2. . 
hersCDand^BF there is one mean CD, 12. 

frefortional number DE : y^nd E, 9. F, 3* PE| l8* 
^^ plape CD is to the plane EF EF> 2.7^ 

jxt duplicate proportion of ^W 
which the ffdeC hath tp the ifoptolofofisfideTi, -^ 

For * by the liypothcfis C U: : fe,F ; therefore by *i>, jur , 
permutation, C E : : D. F. But C. E^ : : CDi DE; a ^^"^^ ^* 
knd D. F :: DE EF ; i therefore CD. DE: :DEEF. V''\ 
c Wherefore the proportion of CD toEF is duplicate to ?V. 

that of CD to DE, that is. to the proportion of G to E, ^ ^°" ^ * 
•rDtoF. ft 

Hence it is apparent. That between two like plane 

^numbers there felis one mean prpportipnal in the pror 

portion pf the hpmolpgous fide^ 
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PROP. XIX. 

t 

ODE, 50. ISEF, 60. TGBy 120. FGHf 240. 

go, <J. DF, 12. FG, 24. • 

C,2, D,3. E,5- F,4»G,^. H, 10. 

Between two like folid pumhen CDE, FGH, there are two 
mean proportional numbers DFE, FGE j^nd the /olid 
. CDE is to the Jciid FGJI, in triplicate proportion of that v 
fV^j5 f Jf ^mologous fide C has ff fhf homologous Sde^> 
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* %i def. 7. Whereas by the * hyp. G D: : F. G, and D. E : :(J 
H ig. f. H therefore a bvjiermutatiozi|» (hall CF : : D. G: : « 
i 17. 7. an. ButCD. DF4::C F, and DF.FG ft:: b.G; 
c'u.5. r wherefore CD. DF::DF.FG::E. H; i therefore 
d 17. 7. CtWE DFE ; : DPK FGE ::E H : : FOaFGH. There- 
ID io4kf, 5. fore between CDE, FGH, fall two mean prsporttottals 
DFE, FGE. # And fo it w plain that thcproportion of 
CDE to FGII is triplicate to that of (3DE to DFE> or 
C to P. Which V)as to he demonfitaied, 

Ccarolh 

Hereby it is manifefty tliat between two like folij 
numbers th^re fall two mean proportionals in the pro- 
portion of the homologQos fides, 

PROP. XX. 

A, 12. C, i8- B, 27- • If between iw» nunJbers A, 

D, %, E, 3. F, d G, 9, E, there falU me mean preper-i. . 

thnaf number C ;' thrfe mtm^ 
hers Af B, are like fJane nw^hers. 

^ Take D and E the kaft in the proportion of A to Q 

^^' '' or C to B, then D meafures ^ equally as E docs C; fiip- 

b 21. 7 po^by the fame number F ; b alio D equally m^lures 

It Q5*s E docs B,fuppfc by the feme number G. ffThere» 

d i6defr ' ^^^^ 1^P==A, and EG=B, d and coufcqucntly A and B arc 

*» Trt - plancnumbcrs: But becaufe EF V 2= C r s=s DG, efliall 

f 21 *^ifr -. J^- ^ • • ^- ^» ^"^ alternately D. F : : E. G. f Therefore 

^* ' * the plane numbers A and B arc alfb lifce. trhich was #» 

be demonjtrated* 

PROP, XXI. 

A, t6. €,14. D,^<(. By 54* Ifbet^eentv^mnnheri 

E, 4. F, 6. U, 9. A, B> there fall tvf 9 mean 

H,2,P,2.M,4.K,3.L,3,N,6. frffortionaltwmbersCJD; 

thofe pnmbers A, B, arf 

tike fqlid numbers. 

» 1. 8. ^ 1^ E, F, G, the leaft -H in the propwtion of A 

b 10. .8. to C, b then D and G are like plane niunbers : let the 

ciidef.'ji fides of this be H and P, and of that K ahd L^ c thcre- 

d C6r. 1 8. 8, fore 11. K ; : P, L : : // E F. But E, F, G, do e equally 

c 21. 7, mcafiire A, C, D, luppofe by the fame number M, and 

likcwifc the faid numbers E, F, G, do equally mealbrc 

y the numbers Q D, B, fuppolc by the lame number N. 

f J, ax J. /Therefore AssjEMsajHPM, /and B = GN=KLN; 



#ind & A and B are folid numben. But beamie Cks Zildef.y 
FM,aikiP/t=sF{4, therefore fta]lM.N^::FK FN hif.7. . 
ki :CD/.:E*F::H«K::P.L;inthereforeAandB k7.5. 
are likclblid numbers. Xflte^ mims ft h dimm/hMUd. I ufijh. 

Lemm0. mzt.def. j* 

Ifjrepwtsmif numhers A, B, AE, BF, CX;, DH^ 
C, Jjy^ fni^urffrcfortioMl tmrn" A, B, C, D, 
lers AE, BR CG> DH, by the E, F, G, H^ 
nmfihers E, ¥y G, ily lAejlSr immi- 
&m (E, F, Q H) /Z^«// &e >rv|fMt/(9M/L 

For becauie AEDH #r = BFCG, a and AD=BC^ b a 19. 7^ * 
•^, AEDH BFOG , . ^_- «^bi4*.7, 
flaU -XD-=-bC^ '^ that is, EH = FG, c^^^.y. 

#TherefereRF:3G. H. fFhkk m^uiedemm 

CmiL , 

Hcpcc^^^x-j- rfFori.B;:B.Bq,i/andi.A jjj^,^^ 

• B 6 Bq Bq B . 

; :AA:^# therefore 1.7* ::T'r,^*^*^^^^^ Hq }C ^^^^f^^^ 

X ^ • In like manner ^ x ^s^-^— • and io of the 
A Ac Ac Ape 

reft. 

pyop. XXIt 

Ifibfgt matibefpf Aq, B» Q 4f« cemtfUf Aq, B, C, 
mU^ freportmal, afut iht frA k^^ a fquartj 4> ^» <^« 

|i&0 third Cjball alfpbea ffuare. 

For becaufe AqC^saBq, h thcijce isC=: JH. "«> 7- 
B B ^ b 7-^x7. 

i:=p:Q:.*3^ . But it IS plain that 5;; i$ 9 number, dht- ccor. rfth^ 

Bq " Um-pfic, 

^^^^i^ otC is a number. Therefore if three, 3^^. dihtp.an^ 

PROR xxni 

• 

7jf/<>irr mmUrs A, B, C, D, ^^ «»- Ac,B, C, D 

thm^y pap0rt'umaly dndtbefirfi tfthem 8,i;^, iS, 27. 
Ac 4 ^ffif| ihefowttb 4^ U^ J^allie 4 



For 
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BC 
a 19 7, ^oc becau^ Ac I> « =~ BC, h thercfi>re D =i'y~ 

hi. mi. B ^ • '**' 

Cear.iftheezzTr* C; that is, (becaufe AcCsrd Bq, and 

•'*°-^' *d«nccC = g^D=rc-E'=:A^'-C:^ 

B 6c 

c I J. 8* But k is evident e that -t— is a numb<5r>,'bccaufc -x— : 

or D is fiippol^d a number. Therefor^ if Aur numbers, 

PROP. XXIV. 

Tft^Vd immhers A, B, be m the fame A, i^. 24. B, ;& 
prcfOTtion ofit to another ^ that a fquatt C, 4* 6. D, 9. 
HHmber Q is to a fyttare fmr^her D, 
' and ihefirfi A he a jfuare number, theficeifd d^o BJbaff U 
afyuare number. 
Between C and D the fquare numbers^ * and fo b«^ 

* 8. ?• tween A and B havingthe i&me proponioh^ a falls one 
a II. 8. mcap piroportiohal. Therefore b met A is a iquarc 
° hP- number, c B alio fliall be a iquare number. IVbich ^as 
f^^^'O. ^^ ^ demonftrated. 

Caroll 
1. Hence, if there be two like numbers AB, CD, TA. 
B : : C. D) and the firft AB be a i^uare, the /econd alio 
CD (hall be a fquare. 

♦ 1 1,'and * For AK CD : : Aq. Cq. 

j8, 8. 2. From hen^e it appears, That the proportion of any 

tquare number to any other not. Iquare, cannot poffibly 
be declared into two (quare numbers. Whence it cap;* 
not bc.Qj Q^: : !• 2, nor l. 5 : : (^ Qj, 6^. 

PROP. XX¥. 

C, ^4* 96. '144. D, 2itf. If two numbers A, B, are 

A^ 8« 12. 18. 6> 27. in the fame freportion one to. 

another^ that a cube nutpber 
C is to a cube number P, thefirft of them A being a cube 
number', the fecoiui B JbaUlikewi/e be a cube 9iumber, 
9 1 2 . 8, a Between the cube numbers C and D, b and (b betwe eii 

b 8* 8. A and B having the fame proportion, fall two mean pro- 
^ hP' portionals ; therefore c becaule A is a cube, d ihall B be 

f} 113. 8. a ifube ajfo. ^P^}jkh 's^as to be ^monfirated* 



Uctiv^^s iJeinents. i^jr 

. CmU. 

i. Iienc6^ rf there be tjvo numbers ABC, DEF, (kl 

Bf:D. E, andaC::E.F;) and thefirft ABC be a 

tube, the feeond DEF fhall be a cube alia 
* Fdr ABC. DEF : : Ac- Dc ^ ia» ^ 

z. Hence it is evideajt, That the ptopoitidn of any i^ ^• 

cube number to any other number not a cube caenot be 

found in two cube numbers. 

?RdP. XXVI. 

tike plane mmhers Ay B^ 'A, 20. C, 30. B, 4^. 
are m the fami f^oporii^ D| 4- Bd, 6. F, ^. 
tmeto another^ibatafquafe 
fmmber is in to afauare number, ^ 

Between A and B a Mis one mean pi^poftional'num- ^ ' o 
htrC;b take; three niimbers D, E, F, the leaft ^ iri the ^ *• 8- 
proportion df A to Q the extremes D, F, c Ihall Ijc fquarc ^ ^^- ^- *• 
numbers. But by equality A. B rf : : D. F, therefore A. ^ ^ 1* 
^''QjQ:, ff^hicb was U be demonf rated, 

PROP, XXVII. 

Like foiid number i A^ 16. Q 24, D» ^6* B> ^4. 
A, B, are, in the * E, 8. F, 12. G, 18. H, 27^ 
/^;;7tf proportion one 
td another^ that a cub^ number is to a cubeinmnber, 

a Between A and B fall two mc^n proportional num- * ^^'^^ 
bcrs, namely, C and D : b take four numbers E^ F, G, H, " ^' *• 
the leaft -h m the proportion of A t6 Q 6 the extremes 
E, H, are cube numbers. But A. B r : : E. H: : C C* ^ ^4* 7. 
fFhfcb 'Was to be tlemonfiraied. 

Scbol. 

I. From hence is ifi&rred, that no numbers in pro- Sec Oa^ 
portion fiiperparticular, or fuperbipartient, or double, «^«<'« 
or any other manifold proportion not denominatol from 
a iquare number, are like plane numbers. 

z, Likewife, that neither any two prime numbers, 
nof any two numbers piime one to another, not being 
iquares, can be like plane numbers. ' 
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PROPOSITION I. 

A) 6» Oy 54* 

Aq,35. 108. AB/;24. 

IJ^ tW0 iihplafte iminbets A, fi» multiptykig^cne amher^ 
frodttees number AB^ tU tmmhsr ffoduad hR Jball 
ht s fyttare trnmbif* 
For A. tf .* : Aq. AB ; 'wherefore fince one mean pro- 
portional h falk between A and B, c likewii^ one knean 
proportional number ftall fall between Aq and AB: 
therefore fince the firft Aq is a iquafe numt>cf, d the 
third AB ihall be a iquare number alfii. JVhkb nuusU 
he demcnfiratid. 

Or thus. Let ab, cd« be like plane numbers ; name* 
Ijy a. b : : c.d, x therefore adssbc, and fo likewiic abcc^ 



X ip- 7- 

f vox. /• or adbc y :=adad srQj ad. 



PROP. It 



A| 6. B, ji4 
Aq, 36. AB, 324. 



Ifuvo fmmiets A, B, mtdtify' 
ingone anctbery froduce a fynari 
numbir AB, thofe ntfmbers A, Bf 
4re like plane mtmierr. 

For A. Btf : : Aq. AR; whcrrfbrc fince between Aq 
ABy £ there &lls one mean proportional number, ^ like- 
wife one mean (hM fail between A and S, ^therefore 
A and B are like planes. ff^Mi vf4ts /• be demev^Med. 
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£ u c 1 1 D bV ^krmnts. 15^ 

PROP, ni 

If 4t cube mmlef Kc mnJr A^ 1, Ac, 8. ^Acc, 64. 

tiplying it felffrodme a nutur 
*her Ace, the number froduced Kccjhatt he a nrfce fmmhtf* 

For, I. A^ : : A. A<t 6 : : Aq. Ac, therefore between a 15.^(5^7. 
X and Ac fall two mean proportionals. But i. Ac ^i : ; b 17. 7* 
Ac Ace, c therefore between Ac and Ace, fall alio two c 8. S, 
mean proportionals ; and fb by confequence, fince Ac 
is a cube, d Ace Ihall be a am alio. IVhkh was u d &;• 8. 
he demcnprated * 

Or thus; aaa (Ac) multiplied into it (elf makes aaaasta 
(Acci) tlii< i$ a cube, whoie fide is 3su 

PROP. IV. 

If acute numher Ac m$d^ Ac, 8. 3c, z 7. 

tff^kiga ct^ number Ec pre AcCj6/^ AcBc, I160 
£*ce a mtmber AcBc, the pre^ 
duced number AxBcJhali be a cube. 

For Ac. Be ^; : Ace. AcBc. But between Ac and Be a 17.7. 
b two mean •proportional numbers fall ; c therefore there b ift. & 
fall as many between Ace and AcBc So that whereas c 8, ^- • 
Aec ts a cube number, d AcBc ihall ht fuch alio* IFhicb d 23. S. 
was (0 hedimonfirated. 

Or thus. AcBcagaaabbb (ababab) =s: C : ah. 

PROP. V. 

If a cube mmhef Ac tnul- Ac, 8. B, 27. 

tiplying a number B produce a Ace, 64^ AcB^ 2 id. 
£ube number AcB, the number 
multiplied BJhallaifi be a cube. 

For Aec. AcB a : : Ac R But between Ace and AcB a 17. 7*, 
h fkll two mean proportionals ; c therefore alio as many b 12. 8, 
ihall fall between Ac and B, whc^nce Ac being a cube c 8. S. * 
number, ^B ihall be 4 cube number alio. Irbich was d 23. S. 
t9 be demeffifa$ed. 
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i^ROP. VL 

A, 8. Aq, 64. kt^ 512. IfM nkmUrh rfiultipiymi 

Hft^ffoduee Aq a tk^ty thai ^ 

Mtmhef A ft feVis a cube* 
a £^. For becaufe Aq a is a cribe, and AqA (Ac) h atfo i 

b i^»def.i* cube ; therefore c fhati A be a cube. ^i&/(^i& «e^tfx to hJi 
€5.9. dm&H/hateiL 

i*iop. viflf. 

A,tf. fi^ir. ABy^t. If a compcfed numier A fnu!" 

Dy 2. E, 3. tipiyifig\anf mnrtber B^ frotUfce a 

nuMet AB, ^ frnndferfrodu^ 

cedABJbalfbeafilidmimber. 

ai I J. i6f. 7* Since A is a composed number, « fom^ other ntitnbef 

t» 9./1X. 7* D meaiilfes it, cdnqeive hyE^. B therefore A=:D£ / 

^ 17,^ 7» ^ whence DEB=s AB is a finid number, ^j&nri^ was ti 

be demonfr'ated, 

PR6F. Vm. 

I. ^, 3. a% 9. aS 27. a% 9u a%' i42. a^ 729'. 
If from unity thete ate fuMe^s cominuallj poportionai 
^ hew many feever (i^Zy a*, a',a^,Sl^c ) ihe ihhrd nufnherfroni 
etnity a ' is a fqiMre nuMer ; a^d fi a^e ali fertvatd^ 
leaving one bet<u;een (a^, a'» a', d*^-) But the fourth a' 
ii 4S ciAe number ; 4ffi /« are allforwardy leaving two be^ 
ween (a^, a', 8^r ) ^he feventh alfo a^ f j both d cubi 
number an4 a fifuare; and fi are allforwafd^ leaving fitfe 
Belioeeni^^\^'\ePc) 

For I. a^ssX^. a, and a^rbs aa^sQt* ^^ ^^ ^*= 
aaaaaa=(^.aaa, d*r. 

2. sr' = aaa =sC. a, and a* =: aaaaaa sC aa^ and 
a^aaaaaab=C aaa, 6^^. ^ 

. 5. a* =daaaa(&s=C. aiasQaa'a, therefore, 6^^. * 

j^* , Or atcording to E^lide^Bciisiufe i. a4: :a-.a\ -^ 

^ *^ 7* ftaii a'=Ct: a, therefore feeing a*, a ' ^^\ztf^ ^ ,' r the 
c 12. »• jJjJj.j1 a4 ftaii |)c a l^uare number; andfb likewiie a*y 
a%&*<r. Alfo bccaufc I. a tfr:a*. a', therefore Alalia* 
®^3- ^* its=a*»a — C:a>, d therefore the fourth from a', 
namely a*, Ihall be likewiie a. •cube, 6^c. arid confc-' 
quently a' is both a cube and a ^uate number, SPe. 

PRGR 



I « 



£ li c L i t> fi'j Wmeniii iSi 

?ROP. IX. 

\ 

^ • t ^ 

^ If ffcm mhjy i; 3,4. a*,,i(J. at^ ^4. a^ 25^, &c: 

ii&^rc aremmberi i. a, 8. a*, d4.a', jia. a^ 4^9^' 

bow matyi foevetj 

tcminually propcrtfcnal (^ui*^^\&^c,^ and the fuitnher f^ 

lowing unHyy (») be afifuare ; then aUthe re/t^ a*, a\ a*, 

&:c.fiaU be f^uares alfi. But if the nwnhet next witty 

{iaL)heacubey then all the following mmhers a*, a', a% 8cc. 

Jball he cube nmnhers. > 

I. Hyp. For a', a'*,^** ^<^'' are (quarc liuiribqrs by 
the preceding prop, alio fince a is taken to be, a Iquarei 
a therefore tiic third a' fliall be a fg[uare, and likewiie ^ ^^ ^^ 
a% a', &^c. and fb all. \ * 

a. Hyp. a is put a cube, ^therefore a*, a^, a** are bi^, gf, 
tubes ; but by the prec; a', a*, a', &*<:. are cubes : ^* -* 
laftly, bccaufe i. a : : a. aa, c therefore fhall a* =0^: a, * ' ^* 
but a cube multiplied into it ielf </ produces a cube ; ll 8* 
therefore a* is a<:ubc, e arid confcqueritly the fourth ^* * 
from it j|^ ; and irilikc mainrier a', a", o^. are cubes, 
therefore all, ©^. UH^ichwastobe derriwfirated 

Peradventure more clearly thus. Let b be the fide of 
the fguare nunibcr a, andfo the lerles a, a*, .a' , a"*, QPc. 
will be otherwife cxpreffed, thus, bb, b'^, i>^, b% &*c. 
It is evident that all thefe numbers are fquares, and may 
be thusexpreffed, Q^: b, Q^: bb : Q^: bbb, Qj bbbb,* Q/^c: 

In like mamier, if b be the fide of the cube a, the 
feries may be expfrefled thus, b', b% b% b ",©*<:. or C: 

PROP. Xi 

» 

i 

If florfi UnHy^ there are t,a, a**, d% a^, rf% ai*,' 
huahers how many fdever cofh i, 2, 4, 8, id, 32, (J4; 
iirnmlly propdrtional ( i . a, a * ^ 

a\ 8fe.) 4;ii *iB» number next the unit (a) i^ «<»/ if^uare 
Tiumber \ iheii is ncofie^of the refi folTowing a fqudre num^ . 
i.ir, excepting a * /l&e /)b/W /J'^jw «w/^)i, and fo all forward^ 
leaving 6ite betiveen (a^, a*, a\ ©V.) Hut if that{2iy 
^hicb is next after the tinity be mt a cube number^ neither // ' 
any ether cf the following numbers a cube^ faving a ' y* the fourth 
from the unity andfo all forward, leaving twobetween'y a', 
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H ibyf . I. Hyp. For if it be poffible, let a^ be a fquare ntuil-» 

h/tfppo/.Sc ber ; therefore bccaufe a. a* ^ : : a"^. a% and by inver- 
8 9. fion, a^ a'^cra*, a; aiid alfb a^ and a* b fquare 

c 24.8. numbers, and the firft a* a fquare, c therefore a ihall 

be likewife a fquare; contrary to the hyp. 
d 14. 7. 2. ^. If it may be, let a'* be a cube ; fince d by 

equality a^ a* : : a. a% and invericly a*, a*: : a*, ja ; 
and alio fince a** and z^ are cubes, and the firft a' a 
c zy. 8, cube, e thercfwe a fliall be a cube' aUb ; againfi the hy- 
pothecs. 

PROP. XI. 

I. a, a', a% a% a% a*. J^f^i&^re rfi-e numbers hmff 

ij'SjPj^/jS-fi *43> yap- many fiever in conthmal 

proportion from Unity (l, a, * 
a*, aS ©"O the lefs meafureth the greater by fome one <f 
them that are amongfi the proportional numbers. 

2LSi aaa 

a 5. ax. 7. Bccaufe i. a : : a. aa, a therefore ^ = a= — AUb 
&2o.^.7. a . aa. 

1> !*• /• bccaufc I. aa b :': a. aaa, a therefore fi^ r=: aa = 

a 
a^ , a^ ^ 
^ =:p> m. Laftly becaiJle i, a' :ib a. a*, therefore 

a^ . a^ 



^=a^ =^1^ > &c. 



CoroU, 



Ilence, If a number that meafurcs any one of pro* 
portional numbers, be not one of the laid numbers, nei- 
ther fhall the number by which it mealiires the ftid pro^ 
- jportional numbers, beoneofthenh 

prop: xn. ^ 

tfthere are numbers how many i, a, a% a\ a*, 

fiever in^continual proportion from i, d, 3 (J, 216, izjtf. 

un'rty[^iy2iy2L^y2i\T3i^.)'Ofhatfoever B, 3. 

prime numbers B meafure thelafi 

a"*, the fame (B) jhall alfo meafure the number (a) ci^/^/^li 

follow next after unity. . 
a ^ I ) . I^ y®^ % ^ *^^s "Q^ tnealure a, ^ then B is prime to a ; 

b 27 7- i 3nd therefore B is prime to a * ; <: and fo confoquently to 
c i6, 7. »*, which it is fuppofed to mcaiure. J^hich is abfurd. 

' CoroU* 



1 



CW/. 

I. Therelbre eveiy prime number that meafiires th* 
lafl, does alio mealure all thpfe other tiumbers that pre-* 
cede the lad 

i. tfany number not meafiiring that next to unity, docs 
yet mealure the laf^:, it is a compoled number. - 

5. If the number neict to the nuit be a prime, no o? 
ther pime number Aall mealure the laft. 

PROP. xm. ) 

If from unity there are Humheti i, i, a*, a% ji% 
In contmual prcforttMy how m^ny i, 5, 25, 125, 6^2 J.' 
foever (i, a,a*, a', &c.) 4!»// ^^z?^ H -- G- - F-- E- -• 
sfier unHy (a) /r pime ; then Jb all 

iM other fnehfure the greatefi number j hut thofi which Urd 
amofi^ the [aid proportional nurhhers. 

If It )ot poffibte^ let Ibme other E mealure a*, viz. by . . 
F, a theii F fhall be fbme 6thef diflferent from a, a»i ^ ^^- ^^•9* 
a*. ?ut becauie E mealuring a*, does not mealure a, 
A therefore E fliall be a cpiripolcfd number, c therefore ^ ^' ^^^* ^** 
Ibme prime number mcaltircsit, d which does conle- 9- 
guently mealtife a^, c dnd lb is fio other than a, thcre^ ^ 53. 7 . 
itore a ipealiires E. After -(he lame manner alio may ^ ^ ^ ''^•/ * 
F befliewn to be a compoled number, mealuring a^j e3.f(»'.ia. 
and fi) that a mealures F. Therefore leeing EF/^ii a'^j ^ ?• 
n a X a\ ^ (hall a. E; : F. a'. Conlequently, whereas ^9- ^^' 1* 
^ mealures E, h likewile F Ihall equally me^rc a% g IP- 7* 
«fc by the lame iiumber G; k Nor Ihall G be a, or a *^ ^ ^o* ^' * • 
thctelbre, as before, G is a compoled nurt|>er, and a ^ cor. ti,^* 
meallirtis it. Wherefore lince FG/=ia' = a* x a, .1^ 
Jhali a. F :: G. a%andfobecaulc A mealures F, hG Ihall 
teially mealure a* y viz- by the lame number II, k which 
is not a. Therefore lince GH r= a^ rr: aa, / thence * ^^« 7- 
H. a : : a . G, and becauie a mealures G (as before) ri^lA ^ ^o «^/ 
alfo ihall mealure a, which is a prime number. tVhich /* 
ii impojjjtble* 
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1(^4 Sfi^. ^^^^ Booh- of 

PROP. xrv. 

A, ga If certain prime mmkett^^ 

^a* Qg. D, J. Cy Oy. i£» tneafure the leafl 

E--F--- number Af no other prime num- 

J her'E JbaU meajure the fame^ 

hepdes thofe thai meafuredU at firfi, j 

a 9-4*. 7- If it is pofliblc, letg? be = F, i» then A =-EF, i 

therefore every of the prime numbers B, C, D, meafurcs 
one of thole E, F. Not E, which is taken to be a prime ; 
therefore F, whi<:h is left than A it fclf ; contrary to the 
typothefis. 

PROP. x\r. 

A, 9* By 12. Q l6i If three numbers continuafff 

D, 3. £,4* preportional A, B, Q are the 

leafi cf all that have the fame 

prcfortipn with them ; any t^o rf them added together JbaH 

be a P[if'^ to the third. 

4( Take D and E the ieaft in proportion of A to B; i 

*?>' 7; then A = Dq, and iC==:Eq, ibandB = DK But 

^ 5l hecaofc D c is prime to E, <^ therefore flball D + E be 

y^ 7; prime to both D and E, * therefore Dx D+E<p=:Dq 

Ifi''' 4.DE(fA4.B) is prime to E> and fo to C orEq. 
20. 7. ^^.^^ ^^^ ^^ ^ demen^ated. 

I ?J^ g In like maimer DE 4- Eq (B+C) is prime to D, 

Jf ^* and confoiuenily to A = Uq. ff%teh was to he demon- 
P'- ' firated 

V^^l 1' Laftly, ;bccaufc B i& is prime to D + E, it fliall 

f :*; ^: aUo be prime to the fquarc of it k Dq-h 2 DE -f Eq 

* iP- / • (A 4-2 B + C ;) / wherefore the faid B fliall be prime 

to A + B 4. C, /and fo likewifc to A 4. G Jf'hieh 

Vfostobedemenfirated. ^ 

PROP. XVI. 

If two numbers h^ lit are A, 3. B, J. C-- -* 

£tme to one another^ itjhall not 
astbe frfi A, to the fecond B, fo is thefecondBu any e* 
therC. 

If 
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If jrou affirm A. B": : B. C^ then whereas A and B i» a 23. 7, 
arc theleaft in their proportion, A bGM. mealureB b2i. 7. 
as many times as B docs C; but A c mealures itfelf alio; c ^.4J^. 7. 
therefore A and B are not prime to one another* againfi 
the hyfpthefis. 



PROlp. xvn. 

If there are A, 8. B,i2. C, i8, D,27. E--^ 

emmbers h^ma" 

nyfoever in cmtinual popeftion A, B, C, D, and the ejftremes 
^them A, D, he frime cue to another^ thefirfi hjbatt iMf 
he to thefecond B, om the laft D to aivy other E. 

Suppofe A. B : : D. E, then alternatcljr A. D : : B. E> 
therefore feeing A and B are if the leaft m their propor- a at 7 
tion, A b fhall meafure B, c and B likewife C, and C b 21. 7 
the following number D, i/ and (b A fliall meafure the czod^,T 
faid number D. Wherefore A and D arc not prime to d i lax 7 
one another ; cmrary tp the hypothefis. 

PROP. XVIIL 

A, 4. B, 6. C, 9, ?r«w> numbed being given A, 

Bq, 36. B, to confider if there may be a 

third number C found profortienal to them. 

If A meafiires Bq by any number Q a then ACi=sBq, a 9. ax; 7. 
from whence b i% i$ manifcft that: A. B : ; B. <S. ffhicb b. zo, y. 
was to be done. ' 

But if A does notmealurcBq, 
there will not be any third pror- A, <J. B, 4. Bq i tf» 
portional, iFor iiippofe A. B - 

; : B.Q ^ then AC = Bq, r and confcquently a ^^ ^ c - t* 
nwely A meafures Bq. Which is againfi^the fiypothefis, 

\ PROP. XIX. 

^hree mmbers being 4i 8. B, 12. C, 18. D,27; 
given A, B, Q /o con- BQ %l6. 

j^der if a fourth propor^ ^ 

tional to them D may be found. 

If A meafures EC by any niunber D, ^ then ADar a 9 ax. 7. 
BC ; b therefore it appears that A. B : : C. D, which b ax^i^^i* 
^^ reqiiired. 

hi m 



\ 



But if A docs not mealiire BC, then there can no fourth 
proportional be found \ which may, be ftewn as in thp 

PROP. XX. 

A, a. B, 5. C, 5, M(fre piffle numbers may he gf"^ 

D 30. G---"^ '^en than any multitude whatfiT 

ever cf prime numbers A, B, C, 
propounded. 
fl , e , . 4 X^t D be the Icaft which A, B, C, meafure ; If D 
I \: ': 4- 1 be a prime, the cafe is plain j if cpmpofed, t then 
^^ fomc prime number, fuppofe G, meafures D 4- 1, which 

c ruPPor is ^^ <>f ^*^^ ^^^^ A, B, C ; For if it be, feeing it . 
aZoI' meafures the whole Duf-i, d and the part taken away D, 
1 12^ T e it ihall alio meafure the remaining unit. Jf'hicb is ah 
**** '• fitrd^ Therefore the propounded number of prime num- 
bers is incrcafed by D 4- i, or at icaft by G. 

PROP. XXI. 

A..'...E.?...BLFtc'.G.*.D»o, 
// even mmhert, hew mam Joever. AD, B^^ "-^j <»'» 
'added toeether, the vMe KDfimllhe ««»., 

b 1%. 7. CD, i it is plain that EB + FC + OD = v AiJ, f 
c6.def,i. therefore AD is an even number. /Tfefi w^i *» *« -^r 
menfiratedt 

PROP. xxn. 

: t A... F.B......G.C....H.D..LE2Z 

If odd numbers, how many joever, AB, BC, <^»JDE, 

'are added tofretber, and the multitude of them be even, the 

Vihcle alfo AEJball be even. . »i. . „,:it 

- Unity being taken from each odd.nymbcr, there mH 

1^ . TMTiain AF BG CH. DL, even numbers, * and thence 

l\^: " fh?rm Wom^ouSed of them wUl be even, add«> 

X. them the c even number made of the '^™^n«g)^«; 

d i? 9. an«l the d whole AE wiU thereby he even. JTh^b was 

fo be demmjrated. PROP- 
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PROP. xxm. 

1 5 I tf odd fmmleri hovo 

A.......B C.*E.D 15. manyfievety AB, BQ 

3 CD^ ate added toge- 

ther ^ andthemtthitifde 
4fthem he oddy the whole AD JbaH he odd, ^ » 

For CD one of the odd numbers being taken away, 
jhc ablegate of the others AC a is eyci>. Whereto J* **• 9^ 
add CD— I, * the whole AE is al(b evei); wherefore b 21 9. 
the unit being reftored the lyhole AD c will be odd. c 7. ifef. 7. 
Jfikb was to be demonfhated, 

PROP. XXIV. 

451 Tfan evin mtmher ABhe 

A . •. • 6;f ••• -D* C |0« taken away from an even 

6 number AQ that which re- 

mains BCJbal! be even. 
Par if BP(BC— i)be odd, a BC (BD+i) wiUbeeven. ^idef.j. 
tfliichwasiobedem. But if you fay BD is even, becauie b^^ 
AC h is even, c thence ADwillbe^fb; ^ and confe- c *i« ?• 
qucptly AC (AD4-I) will be odd, contrary the Hypothefis^ 
^e^e^rp PC k even, ^bich was to be demon^at^fL 

PROP. XXV. 

If frofn an even number ABy 6 i J 

an odd nun^er AC be taken A D • C. . . B 19. 

akvayy the reniMning number 7 

Cfi JbaU he odd. 

For AC — I C AD) a is even, * therefore DB \s even.; ^l'^^> 
c and confequeptly CB(;D5 — i) is odd. l^hicb was to ^ *4 5u 
he demofirated, ^ hdef.i^ 

PRO?. XXVI. 

If from an odd number AB 4 ^ t 

b€,taken away an oddnumher. A • •• • C • • • •• . 9* B I (« 

CB, that which remainetk 
AC JbaU be even. 

L 4 , ^^ 
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a 7. irf- 7. For AB— I (AD) and CB — 1 (CD) a are even ; \ 
^ Z4. 9. therefore AD ^ CD (AC) is pven. Which was to be de- 
monM rated. 
'^ PROP. XXVII. 

I 4 6 If from an odd nurnben 

' A.D....C B II KB he tahn away an even 

c number CB^ therefiduetS^ 

Jhatt be odd. 
' « 9 Af 7 For AB— I (DB) a is even, and C6 isfuppofed to be. 
b lAo* ' ^^" ' ^ thei^ore the refiduc CD is even : c therefolre CD 
c 7 .d^. -. + 1 C^-^) '^ «>dd. »^^<^i& «P^ J '<» *« demoftp^ated. . 

PROP. XXVHL 

Aij If an M number A, multi^tn* an even 

B,4^ ^ fiumber By produces a number Ad, *ic number 

AB^iz! froducedk&Jbailbeeven^ 

ti >y*. tf ;»f For AB /t is compounded of the odd num- 

I c^. 1. Wr A taken as many times as an unite is contained in B 

b 2 1. 9. an even number, b There%c K^iswi even puipber. 

, Schl 

In like manner, if A be an even nui?ibcrjj AB fliall be 
be an eveimumber alio. 

PROP. ?XIX. 

^,3 - If an pdd number A multiplying an odd nrnnr 

B,5 ' her By produces a number ABj^ the number produ^ 

^jf" cedhByfiallbeodd. 
a' 1 5. J<?f! 7. ' For AB ^ is compounded of the odd numbef 

B taken as often as an unit is included in A likcwifc an 
1123.9. pdd number, fc Therefpre AB is an odd number. IVhich 

fvas to he denumfirated, 

Schol^ 

B, 12. (C,4: I. -^n odd number A meafuring an ev0 
r"t number B, meafitres the fame by On even 

* ^' number C 

a 9> ^^'^ ^ For if C be affirmed to be odd, then becaule a Bz=h£>^ 
b 29 9» h therefore B (hall be odd ; ^gainft the hyp. 
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2.'. AnoddnumherKmeafiKrhnganM ^ IK, fC < 
mtmber B, meafuref the fame by an V'^' 
MmmherC. ^* 3* 

For if C be laid to be even, a then AC, or B will be * *^- 9» 
even, contraty U the FfyMbefis. 

3. Every ftttmber (hand C) that 6,15. Q 5. 
meafures ap eddnumHr B, ii ^ yiijf j" 'T 
^;r odd ftttmber* ^* 

For if either A or C be affirmed to be even, B a fhall a 28- 9r 
be an even number, againfi the Hyfahefis, 

PROP. XXX. 
P,24. (C^8. D,^z. (E,4. 

^ // an odd number A meafuret an even number B, i«^«i/ 
4//0 tne^fitre the half of it D. . 

rfLet 7^ be == Q 4 then C is an even number, a M^.' 

Therefore let Ebe=|Q iAiciiBc=CAd=2KTie^^fi^' 

£) 299. 
-sr 2 D, / therefore EA=D ; g and confcqueatly -t = c 9. ax. 7,' 

E. »T>«fc w« »» be demonjlrated. ' ^ ^j ' 

PROP. XXXI. p'-^V 

If an odd number A be A; 5« B, 8. C, 16. D^ 

fritne to any number B, itjhall 
alfo be prime to the double thereof C. 

If it be poffible, let fome number D meadire A and C, ^ ^Jchol 
then D meafuring the odd number A Ihall be odd it 29. 9. * 
fel^ b and io lliall meafiireB die half of the even num- i, jq, g, 
bcr C, therefore A and B are npt prime one to another. ^ 
Which is againfi the Hypothejis. 

CcfolL 

It follows from hence, that an odd number which 
IS prime to any number of a double progreffion, is alfo 
prime to all the numbers of ;hat progrdEon. 

PROP. 
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PROP. xxxn. 

I, A,7.. B 4. Q 8. D, i^. Jll numbers A, B, C, D, 

6cc. in donble frogrejjton 

from twoy are evenly even only, 
a 6. def. 7. It is evident that all thefc numbers A, B, C, D, 4; arc 
h 2o def'f* even, and b^,^ namisly in a double proportion, c and 
c 1 1. 9 fb every left mcaliires the greater by ibm^ one of them. 
d 8. dff, 7. d Wherefore all arc evenly even. But becaufe A is a 
^ 13 5^' prime number, e no number bedde thc/c ihall mealiirc 

any of them. Therefore they arc evenly even only. 

JVhkh <^as to be demonfirated. 



PROP, xxxin. 



A, to. B, If. 



^hyjt. 



Tfcfa number A, the haf^ B he odd^ 

the fame A is evenly odd only. 

Siqce an qdd. number B a meglures 

b Q^'def -. ^ ^y *^^ ^" ^^^ number, b therefore B is evenly odd; 

c %def. 1' ^ y^^ affirm it to be evenly even, c then fomc even 

* ■ '" number D mealures it by an even number E, whence 

2B</=:A</=z: DE; e therefore 2. E : : D. B, and 

therefore as z/mcafures the even number E, ^ fo D ^d 

even number meafures B an odd, JVhicb is impojjible. 



dff. 
i 9. ax. 7 
e 19. 7. 
£6 def 7 
g 20. dtf 

7- 



PROP. XXXIV. 



A, 24. 



If an even numler A be neither douhled^frorn 
tnvo^ nor have' it*s half part odd, it is both even- 
ly even avd- evenly odd. 

It is evident that A is evenly even, becaufe the half 

of it is not odd. But becaufe, if A be divided into two 

equal parts, and the half of it be again divided into two 

,^ _ equal parts, and if this be always done, we fhall at length 

a 7. aej. /. ^^^^ upon fome a odd number, (for we cannot fall upon 

the number two, becauie A is not luppolcd to be doubled 

upward from two) which fhall meafarc A by an even 

- ^ - number/ for (h otherwife A it fdf Ihould be odd, aga^nji 

hi.Jcb. 29. ^^^ ff^p ) ' Therefore A is evenly od4. Wlkh was to be 

S* dcmonjhaied 
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PROP. XXXVi 

A & 

„ 4 8 

C i8. 

r ' 5> (J 4 8 

If there are numhers in continual prcfortion hew ma» '\ '• 

pyfoever A, BG, C, DN, and the futnier PG, equal to the 
firfi A, be taken from thefecondy and KN alfo equal to thefirfi^ 
from the lafi ; itjball he af the excefs ofthefecond Br is to 
ihefrfi kyfois the etcefs tfrthe lafi DK to all the numbers 
that Recede //, A, BG, C 

From DN take NL = BG, and NH=C. Bccaufe 
DN;C(HN)ij::HN.BG(LN)ij;:LNcBGOACKN.) . 
h therefore by dividing every where, ihall DH. HN : : , ^* 
HL. LN ; : Lie KN, r wherefore DK. C-|-BG |-A : : ^ ^ '' ^• 
liC (// BF.) . KN (A.) Which was to he demonfirated. ^ V''J^' ^ , 

Corollf 

Hence eby compoundmg, DN+.BG4-CA4-BG+. ^ ^^'S' 
C I : BG. A* 

, PROP. XXXVI. 

I. A, 2. 8,4. C, 8. P, i<f. 
£,31. G, ^2. Hf 124. L, 248. F, 49tf. 
M,3i. N,4(^5. 

Tffrom unity he taken how many numbers foever i, A, B, 
C, D^ m double proportion continually ^ until the whole added 
together Rbe a prime number ; and if this whole £ multi- 
pjfd into the lafi D, produce a number F, that which is pror 
duced F, fl^all be a perfeB number. ^ • 

Takp as many numbers E, G, 11, L, likewife in dou^ 
ble proportion continu41y ; then a by .equality A. D ; : ^ -^ ^ 
R L, b theiefore A L=D ^c =Fj d whence L =» b 19! 7! 

-. Wherefore E, G, H,JL, F, are ^ in double pro- ^ ^>^^ , 

portion. Let G — E be =:M, and F — E = N ; e e 35. 9. 

thcnM.E;:N.E4-G.+H + L. /BqtM = E,^ fs-*. i, 

Ihcre- g 14. |, 
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h %. 4X. I. thcrcfcrt N=E4^+H'VL., h therefore F = i +A+ 

k7.4jf. 7. 4.B4"C+D+E4.G4-H4-L=E+.N. More- 

1 1 1. 4X 7. over becaufe D k meaiures DE (F) /therefore cvciy one, 

mix* 9- I, Ay B, C, m meafurin^ D, and m aUb E^ G, H^ L» 

do mcafure F. And farther, no other number meafures 

the iaid F, For if there docs, let it be P, which let 

n 9. 4Jf. 7- meaiure F bv Q^ w therefore PQ==F=DE^ therefore 

o 19. 7. E. Q^ P. D, therefore leeing A a prime number mea- 

p 1 3. 9. iiiresD, p and lb no other P mcafares the fame, tf confo- 

q lo.defl. qucntlv E does not meafare (^. Wherefore fince E is 

r 3 1. 7. £iippoied a prime number, r it fliall be prime to Q^ / 

f 23. 7« wherefore E and Q^arc the leaft in their proportioii ; t 

t a 1. 7. and fo E mealurcs P as many times as Q^docs U, u there* 

u 13 9. fore (^ is one of them A, B, C. Let it be B, fceii« 

X 19- 7- then by equality B. D : : E, H, * and fo BH=DE =F 

y I4-5- =PQ^» jp and to alio Q. B : : H- P,v therefore H =;P, 

therefore P is alio one of them A, 0, C, S^r. Jg^if 

the Hopothefis. Therefore no other befide the ferelaid 

numbers measures F, and z confeqiiently F is a per£^ 

If }2. ^.7. Qumber. ' Jfl^kh v^$ to he ^monJrdUtL 
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Dejinitions. 

Agfiitades are &id to be comroenftirable 
which one and the fame mealure mealures. 



ii 



3' 



::A. 



^he note of commenfarahUHy is TDL, as A 
B ; that isl the Imeji <f %foot is com- 
menfitraUe to the line B ofj^faot ; becaufi 
D a line ^cne foot meafthes hoib A and B. 
Alfo s/ i8 Tj-v' 50 ; htcaufe V a nie^nns 
hoih y/i^ andy/^o. For y/^j-zz^ 9^%^ 
and y/^i=s^Z^=z iyWhereforey^iS,^$o 

* • ?• 5- 

II. Incommeiiiiirable magnitudes are 

iachy of which no common mealure can be found* 

Incommeirfu9 ability is denoted by this mark ^ix \ as ^ G 
^T). \/25 (5 ;) that is, %/6 is tncommenfarable to the numbet 
$yOr tea inagnHude dejtgnedby that number ; becaufe there 

# fh common meafure dfthem^ asjball appear bert^after 

UI. Right lines are commenliirable in power, when 
the iame. ^ace docs meafure their f^uares. 



^he 



{ 
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fbe tefitb B6ok of 

9!'bp markffftbifeomtnenfiiraiiifh 
is -y^; asAB •g.GD, i. I the UnehB 
if 6 foot is in power commenfurahk 
to the lino CD, which is exprejfed bf 
tj 20, becaufe E the /pace cf one foot 
/quote does as well meafute ABq (^ 6} 
as the YoB Angle XY(2o) to which th 
fyuareofthe line CD (^^ id) iseqnat 
V he fame note'^fimetimes figwfies 
comfneafurahle in power onh. 

IV. Lines incommeniurable in 

power arc luch, to whole fquares 

no ipace can be found to be a com* 

mon mcafure. 

^his iticommenfufahilHy is denoted thus \ 5 ^T^v \/8. /. e» 

the numbers or lines 5, and v ^ S are incommenfurahle in 

power ^ becaufe their fquares z^ dndy/ ^ areincommenfufMe, 

V. From which it is manifef(, that to anjr right line 
given, right lines infinite in multitude are botn com-^ 
menfurable and incommeniurable ; fbme in length and 
power, others in power only. The right line giren il^ 
called a Rational line. 

^he note of which is p. 

VI. And lines commenlu'rable to this line, whether 
in length and power, or in power only, are alio called 
Rational, p. 

VIL But £uch as are incommenftirable to it, arecalled 
Irrational, 

j4nd devoted thus p. 

Vin. Alfb the iquare which is made of the (aid given 
right line is called Rational, pv. 

iX.^And liken^iie fuch figures as are eommenfurablo 
to it, are Rational pet* t 

X. But fiich as are incommenfurable. Irrational ptf. 

XI. And thole riglit lines alfo, which contain fhem in 
power, are Irrational p. 

SchoL 

^hat the laflfetendefmtions 
may be rendered more clear bf 
afi example^ ht there be achtcU 
ADBP, Whofe femidiameter is 
CB, infcribe therein the fides if 
the ordinate figures y as of M^ 
' Hexagone^V^ of a triangle KSff 

(f a fquafe BD, •/ a Penta- 
gon 




Euc£iDi'f Elements. 17J 

gtm FD. ^herefere, ifaccar^g It the 5. def tltfemiM/f 

HUttr CB be the Rational IrM given, exprtfed bj the nnmbtr 

£, (0 lohich the ater lints BP, AP, BD, t D, are to bt com- 

faredy then BPa = EC - 2, wherrfore BP w .i "13. 3C, a„, ij.^, 

4ccordms tethtidii. Jlfe kP\> = \' \i. f/orABqCifi) b+j.i. 

— BPq (4.)=:i2) therefore APw ,5 "^BC likeWife according 

U the 6. dcf anaf APq( 11) /j i thy the pdcf. Moreover 

BD b=v/DCq-|-BC(l= 8 ; wiwii;* BD « p -g. BC ; ots/ 

BDq ^f. LaJily,FDii=\o — ^lo{asJballalipear^tbs 

praxis to be Mtvertd at the 10. j^.^Jhall be pa, aeceriingf 

the 10. def ^mj confe^utntly ¥ti=^ : 10 — V 20 w /■, «- 

tn-ding to the II. def. 

^ Populate. 
That any magnitude may be (b often mnltiplyed, till 
It exceed any magnitude wharibever of^ the fame kind. 
Axioms. 

I. A magnitude mearuring how manymaenitudes Soe- 
ver, does alio mcaJure that whichis cofflpofed ofihem. 

1. A ma^tude meafuring any magnitude wharlbevcr, 
does likewilc racarurc every magnitude which that mc^ 

;. A magnitude meafuring a whole magnitude and a 
■ part of it taken away, does aRb meafiirc the rcfidue. 
PROP. I. 

?aai unequal magnitudes AB, C, himg 
given, if from the greater AB there be taken 
away more than half(AU) and from the refidue 
{iJo) be again taien away more than half (ill) 
and this be done conthmaily, there Jhall at leniitb ' 
ie left a certain magnimde I B, lefs than the 
lejfer^the magnitude! frji ^hen C. 

a Take C fo often, till tts multiple does ' W- ***• 

fomewhai exceed AB, and let DF=PG=; 
GE=C Take fromAB more than half AH, 
and from the remainder HS, more than half 
•te. HI, and fo continually, till the pans AH, Hi, IB, be 
e^ual in multitude to the parts DF, FG, GE. Now it is 
plain, that FE which is not lefs than \ DE, is greater 
than HB, which is lefs than i AB -=j DE. And in like 
manner GE, which is not lefi than ^ FE, is greater 
than IB -n i HB, therefore C, orGE C-IB. ^bicb 
was to he^emenfirated. 

The lame may alio be dcmonftrated, if from AB the 
half AH be taken away, and again from the relidue HB. 
the half HL and lb forward. 

PROP. 
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PROP. n. 

^wo unequal fHaffnitndes being ghen (AB^ 
CD) if the lefs AB be conthmatty taken froni 
the greater CI), by an interchangeable ftdtr ac- 
tion^ and the refine dk ^^ rneafwre the magni- 
tude going before^ then are the magnitudes given 
incommenfUfahle- 

If it be poflSbk, 1^ Ibme magnitude E be 

the common mealure, . Then becaufe AB 

taken from CD, as often as it can be, leaves 

a magnitude FD lefs than it fclf, and F0 

taken from AB leaves GB> and fo forward 

ft I. lo. a thefefote at length Ibme magnitude GB 

b hyp. —3 % ihall be left, therefore jE h meafuring AB, c anil 

CZ./IX. 10. fo CF, b and the whole CD, d (hall alio meafure.the 

d 5. ax. 10. refidue FD, c conlequently alfb AG; d wherefore it fhalj 

likewife meafure the remainder GB, lefi thwi it felt 

Whtchisabfurd, 

i»ROP. iit 

-.^ <t^o commenfurahle ittagnhudes being gl^ 

] ven AB, CD, to fnd out their greatefi coni^ 

mon meafure FB. 

Take ABfi-omCD, and the refidue ED 
from AB, and FB from ED, till FBibea- 
lure ED (which will come to pals at 
lengthy a becaufe by the Hyp. ABtj-CD) 
FB fhall be the magnitude required. 

For FB b mealures ED, c and fo alfo 
AF ; but it mealures it felf too, d there- 
fore likewife AB, c and corifequeutly CE, 
d and fo the whole CD. Wherefore FB m 
the comm6ti meafure of AB, CD. If you affirm G to btf 
a coratfTon meafure grater than that, thenCj meafiarmg 
AB and CD, e meafures alfo CE and/ the remainder 
ED, e and fo AF; and fconfequently the remaiisder FB^ 
the greater the left, frhich is ahfurd. 

Corffih 

Hence, a magnitude that meafures two fhagnitU(fcis,^oejr 
rifo meafure their greatcft coramoo meafure. ^ ^ ^ w 



' a 2. ro. 

hconjhm 
c z^ax 10. 
duax. 10. 
e 2. vix.io. 
f I. ax, 10, 



I 



Eu c 1 1 D eV Ekmtiti* 

PROP. IV. 



^77 



A 

B 

c 



m^»0m 



E 



D 



3. ia 



9'i&rtfe cofhtneHfurahle magnhudes heinj; gtven^ A, B, Q 
Ufnd tut their greatefi commm meafure, 

a Find out D the greateft common meafure of any two 
A» B ; ^ alfo £ the greateft common meafure of D and 
C, therefore E is the magnitude fought for. 

a For it is clear, E meafuring D and Q h docs mea* \^ ^^/^ m 
fure the three. A, B, C Conceive another magnitude 2 ax lo. 
F greater than that to meafure them ; c then F mea- ^civi 5,101 
ibres D, c and confcqtleiitljr E the greatefi: common mea- * - 

iurc of D, and C, the greater the lefs. ff^bicb is abfutd 

Corolh 

, Ilehce alfb it appears, that if a magnitude meafures 
three magnitudes, it fhall likevrife meafure their great-^ 
tft common meafure. 



r*ROP. V. 



Cofnfnenfiirable magnir A 

tuiis A, B, have fucff pro- C 

fwtion one to an&thef^ as ,B 
mmber hath to number ^ 



t).4. 
F. I. 
E.3. 



a C being found the greateft common meafure of A, a 5. 10. 
B ; as often as C is contained in A and B, fb often is 
X contained in the numbers D and E ; b therefore G A b 20. iff 7 . 
: 1 I, EJ ; wherefore inverfely A. C : : D. i, A but likc- 
ivifc C B : : I. E ; c therefore by equality A. B: : D. E c 2Z. 5. 
]Sr. N. Ntf^f, The letter Nohly fignifies number in ge- 
neral, and refers not to any particular fpace or magni- 
tude as the other letters do, and is to be read, as A to 
B, fo D to E, and fb number to number. JVhich was 
U be demcnfirated, ■ 



M 
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PROP. Vt 

F, I* If iivo magnitudes Aj 
»C,4. B, have fitch fihprtkm 
D, 5. one to amther^ as the num» 
bet C hath to the number 
D, thofe magrAtuiei A, B, Jbdll he commenfurahle 
it fch. 10,6. What part i is of the number C, a that let E be of 
hconff. A. Therefot:e bccaufe R A ^ : : i. C, and A. B r : : 
c h^, CDjd therefore U Equality fliall R B : 1 i. D. Where- 

d 2Z. 5- fore feeing i e mealures the number D, f likewife E mea- 
c 5. aX' .7. fores B ; but it g alfo meafiires A, h therefore A Tx B. 
f zo def.'i. VThkh was to be demon/hated. 

li.ifici P.ROP-Vn. 

■ » 

A ■ ■ i ^ InccmmenfufdhU magnitudeshfii 

B »■ 11 ■ have hot that proportion one to ano^ 

iher^ which number hath to num- 
her. 
4 6. 10. If yoti affirm A. B: : N. N, a thtin A "ru B, a^ainfi 

the hypotheSs, 

' PROP. VIII- 



A * ' , * ^f two magnitudes A, B, 

B— *»«i-i "" ^ i haie not that proportion one tba- 

fiother^ which nUmbef hath t$ 
\ uunAevy thofe magnitudes are ifkqfntmenfurnhle. 

» 5 10. Conceive A "XJ. B, 4 then A* B 2 :N.N, contfai^ to thi 

IhpotheSs. 

PROP. IX. 

A* * ' ' " ^he fquares defcrihed upon right 

B .I. lines commenfurahle in lengthy have that 

E, 4. proportion cne to another^ that a fquare 

F, 3. number hath to a fyuare number, Jnd 

fiuaresy which have that proportion one to 
another^ that a fquare number hath to a fquare number^ 
Jball alfo have their fides commenfurahle in length. Bui 
fuch fquares as are made upon right lines incommenfurable in 
lengthy have not that proportion one to anothery which a fquare 
fiUmber hath to a fquare number, j^nd fquares which have 
Twt fuch proportion one to anothery as a fquare number hath 
to a fquare number^ have not their fides commenfurahle in • 
length. 

t. Hjp. 
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F6t tf let A. B : : number E number F; therefore a 5.10. 

B^ (^"g twicc^ r=^ twice, rf =p^ , e therefore Aq. c/r* 23. 5 

6q::)Bl.Fq::Q. q^ Which was to he demortfirated ^ "• 8. 

a. ^.Aq.Bq::Bq.Fq::Q,0, IfiyATxB.For c 11 5. 
A . Aq, Eq E 

g* twice if^ ^ g _ ^^_ ^ twice, i therefore A. f zo. 6. 

B::iLP::N.N, *whcreforeAXLa WhUhvfasto P^o 
fe demm/haud, P "• *^' , 

5. %A*rLB. Idenythat Aq.Bq::Q,0. For]r^^^'^' 

fippofcAq.Bq::(i. Q^thenATxB, asisflicwiibe- ^ ^' ^*^- 
lore, againfi the Hypothefii 

4. Hyp. Not Aq. Bq : : Q.. Q,Ifay that A'tx RFor 
conceive A tdl B, then Aq. Bq : : (^. Q^ as above, a- 
gamfi the Hypethep. 

CetoU. 

tines Tl. are alfb *g.,but not on the contrary. And 
hues *T3. are not therefore *T^ but lines "o. are alio 

PROP. X. 

tffour magnitudes ate preportiima! (C A 

: ; B.fi) andthepfft C he commenfitrableta \ 

the fectmd A, thtf third B Jball he com* I 

menfurahle to thefiurth D. Jnd tfthefirfi 

Qhtincemmenfitrable to the fecondk^ alfo 
the third B Jhali he %commenfMrableto the 

fourth D. A A i TV * 5- '^• 

IfC-tuA, tfthenC A::N.N. i-- ^ ^^^ b<S. 10. 
B. D,«Jtherelore Btx D. But if C *xa. A ^ ^7- ^°* 

c then ihall not C A : : N, N : ; B. D, e ^hcnSbK B*tx. "^ ^- ^''• 
JLi. Irbtchwasto he demopfirated. ^ 

Lemntai. 

^0 find out twojlane numbers, not havit^ the proportion 
Vfbicb a fifuare number hath to a fquare. 

Any two plane numbers not like, will fatisfv this 
Lemma^ as thofe numbers which have fuper-particular 
fuperbipartient, or double proportion ; or any two prime 
numbers, SeeSM. 27. 8. * '' ^ 

W* LemmM 
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tifch.io.6. 
bj. I. 



a item. lo. 

lO. 

bij 6. 
c zo. 6. 



B,5. 

4 

^0 fndout a line HR, to which a right linegitm KM 
hath the proportion cf two numbers given By C. 

4 Divide KM into as many equal parts as there arc 
units in the number B, and let as many of thefe, as there 
are units in the number C, 5 make the right line HR, 
it is manifeft that KM. IIR : : R C. 

Lemma 3. 

^0 find out a tine D, to thefquare of which the fijuare of a 
tight line given KM hath the proportion of two numbers gi- 

i;en B, C. 

Make B.C ^ : : KM. HR, and between KM and HR, 
I find a mean proportional D. Therefore KMq.Dqi? 
::KM.HR</::B.C. , 

. PR OR XL 




10. 

b^ lem*io, 

10. . 
^c 9. 10. 
d6 10. I 
d 15. 6. 
c 20 6. 
1 10. 10. 



a 5. 10. 
b4. S. 



c ccfTfir* 
d 22 5. 
c 6. 10. 



*7(J jpnd two right lines in- 
commetifural^U to a right line 
giveii A, one D in length only^ 
the other E in power alfo* 

1, Take the numbers B, C, ^ fo that it be not B. C : : 
Qj Qj»^ and let B. C ? : Aq: Dq, c it is plain that A hx D. 
But Aq d "TX Dq. ff^hich was to he done. 

2. d Make A. E : : R D. I fay Aq *tx Eq. For A. 
D e : : Aq. Eq, therefore fince A *n. D, as before ; / there- 
fore Aq ^IX Eq. Which was to he done, 

PROP. XII. 

Magnitudes {Ay B) commenfurahle to the fame 
magnitude C, are alfo commenfurahle one to 

the Other. 

C, andCTxB,iilctA.C 
::N. N::D. E, and C B 
: : N, N: : F.G, fctake three 
numbers H, I, K, the leaft 
ABC "> 5- 1>.4 ^y^' ^ in the proportions ofD 
to E, and F to G. Now becaule A. C r : : D. E r : r H. 
I and G. B <: : : F. G : : I K, ^ therefore by equality, 
A. B : : H. K ; : N. N, c therefore A TX B. fFhichwas 
to he demonfirated. 



Becaufc A 

D, 8. E, &, 
F, 2. G, 3. 
II, 5.1,4. K,(^. 



A 
G 
B 



Ay £ therefore C 



b 12, lo; 



Schol. 
Ilencc, Every right line commenfutable to a rational 12. io.amt 
line is alio it ielfp rational. And all rational right-lines def 6» 
arc commenfurable to one another, at leaft in power. 
Alfb, every fpace commenfiirabic to a rational fpace i$ def, 9. 
rational too ; And all rational^paces are conimenfiira- 
ble one to another. But magnitudes whereof one is ra- |^, j. ^ni 
tional, the other irrational, are incommeofurable a- iq, 
mongft themielves. 

PRdp. xni. 

If there are tnvo mat^nitudes A, B, 
and <me of them A, commenfwahle to a 
third C, but the •ther B incommenfuro' 
hUy thofe magnitudes A B, are incom- 
tnenfurahle. 

' Conceive B tdl A, then fince Ca 
"CL B, attain fl the bypothefis, 

^ ^ PROP XIV. 

If there are two magmtudes commenfurahle 
A, B, and one cfthem A mcommenfurahle to any 
other mai^mtude C, the other alfo B Jbatt he m^ 
commenfurahle to the fame C. 

Imagine B T3- C,then for that A a XL B, , 

h therefore A TX C, againfi thehyp. *^ ^ C ? ^ 

PROP. XV. 

Iffoftr right lines are proportiott- A ' ■ « 

al{A. B: :C D) and the jirft K B 
he in power more than the fecond B C 
hy the fquare tf a right line com^ D 1 ■ ■ 

menfurable to it f elf in lengthy then 

alfo the third C, Jball be mare in power than the fmrtb D 
hy the fquare of a right line commenfurahle to it felf in 
length: But if the firfi A he more in power than tbt 
fecond B, by the fquare of a right line incommenfurahle to i# 
felf in lengthy then Jball the third C be more in power than 
the fourth D by the fquare of a righi lirte incqmtnenfwrahh 
to it felf in length. 

For becaufe A.Btf::C. D, ^ therefore Aq. Bq: : »?>'/'* , 
Cq- Dq, c therefore by divifion Aq— Bq. Bq : :Cq -Dq. b 22 d, 
Dq, </ wherefore %/: Aq ^Bq.B:: s/ : Cq *^ Dq. D, e c 17. 5. 
and fo inverfely B. V J Aq - B<J : : D ^Z : Cq — Dq, / ^ 22. d, 
therefore by equality A V ^ Aq — Bq : : Cv :0\-^lk^ e cor 4. j» 
confequentlyif A "DL, or'rL^/Aq — Bq,^thenlikewife f 22. 5. 
C IX , or Tl. J : Cq — Dq. JVhich vfas to be demonjhated, g 10* H^* 
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PROP. XVI.' 

A ■■ ' 1 -—• C If tvH> commenfmsAU mag^ 

B nitudes AB, BQ are compofed^ 

D ■ the 'Whole magnitude AC fidH 

he commenfufihle to each cf the 

. parts AB, BC Jml if the valboJe magmtmdt AC he com- 

menfurable to either cf the farts AB, or BC, thofe two magr 

nttftdes given at fitfi AB, BCffiallhe commenfurable^ 

^ . jQ^ I. A^ a Let D be the common mealure of AB,^ 

b I ax.rS' ^ » ^ therefore D mealures AC, and therefore AC TJ- 

ci.def.io. AByandBC. ff^hich was tote demonfirated, 

z. Hyp. a Let D be the common meafore of AQ AB^ 
A'^av m </thereiTcfore D racafiircsAC — AB(BC) and conies 



quently AB tl BC lybich was to he demwfiralted. 

*" CorciU 

Hence vit follows^ if a whole magnhude compoled 
of two, be commeniurable to anyone of them, the fame 
ihall be commenfumble to the other alfbu 

PROP. xvn. 

If , two incommenfurable fuagiU' 

jS^ f C tudes AB, BC, are eom^ed^ the 

. B whole tnagnitHde alfo AC JhaJl ip 

I> — — — p* incommenfwable to either cfthe-two 

parts AB, BC. Jnd if^ the whole 
magnitude AC he sncommenfiirdb'e to one tf them AB, the 
. tnagmtttdes firfigiwn ABj dC, (ball he incommenftirable. 
I, Hyp. IT it can be,- let D be the common mealure 
a 3 4f». lo. of AC, AB, a therefore D mcafurcs AC r*AB (BCj b 
h i:def.io. and therefore alfo AB tx BC, againft the bypothefis. 
c i6. 10. X. ^ Conceive AB xi. BC, c therefor? AC "DU AB^ 
againji the bypothefis. 

Corolla 

Hence alfb, if one magnitude, compoied of two, be ix^ 
commerdunible to any one of them, the jame alfo fliall he 
tpcorortieniurable to thcj other. 

PROBft' 



* 

PROP. xvin. 



l8^ 




right Imes AB, GK, and 
upon the greater AB a 
parallelogram ADB e- 
'^al to the fomth part of 
fquare fnade of the 
lefslhieGK^ anddejkie^tt 

applied^ of^d divides the 

faid AB hao parts commenfurabU in length AD, DB ; then 
ShaU tie greater line AB he more in power than the lefs GK 
hv the fquare cf aright line FD commenfurahle hi length to 
the greater, And rf the greater PiB be in power more than the 
Ufi GK, hj the fyuare of the right line FD commenfurabU 
in length to it felfy and a parallelogram ADB equal to 
the fourth part cf the fquare made if the lefs litie GK, and 
deficient in figure by a fquare^ he applied to the greater AB, 
thfnJbaU H divide the fame into parts AD, DB, commenfw 
pahle in length, 

a Divide GK equally in H, and b make the reftangle a rl « 
ADBr=.GHq. Cut offAF^rDB, then is ABq cl=^ ADS ^ ^g I 
4^( 4GI]q OF GKq) -^- FDq. Now in the firft place, if c 8 '2 ' 
AD TX DB,thcn Ihall AB e -pJD e^OLZ DB/CAF-U a 't fy, 
DB, or AB - FD) ^ thef efore ABtolFD. IFhich was ^ ^ 
to be dem. But fccon41y,if AB XL.FD, b then fliall AB T,^ -^ 
TxAB ^FD(2DB) i^ therefore ABtxDB,/ where, fconfh 
fpre AD TX DE JVbkh was to be demenfirated, ecor.ikio 

PROP. XI3^. kizio.' 

1 16. la 

ff there are two rMi 
lines unequal AB, (jK, 
and to the greater AB 
a parallelografn ADfi| 
eq^al to the fourth pari 
ef a fquare made upon 
the lefs GKy and deficient ^ 

in figure by a Jqmare ^ ' H TC 

£4 affiled^ and divides the faid AB, intA parts AD, DB, $fcom-, 
tnenfurablein length ; the greater line AB Jhallbe in power 
tpore than the lefs GK ^ the fquatjt of the right lifte FD 

M 4 i«-- 




I&4 



a 1 7- 10. 
b 13. 10. 
cew, 17. 

10.-. 

d 15. 10. 

C 17. JQ. 



946. I. 

b I. 6. 
clyt 
d 10. 10. 

9. ^(p/ 10. 
f 12. 10. 
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Hicommenfurahle to the greater in length. Jnd if the greaii^ 
line KB be more in fewer than the kfs GK hy ihefquare of 
a right line FD incommenfuralle to it felf in lengthy 
andf alfo upon the greater AB ^ applied a paralellogrdm 
ADB ejtial to the fourth part ofthe fquare of the lefs 
G K, and deficient in figure by a fyuare^ then JbaJf 
it divide the /aid greater line AB, kao parts incommenfuvo' 
ble in length hDy DB, 

buppofe ail the lame that was done and laid in th^ 
prec prop. Therefore firft. If AQ ^p- DS, a then Ihall 
AB ^. DB. b Wherefore AB *tx z DB ( AB — FD)< 
therefore AB "n. FD. Pf^hich was to be demonftrated. 

Secondly, If A B ^tl FD , then AB *X3- AB — F D 
( a DB ) </ wherefore AB "tl DB, € jind cqnfccjuently 
AP'xi.DB. If^hichwastcbt demonfirated,' 

m 

PROP. XX. 

A JreBangte BD comprehended 

' under right lines BC, CD, rafi&t 
nal and commenfurabk in length 
according to one cf the f ore/aid 
ways^ is'rati^naly 

Let A be given p, and a the 
fquare BE defcribcd upon EWC. 
Becaufe DC. CE (BC)^ : : BD. BE, and DC c-A^BQ^d 
therefore fliall the redrangle BB be xi. Iquare BE,wherer 
fore feeing the Iquare BE e TX Aq.fliall alfo/BD be T3l 
Aq, and lo the rearangle BD jbV. Which was to bedf 
demonfiratedp 

Note, ^here are three kinds of rational lines commenfu- 
rahle one to another. For either cf two rational lines com- 
ptenfurahle in length one to the othtr^ one is equal to the 
rational Hne propounded^ or neither of them is equal to it^ 
notwithfianding both of them are eommenfurable to it in 
length ; or lafily both of them are coinmenfurable to the ratio-, 
nal line given only in power. And thefe are the ways which, 
tht prefent theorem fpeaks cf 

In mtmbers, let there -be BC, ^Z 8( 2-^/ a) an4 
CD v/ 18 ( 3y a ) then fliall the redtangk BD =5: / 




PROP 
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PROP. XXt 

r 

If a rattcna! re&an^h DB 
he applied to m rational line EXH , 
it makes the breadth thereof CB 
rational y and cemmenfurMe in 

-b i^i*^ ^^ *^^* l'^^ ^^ whereto T)^ 
A C & G- is applied. • 

Let G be propounded L and fhe (quare DA dcfcribcd ?! 
on BC,. becaafe BD. DA; : /»BC. CA ; aiid BD. DA h ^f^' 
nrepA c and fo ri.. d therefore BG -p^CA b.i; CD X*' " ^°- 
(CA) is pV e therefore BC is p. IVhichwas to he demon- ^/5* '^• 
firated, ~ ' - . e/r^ 12.10. 

In numbers, let there be the rectangle DB, 12, and 
.DC, V '^" then IhJl GB, y/ 18. bi^r y^ 18 :i: 5v/ a- a>4 

V^ 8 =r- 2 X v^ 2, * ■ 

Lemtna* 

^0 find cut two rational right A « 1 » 

i/»ej ccmmenftirahle only in B * ■■ 

^luer C ■ ' * 

Let A be propounded J. /» a 11. lo. 

Take B "^ A, ^ and C "g. B. h it is cle^r that B.and ^fcK iz. 
C are the lines required, %o, 

PROP, XXII. 



.' ji re^angle DB comprehend- 
ed under rational right lines DC, 
,C13 commenfurable in power only^ 
is irfational : and the . right line 
-H, V)hich coniaineth that rec- 
tangle in fciver is irrational^ and called a Medial line ' 

Let G be the propounded £, and the (quare DA de- 
fcribed on DC, and let Hq =1= DB, Becaufe AG CB a.x 
DA. DB. h and AC ^r^u CB, c fliall be DA til DB (f Iq.) 
4 but Gq 'X'- DA. e therefore Hq ^TX. Gq f wJ^erefore H 
U p Which was to he dem. and let it be cailo ^ y Me dial 
-line, becaufe AC H : : H. CB 

In numbers, let there be DC, 3^ and CB, jj/ 6 then 
ihaU the redangle be D3 ( Hq ) ^ 54« whereifore H is v 

V 5 4- ■ 
The note of a medial line is y, of a medial rectangle 

i/f, pf more togethSr ./a. 




BGK 



a T. tf. 

c 10 10. 

d hyp. ami 
pW^'jo. 
e 15, lOi 

f II. IQ. 



Sfh^^ 
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Schd. 

Every reftanglc that can be contained under two ra- 
tional right lines comracnlurable only in power, is me- 
dial, although it be contained under two right lines ir-. 
rational: and every medial rcftangle may be contained 
under two rational right lines, comraenwrable only in 
power; as for eacarafle, the V Z4 is f^Vy becaule it is ecu- 
taiufcd under y/ 5, and V 8, which are f , -^ akhoueh 
it may be contained under t; v' 6, and © V' ^c irra^iopals; 
for V 24 = W 516 ^v^ 6 X V 9^- 

PROP. XXilt 



B 




10. 

b I. ax. I. 

C 14^* 

d22 d. 
chyp. 
ffcb. 12. 
10* 

fia 10. 
fcb. 12. 
10. 

k 1.6, 
I 10. 10. 
m/ch. 12. 

n 13 10. 
p 1. 6. 
p io. 10; 



b byp» 
^23. 10. 



1 



If the reBangU BD iw^A 
tf a medial Ijne A, fc ^ 
;W ^a » raiiofial line BC, 
f^ iwW*^jf thf breadth CD 
rtf*i«ir4/, and incommenfurahh 
in length to the line BC, where- 

%pta th^ nStat^le BD is applied. 

Becaufe A is /z, a therefore fliaU Aq be equal tp^mc 
reftangle (EG) contained under EF ^f%?^;l 
therefore BDr=:EG. d >yhence BC EE .: FG. ^. ^ there- . 
£e BSfEFq:: FG^ C^q. &at B^a^EF^.^^^ 
ir, f and lb 13.. e therefore FGq -p- *-^ wncre- 
WfaS FgIT), f therefore CD ftall be f MM^Over, 
SaSp FG *•:: e4 eg (BD ;) for 6nce g/^ 
va , fliall EFa be *TX BD. But EFq m "O- CLlq « 

Sefo^^^^^^^^^ ^^^^1»^''lc^ht: 

CDq. BD :: CD-BG ^ ftall CDbc ^ BC there- 



fore, ©*(:. 



PROP. XXIV, 



A rinht line B f#w- 
menfurable to a medial 
line A, ** ^//^ a medi^ 
al line. 

Upon CD pa make 
the re6tangle CE =: Aq ; 
I -^ '^ a and the reftangle CF 

=.Bq. Becaufe Aq (CE ) is ^r, ^and CD p, ^ thcrefoi^ 
Itt^U the latitude DE be p -^ CD. But ^«^^^^^ 




J:: ED. DF. and CE e-tk CF, / thcrcfoi^ ED tx d i. <J. 
DF. /? therefore DF is p tx CD. h whence the TeBtan- c *)ff . 
gle CF(Bq)is/*r, andloBis/*, Whicbwasto bede- f lo. lo. 
vmBrated. gtZ-amf 

Obf. <!>«/ /*^ 9»»«tf *9»i^ *fc ^ofi fartfigntfies commeth 1 9. la 
ptrMe inpowtr only^ as m this a^d ibt J^ecedeHi denum/ha- h zz.io, 
iiofss, &c. 

CoroU 

Hereby it is manifeft that a ipace cosnmenfiirable ^o 9 
medial ipace, is alio medial. 

J4€i7tfna» 

^0 find em t^m metba! right lines A, B, A 
^ommenfurabh in lef^hy apd alfo two, Kj B - 
CfCommenfitrahkcnfy in pettier. C — 

^Let Abeanv^, ^ taj:e B Tx A, andrC-q. A,rf 
and tis evident the thing IS doi^ "^ 

PROP. XXV. 

ji reSf angle DB contained under DQ F l> «»t 

iVB medial right lines commenfurable in 
lengthy is medial. 

Upon DC defcribe the Iquare DA. 

Becaufc AC (DC.) CB ^ :: DA. DB,^ 

aiid DC Tx C6; 5 IhaliDA tx DbP 



ana JLAJ Tx CB; 5 fliali DA tx DB.* , « , 
f therefore DBis^r. fFhicb was to he demonpated. 



a tern, z\^ 
lo/nafi^. 

b 2. /futi. 
10. 10. 
cj lem.io, 
10. 

d conJi.anS 
24. 10. 
a 1.6. 
b 10. lou 
c 24 10. 



PROP. 



iS8 



^U tenth Book of 



PROP. XXVI, 



D 




■ 










A 




a ^6, 1. 
hcor i6 6, 

c hyp. & 
24. 10. 
d 2;. 10. 

f 20. !©• 
g/tfc 22.6. 

h I. 6. 
k 17. 6. 
1 li. 10. 
m 20 10. 

n 22 10. 



KM 



\A reBangle AC comprehended under medial tight lines KS^t 
BC commenfurahU only in power ^ is either rational or medial. 

Upon the lines AB, dC, /i defcribe the fquares AD, 
CE; and upon FG p b make the rcdtaugles FH, = AD, 
^andIK = ACiandLM==:CE ' 

The fquares AD, CE, that is, the re6bngles FH, LM, 
c are (jla and Ti. therefore GH, KM, having the lame 
proportion d arc p, e and TXjf' therefore GH x KM is 
pv. But becaufe AD, AC, CE, that is, FH, IK, LM,^ 
are ^'yh and foGH, HK, KMalfo ^ ; i^ thence HKq 
=rT GH X KM. / therefore HK is p, or li, or -g. IH 
( GF ; ) if T3U, m then the rectangle IK or AC is pv. but 
if ^ , n then AC is /^y. lf%ich was to he dem. ^ 

Lemma. 



*7r^ 




If A and E 4re "g- 
cnfyy I'henfirfiy Ihall Aq, 
Eq,Aq+fiq,Aq-Eq 
/I T1-. ^»^ fecondly Aq, Eq, Aq 4- Eq, Aq — Eq 'tX 
AE and 2 AE. For A. E ^ : : Aq: AE f :: AE. Eq. 
therefore feeing A c *rx K d Ihall Aq 'n- AE, e and 
2 AE. alio Eq d 'tx AE, e and 2 AR wherefore be- 
caufe Aq -f- Eq "TX. Aq and Eq; and Aq— Eq XL Aq 
and Eq ;/ therefore Ihall Aq-f- Eq, /and Aq — Eq 
be *T3- AE, and 2 AE 

Hence alfo thirdly^ Aq, Eq, Aq -j- Eq, Aq — Eq, 2 

AE ^ *n. Aq 4- Eq + a AE; and Aq -+ Eq — 2 

AK ^ and Aq 4- Eq + 2 AE "tx Aq -}- Eq — 2 

andl'rio. AE. h (Q^A -- E, ) 



^hyp and 
i6, 10. 
b I. 6i 
c hyps 
d 10. 10. 
e 14. 10. 
f 14. 10. 



g 14. 10. 



*•< 



PROP. 



Euclide'j Elemems. 



t^ 





PROP. XXVIL 

A medial reBangle AB ex^ 
ceedeth not a medial reBangfe 
AC by a rational reBangle Do. 

Upon EF p\ a make EG 
= AB, a and EEI ^ AC. 
The reftangles AB, AC, /. e. 
EG, EH, h are (jla ; c there- 
fore FG and FH are o TJ-EF. 

Whence, ifKG,^i.tf.T)Bbe , ,^ . „^ _ 
pV, e then fliall HG be tdl HK J rY?^refore HG TJ. 
fe. 5 and confequently FGq ^ FHq. tut FH is p. 
2» therefore is FG p. but FG was p before. /Tl^/ri « 
(ontradiHoty , 

SchcL 



I, >^ rational raSfanqle AE exceeds 
a rational reSlangh AD fe^ /« rational 
feBangU CE. ^ ^ 

For AE a "dl AD, l therefore AE j^ q 
"XO- CE t wherefore CE is py. Which 
was to he dem. P D 

*2. J rathnJUl reB angle AD joined 
nvith a^ rational reBangh CF makes a 
rational reBangle AF. 

For AD a "dl CF, b wherefore 
AF TX AD and CF; c and fo AF is 
pir. Which was to ke dem. 

PROP, xxvin. 

9o jS5»^ out medial lines ( C 4W D.) which 
certain a rational reBangle CD. 

a Take A and B P^^Tg^. fe make AC:: 
C B. c and A, B : : C D. I fay the thing re- 
quired is done. For AB^^Cq) d isjuvy d 
whence Cis^ but becaufe A B::C.D. ^ 
therefore C 4^ I . g and confequently D is 
fy. Moreover by permutation A. C :: B, D. 
i e.C B::B: U. h therefore 3q = CD. 
But Bq is pV. h therefore CD is pr. Which 
itf as to be done. 







ac*r. 16. S' 



w 



hhyp. 
c Z3. la 
d 3. ax. 14 
c 21. lO, 
f 13. 10. 

10. 

h fth.tz. 



b c«?r. kS*. 
10. 
Cfih.il 10 



ayJ:ft.I2.IO 

b 16. 10. 

<:fch.iz 10 



BDC 



In 



b 15. 6. 
c 12. 6, 
dzi. 10. 

e rof^r. 
f 10. 10. 
g24.io 
n 17.6. 
hfck iz» 
10. 



t5» 




b IJ' 6, 
c i^ 6. 
d 17. 6. 

glO. 10. 

h 24* 10. 
hconfir. 

1 16 6. 

tn 22. 6. 



ne ttntb B€ok<f 

in numbers, let Abe y/ z\ and B v^ ^. th^fored 
IS cr v' 12. make V 2. y/ 6 v, v ^ ii»1^- or v y/ i^v ^ 
^6'j:vs/ 12.. D. then fliall D be v/ 108. but « %f lix 
« V' loS :=: V ^ iz^6 =^ 3<S s=r d. therefore QD is 6, 
likcwife C D:: i. ^ 5. wherefore C -^lD. 

PROP. XXIX^ 

. ^ jf^ni out medial right lines comment 
fiirahle in power ordy^ D and E^ contatn- 

11 f;?^ a medial reBangle DE. 

J I I a Take A, B, C_p •Q-. make A D« 

I 11 :: D.B.randRC::D.El%thcthing 

I N^ defir^ed IS performed. 
A b B C E For AB 1/ n: Dq. and AB e ik yifi 

tlierefore D is /«; and B^"^- Q g 
whence D "O- E. therefore b E is u. Mortovcr B. C 
/ :: D.E and by permutation B. D:: C. E f.^.D^A:: 
C. E / therefore DE = AC But AC m is ^p. therefor^ 
DE is ar* WUch was to he done. 

In numbers, let A te 20. and B, v^ aoo, and C V So. 
Therefote D is ^ V 80060 ; and E v\/ 12800. There- 
fore DE=tV^v' 1024000000 ssrVS^ooa andD.E::/* 
10. a. wherefore D 1^ E. 

ScM. 

^ofind out two plane numbers y tike 

or unlAe. 

Take any four nuitiber;? prd- 
portional A B ::C D it is ma- 
nifeft that AB and CD are like 
plane numbers. And vou may 
find out as many luilike plane 
numbers, as you pkafej by help 
of Schqh 27*8- 

Lemma* 



A,6. <i,i2 

B>4» fiSy 
AB»24: dJySr 

A,^. C5. 

B,4>__ D> g> 
AB,24. CD,4o. 




APOD B 



flV 



* EttcLiDB'i Elements. fpt 

To find cut t(voo fquare mmhers (DEq and CDq) fe that 
He number compofidtf thm (CEq)befyuare alfi. 

Take AD, uB like plane numbers ( of which let both 
be even, or both odd ) viz. AD, H- ^"^ ^^^ ^ The 
total of thele (AB) is 30 ; the difcrencc (FD) 18. half 
of whith (CD) is 9, a Now the like plane numbers AD, a 18. 8, 
I)B, have one mean number proportional, nam^y DEt 
therefore it is evident that every ^f thofc numbers CE, 
CD, DE, are rational, and by coftfeqcnce CEq (A CDq b47. i, 
4- DEq) is the Iquare number required. 

Whereby it will be cafv to find out two fquare num- 
bers, the exceft of which is a iquare or not % fquare 
number, namely by the fiimc conftruftion c (hall CEq— cz.at, u 
CDqbe = D]^ 

But if AD, DB beplane numbers unlike, the mean 
proportional line (DJE/) fhall not be a rational number, 
and fo neither fhall the txocfs (DEq) of the fquare num^ 
bcrs, CEq, CDq. be a ^uare number, 

LeJuma 2* • 

2 ^0 fmd out tvjo fuch fquare numhers B, Cf as tht 
number comfoundei of them D is not fquare, Alfo to dtf 
ifide a fquare number A into tm> numbsrs B, C, mtfquares, 

A, 3- B,9. C,3d. D, 4J. 

X. Take any fquare number B, and let C be = 4 B, 
and D =B -|- Q I fay the thing is done 

For B is (^ by the conftr. likewife becaufe B» C :: i. 
4 : : Q- Q^ a therefore C alio fhall be a fquare number, a 24. ^ 
But becaufe B 4-C (D).C::5. 4«*-not QiQ^^there* \>cer.2J^ 
fore fhall not D be^a ^uare number. JVhicb was to be 
done, 

A, 3<5> Hi 24. C, 12 D, 3. Ej 2. F, i. 

2. t^t A be fbmc fquare number. Take D,E, P; 
plane numbers unlike, and let D be = E 4- F make D. 
E : : A. B. and D. F: ; A. G I fay the thing retjuiied is 
done- a 14. 5. 

For be'caufe D. E +- F : : A. B+C, and D-=rE |-F, a b zi.dtfr 
tlierefore fhall A=r B -f- C Now fiippofe Btobefquare, c z6, 8* 
h then A and B, c and confequently D and E are like 
plane numbers U^hicb is contrary to the Hyp. 

The fame abfurdity will follow if C be fiippofcd a 
iquare number, Therefore, Qfc. PROP. 
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a I Jem ap. 

lo. 

c I. 4-* 

'd cow^**- 
c 6. lo. 

lO. 

Mi. 5. 
k47. 1. 
1 9. 10. 



a t.tefit.z^* 



PROP XXX* 

fS ffid out Hvo rational right 
tines KB, AF, eotnmenjMrabJe only 
in fotverj fa that the greater AB 
ftjaH he in fower more than thelefs 
AF hy the fquare tf a right line 
BF commenfiirable to H felf in 

length. 

Let AB be p. ^ Take the IqUarc numbers CD< 
CE. fo that CD — CE (ED) be not Q^ * and makd 
CD. ED :: ABq. AFq. In a circle defcribed upon 
the diameter AB c fit AF, and draw BF. Then I fay 
AB, AF, arc the lines required 

For ABq, AFq rf : : CD. ED. e therefore ABqtx AFq, 
but AB is p. / therefore AF is alfb p. But becaufe CD ii 
Q: and liD not Q^: g therefore fhall AB be 'n- AP, 
Moreover by reafon of the h right angle AFB^ is ABqt 
= AFq + BFq ; therefore fccingf ABq AFq : : CD. ED. 
by converfio^ of proportion fhall ABq. BFq : : CD. CEa 
<i Q^ / therefore AB Xs- BF. • JVhich was to he done. 

In numbers, let there be AB,6;CD, 9;CE, 4; where- 
fore ED, 5. Make 9 5 :: 56. ( Q^: 6. ) AFq* then AF4 
fliallbc2o. and confequently AFy. 20* therefore BF<| 
:ri 36 — ao 23= i6» wherefore BF is 4. 

PROP. XXXL 



^0 find out t^'O rational lines AB, 
AF comme'nfurahle only in power^ 
fo that the greater AB Jtall be in 
power more than the lefs K¥ by 
the Square if a right line BF incom- 
menfurahle to it felf in length. 




E . . • .. O 



h9'i^ 



Let AB be p. a Take the fqiiare numbers CE, ED,rt^ 
that CD =t: CE4- ED be not Q^and* in the reft follow 
the conftrudion of the preced. prop, 1 fay then the thing 
required is done. 

For, as above, AB, AF, ate p "13.. alfo ABq. BFq : : 
CD. ED. thetefore fmce CD is not Q. AB, fiF * fhall 
be 'tx* U^hich ^as to be done* 



IL 



In 



E,ti c 1 i Tf E*j ^Umexfts. l^y 

M huml>ets, let tlicre htP^, 5.<3),4J- CE r= 5 6 ED 
fc: J. Make 45. 9 ;: 45 (ABq.) 5 ('AFq ) therefore AF — 
\/ 5. confequcutly BFq = 45 — ^5 =^ ^o* wherefore BF 

asV' 20. 

pROP.xxxn. 

A — ^ ^ofnd oitt Hvo meMal tines C, 1 

B I ■ > ■ > il fc D, commenfurahle only inpoWBr^ 

C III I • eomfrebendmg a rattmaJ reha^gle 

D M . > ,,, M> CD, fi that the greatet C he mort 

ht fo^er than the lejfer D by the 
fjnare ffa fight line cbfnmenfurMe in length to the greater. 

a Take A and B £-g- ; fb as \/ Aq — Bq tx A & a i?o i«. 
aftd make A. C : : C. d. c and A. B :: C D. I lay the thing b 13 tf . 
's<ione. ^ C12. <J. 

For becajufc A and d B are p "O.. e theftfore fhall C d confir. 
{f y/ hB) be //. g arid thence aflb C ^o. D h there- e 22 10. 
fort D is likewife ^; Furthermore, whereas A. B ^: ; G f 17. 6. 
D; and by permutation A' G :.• B. D : : C. B; and Bq is g 10. la 
pf . therefore fhall CD ( A Bq ) be fu. Laftly, becaufc y/ h 24 ici 
Aq — BqiT3L-A, / fliall ^Z Cq— Dqbe-TX.a there- k 1 7, <5. 
fore, ftPr. But if v/ Aq — Bq *XX^ Aq, then ftall / Cq 1 1 5 10. 
— Dqbe*T3-..C 

In numbers ; let thcte be A F, B/ 48 ( y/: 64 — -i(j) 
tlietcfbreCn^-v/ AB =it;v/ 3072- atid D=t>/ 1728. 
wherefore CD— v^/ 5208416 = y/ 2204. 

PROP XXXIII. 

A — ■ ^ find out fnvo medial lines D, E^ 

t) !» I ' I '— commenfnrable in power onfyy cempre^ 

B ■■ '■ •* ■ hending a medial reBangle DE^ fa 

C- ifW /J&ff greater D ^^// 5^ more in 

E ■ ■ power than the left Ky bythefquareof 

a ri^ line comntenfurable to the grear 
fer tengih. 

aTdkt A atid Cp "TJ-, lb that v' Aq — Cq*t5-A, ^ a 56. la 
take alio B 13- A and C, and make A. D c :: D. B i :: b lem. zi, 
C E dien Dj'and E are the lines fought for. 10. 

For bccaufe A and C e are p, e and B -g. A and C, / c 15* 6. 
therefore fhall B be p, and D ( ^ AB) ^ fhall be u. d ii.. 6. 
But becaufc A D:: C.E, therefore by permutation A. tconftr. 
C:: D R wherefore feeing At^ C, therefore D fliall ffchiz to* 
be T^E. therefore E is ft. Furthermore, /becaule g22.io. 
' t), B : : G. E. and BC is uv^ alfb DE, equal to it, is txv^ h lo. 



10. 



Laftly, becaufc A. C : ; D. E ^ feeing y/ Aoj- CqXL A. fc 24. jo, 
therefore ^/ Dq — EqTO. D. therefore, &c. But if y' I 22.10. 
Aq— .Gjix A theny' Dq— Eq'TX.Eq. ftiid. (fc 

N fe n ij. ^ 



«^ 



a 51. 10* 
h 10. i« 
C28 6. 
d i2- <J. 
c cor- 8 6. 

g 19 10- 

h 10. lo. 

k3i.3 ©» 

1 conftr. 
In I 4JIP* I. 
n 2Z. 10. 
o 24. 10. 



^hc tenth Bcok (f 

In numbers, let there be A 8, C ^ 48. B^ 28. then Dc^ 
V^ 3072* and E vV 5^^* wherefiireD. E :: 2* V 3« 
and DEssv^ 1344- 

PROP, xxxnr. - 



To /»^ 0i»^ tvf$ rigit lines AF^ 
BP, hicommnfitrahle in fower^ 
nvbtj/efyfutres added tagether make 
a rational fyttfiy and the reBan- 
gle contained under them medial* 

/rLet dieie be found AB^ 




££ 



CD, p -Q. ; fo thatV ABq-- CDq 'tl AB, divide CD. 
equally inG. c mak0 the reftangle AEB = GCq. Up- 
on AB the diameter draw a femicircle AFB, ercft the 
perpendicular EF, and draw AF, BF. Thcfe are the 
lines required. 

For AE. BErf:: BAxAE.ABxBE. But BAxAB 
« = AFq ; and AB x BE = FBq. / therefore "AE. EB 
: : AFq. FBq. therefore fmce AE^Tu EB, h AFq flwH 
be ix FBq. Moreover ABq {k AFq + FBq) / is f>. Laft- 
U EFq / = AEB / = OGq- m therefore EF = CG. 
therefore CD xAB = 2 EFxAB. But CD x AB » is /wi'. 
therefore AB x EF, ^ or AF x FB is ^y. IVhich was n 
be demonfiraud, 

^he Explication tf the fame ty numbers. 

* Let AB be d.<:D v^ 12, thenCG =* v' '? = \/ 3- Btit 
^E == 3 +. \/ 6. and EB = 3 — V 6. -whence AF 
fliall be V' : 18 4. v" 216. and FB y^ : x8 - y^ 21^. 
Alfo AFq -h FBq i« 3<5» and AF x FB = V' loS- 

But AE is found in this manner. Becaulc BA (6.) AF 
;: AF. AE. therefore 6 AE = AFq= AEq 4. 3 (EFq) 
therefore 6 AE — AEq = g. Put 3 +• e = AE. thca, 
iS 4 Sc---^^,--- 6c-i-ee,that is, 9 — ee=3.orces=:^i 
wherefore e=i: V' 6. and fo AE= irV y/ ^* 



PROP 



^oiJU^tioE'-f Ekmemsi 



m 



PROP. xxxy. 







CA 



^ofitdo$a iw figU IhtesAE, BB, incommenftifabJe hi 
fovfiTy wbofe fykares added tegether mah a midiM f^ttte^ 
Mid the reBaime veMamed under them ratknoL 

» i^ake M and CP a n^, 6> that AB x CP bepV, aiid a 32. xSi 

V ABq-^CFq^AB» and let the reA be done as ill the 
free, pop, AE| EB are the lines required. 

For, as it is Ihewn there, AEq 'n. EBq. aUo ABq 
( AEq 4- EBq) fAr. and laftly AB x CF fc is pr* c therefore h nw^. 
alio AB X DE, that is, AE x feB, is py. therefore, ^c. c /cfc. la*^ 

10. 
PROP.XXXVL d/ri.*2,& 

fT^y /rW (?iif tV)o tight 
tints dA, AC, hncommen- 
furaite in fower^ vuhofi 
fqtiares added togethet 
make a me^dl fgme^ni 
the reBavgle^fo contaht- 
ed under them me^alj and 
incommenfurable to thefgure compo/ed tf the fyuarer^ 

a Take BC and EF u -a., fo that BCxEF be //r. and a } J. 1«> 

V BGq — EFq "tl BC, andib forward, as in the prec. BA ^ 
AC, fhall W the lines fought for. 

For (as above) BAq ilL ACq, alfo BAq -f- ACq is uy^ 
and BA x' AC is t^v. Laftly, BC &*n. EF, and ^^foBCix b con/h. 
EG; likcwife BCEG^;:BCq. BCxEG(BCxAf), or c 13. lo^ 
BAxAQ e therefore BCq C ABq 4. ACq) 'tt BAxAC. d i.tf! 
thefeforc, 6^^. c 14- lo. 





Ki 



&li^ 



^^ <Tlbe mtb JBdofe vf 

Schok 




ar 

<rofind out two medial lines incommtnfitrable hofh in kngA 

a 4(5 to /Take BC m, and let M X AC W ur, ffl»d 'tt. BC| 
h V; tf (BAq -f ACQ) « make BA. 11 : : R AG then I f« BC-anil 
c ?'6' HSu^WBCis/«*.-randBAxAC(.fl5)isF. 
5 \1 lo. wherefoi^H is alfo ^ W Likewife BAx ACt^ BCq; 
therefore IJq'ta. BCq^ therefore, O'ir. 

Uere hegin the fenarks tf lines trratiotial hj 

compojftion. 

PROP, xxxvn. 

^ /jf fwo rational lines AB, BC, 

J^ ^ C commenfurable dnl^ in power ^ are 

added together^ the whole line AC 
if irrational, and is called a binomial line, or tf two nameu 
«iy^ • For becaufe AB a*TX. BC, thence b ^aH ACq be ^ 
hlem.z6. ABq. But AB a is fi^ therefore AC is p. PThichwastfi 
lo. ^ demonjlrated* 

'^ PROP, xxxvm. 

ljr^«W^ Wtfrfw/ //WJ AB, BCr 

' A B C commenfurable in power onfyyafe 

compounded^ and contain a ratio^ 
nal reBangle, the whole line AC is irrational^ and coiled * 
« fiffi bimedial line* 

' ahyp. For becaufe AB ^ 'tx BC, b fliall ACq be tx ABx 

hlem. z6* BC, p[^. t therefore AC is p, /fl?/^i& was to be dem. 

' IQ- 

Cii-/J!ffiio. 

LtmmA, 



£ u c 1 1 D i*x E/emems, 



fpy 



IdetkfHat 




BC iliall be alfo p. againfi the Hyp, 

PROP. XXXIX. 



j^ uBangle AQ coittmhHd 
under a rational line AB and 
an irtatiimal line BQ is ir* 
rational* 

For if the re&aagk AC 
be afGrmcd py, a then b©- f ^ 
caufe AB is p, fcthc breadth *> *'• '^* 







4 



Q 



If two medial lines AB» 
BQ commenfuratie only in 
power y containing a medial 
re^an^e, are compounded^ 
the whole line AC Jball he ir^ 
rational^ and is called afr* 
cond himedial line. 

Upon the propounded 



line DRp a niake the reaanglc DF = ACq; fc and DG 
= AB^4-BCq. 

Pccaule ABq c iSL BC<^, d therefore ABq4- BCq, i e. 
DG> Tl. ABq: but ABq e is (jLV^e therefore DG is (av. But 
the re^ngle ABC is taken fAv^ e and coniequently 
z ABC (/ HF) is f/v. g therefore EG awi GF are p. 
Alfo bccaufe DG h XL W; and DG. HF;: Ik EG. 
GF; /therefore EG*rLGF. m therefore the whole £F 
is L n wherefore the reftangle DF is pV. o therefore; ^ 
DF| I e> ACf is f. Which was to he demonfratti, 

PRQP.XL. 



*?■«■ 



B 



Q If two right lines A^, BC, com- 
menfurable only in fower^ me added 
together y mafOvg that which is torn- 
fofed of their fquares rational y and the reB angle contained un- 
der them medialy the whole right Jinfi AC is itrationalj and is 
(filled a Major line* 



Acor. i66, 
b47. !.&• 
II. 6, 
c hyp, 
d i6. lo.; 
e 24. 10. 
f '4. 2. 

ff 23. ID. 

h lem. 2& 

ki. 6. 

1 10. jp. 

m'37. 10, 

nlem, J 8* 
10. 

oil. def* 
IQ. 



N$. 



F^ 



ifS Tbt tenth Book of 

alrjfji. For whereas ABo 4- BCq n is w, and * *0- 2 ABC * 

bjtjbtiz. /xr. and foACqC^ABq + BCq+i ABC)«*t3.ABq 

10. 4.BCqpV/ therefore fliallAC be p. IFhicb t^as to hi 

ciyf^and demon frrat€4 

24. 10. 

d4.2. . XROP. XLL 

c 17. 10. 

f 1 i4Uf,io. A—- ^,— B If tm Hgbt Urns AC, CB; 

(3 tncommenfurahii in fower^ are 

adied tegetbetf havh^ that 
which is made of then: fymaees 
added fegither ffiedial^ and the teBangh contained tmdertbent 
vationaU *he whole right line AB Jball he irrational^ and is 
calhd A line containing in power a rational and m medial 
te&angfe. 

a hyp.an4 For 2 re£faiielcs ACB ^/pV, i*TxACq4-CBqc/ur rf 

fch, 1 z. 10. therefore 2 ACB d *tdl ABq. wherefore e ABiii p. frhid 

hfiktz. ^as tp he demonfirated* 

la ' 

chyp. ?ROF. XiJl 

d 17 10. 

Cit.def. 

IP. ' 




O 25. 10, 
C4.2. 

d2.<^. 
c 10. 10. 

f 57. 10, 
g Um. 38, 
10. 

|i ll.def^' 
40. 



.<^ /«» r/^^ ^;ffj Glly tIK« tpcommenfuraUe in power ^ 
are added together^ having both that which is compofed of 
l^hrfquares medial^ and the re^angle contained under them 
medialy andmcomvienfurable to that which is compofed cf Mr 
fquaireSj the whole right line GK is irrational^ and is calkd 
A line containit^ in power two medial figures. 

Upon the propoupded li^ie FB^ make the redandes 
AFnGKq, andCF=:GHq+-HKq. BecaurcGHq4- 
t]Kq(CF) a is UF, the breadth CB h ihall be p. Alio be- 
cauie 2 reftangies GHK (c AD) a is upy therefore AG^ 
fliall Sjp f. Moreover becauie the redangle AD a *TX.CF, 
i and Ap. CF : : AC CB, e thence Ihall AC be 'o.CB. 
/lirhevefore A is^f. therefore the redangle AF. f*. 
GKq is pi' ; it and conlequently CK is p. ^Jch was to 
ie demonjlrated. 



EvclidbV BJments. 



PROP. XLni. 



m 




AC JF I JDB 

^ /i«f tf Uvo nameSy or himmhialy AB, can at emfttnt 
$nly D be dnuJed intoHt names^ AD, DB. 

If it be poffible, let the binominal line AB be divided 
at the ppi^t B, into other names AE^ EB. It is matii- 
ic& that the line AB is in both cafes divided unoqually, 
fmce AD *rj- DB, and AE'ix EB • 

Becaufe the rd^gles ADB, AEB a are |u« ; a and a 37« lO^ 
each of ADq, DBq, AEq> E3q is /«. ^ and fo ADq 4. hfch. i-j. 
DBq b and A£q ^' EBq are aUo p^t. h therefore ADq 4* ^^* 
DBq^AEq 4- EBq c i, e. z AEB - a ADB i$ pr. d cfih.$.2. 
therefore AEB - ADB is py. therefore /ixr exceeds ^y by dfib.ii* 
fV. tlf'hkh is abfitri. i^ 

C 17- lo. 

Pl^OP. xuv. 




*A C F £ D B 



^ frfi l^etlial Urn AB ;x. in imcfmnt oriy D^fded inta 
Bs names ADy DB. 

Conceive AB to be divided into other name$ AE»EBy 
whereupon every one ADq, DBq, EBq, will be a uet. a 3S. la 
and the re^angles ADB, AEB, and the doublcsof them, hfct.i'i. 
ptt h therefore z AEB -» 2 ADB. c i. e. ADq 4^ DBq ^i to. 
Ag^+EBqispr. f Which is abfyrd. cfch.$,i. 

d 27^x0. 



^4 



PR Oft 



fiQO 



a ^9. 10. 
b i6 and 
44. 10. 
c zf. to. 
d'24. 10 

C4. 2. 

10. 

fi. 6. 
10. 10. 



PROP, XLV, 

Jf^fecondhime^ialline AB|^ 
/j divided into its names AC, 
Gp, only at one foint Q. 

Siappofe there were other 
mines AD, DR Upon the 
propounded line EF p make 
the reftangles EG = ABq, 
ICH G 3ndEH:= ACq+CBq, as 
alfoEK=AD<|-f Dj3q. 

Bccaufc ACq, BCq^ arc ^a tx 5 fc ACq-f GBq (EH) 
fliall be uv. c therefore the breadth FII is p. a CQorcova? 
the reftangjb ACB^ 4/ and lb zACB(€ IG)is m^ c there- 
fore HG is alio p. And fince EH is/^ix IG^ f and Ell 
IG : : FH. HG. h therefore FH, HG ihall be ^xx- k there. 
fore FG is a binomial, whofe names arc FH, HG. % 
the iamc reafbn FG is binomial, and the names of i; Fl^ 
K.G : library ip the 43. ef this Book. : 

PROP. XLVL 





Ac F JEl D B 



A Major line AB is at one point only D divided into its 
naptes AD^ DB. 

. Imagine other Names AE, EE wbercapon the re€fcan- 
a 40. 10. gi^ ^53^ ^EB^ ^ ^^. a and as well ADq 4. raq, *a$ 

b/c^. ii* AEq 4. EBq arc p ''. i therefore A%4-DBq -: AEq 
^^- 4-^5> ^'•'•*-^EB--2ADBi^pV. dWhichisif^pf 



d 17. 10. 



PROP. XJ-VIJ. 



■ I I* ' \ -^ /''^^ AB coTttaininf^ 

P E 3D ]5 ' *^ f(f^^ a national and a 

medial f^re is dividedat 
9ne foifit only D intQ its names AD, DB. 




EuclidbV Ekmems. lOt 

Conceive other names AE, EB. then both AEq +. 

EBq, and ADq 4. t)Bq are ^aa. a, aftd the re6fcangles a 41. iq. 

AEB, ADB are 5 4. h therefore 2 AEB — 2 ADB, cue. b fcK 27, 

ADa 4- EBq AEq 4- EBq is pV. </ /^^»^ h dfufd, lo. 

cfcff.J. 2, 

PROP. XLVm. <ii7. 10. 

A line AB cpnfaming in few- 
er use mediai reftan^le^y is at 
me point only C divided into its 
jnanteshCtj CB«. 

If you woidd have AB to 
he divided into other nazne$ 

AD, DB^ dr»«r upon the line 

compounded EFp the reaaii- P X W <S 

glesBG - ABq, and EH r: ACq+ CBq, and EK = 
ADq +. DBq, then becaufe ACq 4- CBq, namely EH, a ^ ^^- 10; 
is ti9, A the breadth FH fhall be p. Alio becaufe 2 ACB, ^ 25- iQ. 
c that is, IG, is ^ ^y, IK 6 fliall be likcwifep. There- ^4 2. 
fore, whereas EH^^ ICL IG, and EH. IG rf:: FH, HG, ^ i- <^- 
thence FH e Ihall be >ci. HG, /therefore FG isabkio-- ^ 10. 10. 
inial, and die names ot it FH, HG. In like manner FK> *^ 57- ^^^ 
KG ihall be the ijames of it, sgainfi the 43. of this Book, 

Second Definitions. 

A Rational line being propounded, and the binomial 
divided into its names, the greater of whofe names 
is more in power than the Icfs by thelquare of a right 
line commenfiirable to the greater in length ; then 

J. If the greater name be commcnfiir^c in length to 
the rational line propounded, the whole line is called ^ 
binomial line. 

IL But if the leffer name be commenCurable in length 
to the rational line propotmded, the whole line is called 
9 (i^cond bin(»nial. 

III. If neither of the names be commensurable in 
lenjgth to the rational line propounded, it is called 9 
^hird binomiaL - 

Furthcr^nore, if the greater name be more in power 
than the ids, by the fquare of a right line incom- 
menflirable to the greater in length, then 

IV. If the ^eater name be commenfurable to the 
propounded rational lin^ in length, it is called a fourth 
binomial. 

V. If 
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' V. If the Icffer name be ib, a fifth. ^ ■ 

VI. If neither, a fixth. 

PROP. XUX. 
A .' .. 4 C.:.. . 5 B ^ofnd out a frfi bmmial line, 

D EG. "^ ' 

zjch.zp ro E— •F-— — Q a Take AB, AC, fquare num- 

b z lem. 10. H hers, whole excefs CB is not Q. 

lo. let D be propounded L h Take 

c iJm.io. EF -CL D, and c make AB.CB;: EFq, FG^ then EG 
lo. ihall be a I bin. 

4 C9nft. For EF rf-p-D. e therefore EF is p. / alfb EFq Tx 

c6.aef.io. FGq. g therefore FG is alifoj- likewile dhecaufe EFq. 
f 6. lo. FGq : : AB. CB :: (^ not (4 5 thorcfcire EF *tx FG. 



gfcb, 12. I-aftiy, bccaufc by convo^on of proportion, EFq, EFq 
-.FGq :: AB. AC:: (XQ thence EF * ihaU be 13. 4/ 



10. --FGq :: AB. AC:: Q.CL thence EF * ihaU be ta. v^ 

h 9. 10. EFq — FGq. /therefore TEG is a i binominal. IVlki 
k 9. 10. was to he done. 

li.def./^S.^ In numbcis thus; let there be D ?. EF 6 AB 9^. 
10. CB 5 wherefore becaufe 9. 5 : : 5$. 20, therefore FG is 

iJ %o. and ccnifiquently EG is 6 4- v^ ^o. 

PROP. L, 

A....4C,,,.. 5B ^ofndoutafecmdhswmiallinef 

D ■ — ' EG. 

g F- — -— - G Take AB and AC fqoare num- 

U . bcrs, the excefs of which is CB 

not Q. Let the line D be pro- 
frove H M pounded p. take FG Tx D, and makeCB. AB :: FGq. 
ibeprec. ^Fq. then EG will be the line defircd»* 

For FG T3. D. wherefore FG is ^ AUb EFq -a. FGq 

therefore EF is p. li^ewifo becaufe FGq, EFq::CB. 

AB : : not Q. Q: thence FG is "ul EF. Laftly, feeing 

CB. AB : : FGq.EFq. and inverfely AB. CB : : EFq, FGq. 

therefore as in the foregoing Prop. EF "TL y/ EFq — 

FGq. a whereby EG is a 2. binomial. fFhhh was h he 

done., 
a 2. A/48* In numbers ; let there be D 8, FG 10, AB 9, CS5 .then 
io. EF is t^ 180, wherefore EG is lo -f- V^ i^o* 

F|10P. LI. 

A .. ..4 C. . . . . 5 B yfofinA aa a third Immial 

L.;....g Ime.bF. 

^Jch 19. G — ' 4 Take AB, AC, Iquare 

JO. D — F — ^ F numbers, theexcels of which 

H' '■ ■■ " ■ ' ■' ■ ' CB is not Q^ and let L be 

a nimiber not Q^next greater 

x\axi CB, viz. by a unit or two. Let G be the Une pro-. 



sounded p. h Make L. AB :: Gq.DEq. b aiid AB.CB s : hilem.io 
DEq. EFq. then DF ihall be a Aird binomial lo 

For bccaufc DEq v Ta. Go, WDE is p. alfo Gq. DEq c conflr. 6 
t: L. AB : : no( Q^Q. e thcretoiieG 'xa- DE Likcwife 10. 
iince DEq e Tiu EFq, ^ alio EF is jS. Morepvcr l)ecauic dfiib, 12^ 



DEq, EFq : : AB. CB :: Q. r^ (If is DE *n. EF. and 10. 
fincc by conilr. and equality Gq. EFq :: L. CB :: not Q. Q;. c 6. 10. 
(for ^ L and CB are not lite plane numbers 3 h thercfonc £9 10. 
ihall G be alio "n. EF. Lafily, as in the prpc prop, v/ $fcb z; 8. 
DEq — gFq -n- DE. A therefore DF is a 3 binomial, h y. lo* 
ff^bich was to he dene. t Ji^r49. 

In numbers; let there be AB, ^.CB, 5. L, (f. G,?', 10. 
then fhall be DE ^ 96, and EF J -^1% wherefore JDF 

PROP. IJL 

^P find out a fourth hinQmial line A... ^ C...... 6B 

DF. G_i_ — ^ 

a Tak« any iquare number AB, D —- E ^ ^F a fch m, 

and divide it into AC, CB-not H ' ■ jo. * ^* 

lquare& Let G be the line pro- 



"^^^J i ^^J^n"?- ^V*. and mike AB.CB:: bx/e«.|a 
DEq. EFq, then DF ihall be 34 binomial. jq. 

For, as in the 49 of this Book, DF may be (hewn to c 2./e/JMOL 
be a binomial, and alfo becaufe by conftr. and converfion x<^ 
of proportion DEq. DEq — EFq : : AB. AC : : Q, not ©. 

^foallD^bc'lXV'PEq— EFq.^ihereforeePisa4 do la 
binomial. al diffjL^ 

In numbers, let G be 8, DE, 6. thm EF fhaU be v^ ta 
%^ therefore DF is 6 -f- / 24. 

* 

pjiop- Lm 

^0 fipd out a fifth bhfomial line A... 2 C 6F 

DF. G-JL^ 

T.ikeany fquare number AB, D g p 

whofe fegments AC, CB are not H ■ ■* . 

Q; Let G be the lipe propounded 

p. take EF *u. G. and make CB AB : : EFq. DEq. theq 

.ihall DF be a 5 binomial. 

For DF ihall be a binomial as in the 50. of this Book 
and becaufe by conflrudion, and in^erfion, D£^ EFq : ' 
AB. CB and fo by converfion of proportion, DEq. DEq a g la 
^ pF^:: i^, AC ;: (^not (^ tf tlicrcfore lh4U^ 
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h^.dtf^Z, Sx v^ DBq — EFq. * therefore DF Js a 5 binomial 
10. If^hich was t0 he diane* 

In numbers, let there be G, 7. EP, 4. then DE Ihall 
be \/' 54. wherefore DF isS^^-^ 54, 



G 

H 



t 



PROP. UV: 

9 2^ 



E 



-P 



Take AC, CB, prime numbers, 

fo that AC -h CB (AB) be not 

Q^ take alfo any number fquare 

L. Let G be the line propound- 

8 llem 10. ed p. ^ and make L. AB : : Gq DEq, and AB. uB : : DEq. 

I a EFq. then DF fliall be a 6 binomial. ' 

For DF may be demonftrated binomial as in the 5 1. of 

this Book; and alfo by reafon that DE and EF ^ G. 

lafHy likewife bccaufc by eonifh*. and conver/ion of proh 

portion DEq. DEq —EFq :: AB* AC :: not Q^Q^ (For A B 

h/th 27.8. w prime to AC„fcand fo unlike to it) c therefore DE ^n. 

c 9. 10 V ^Eq — EFq. d therefore DF is a d binomial. IFhkb 

d 6 def^'^. WAS required^ ' 

ft). In numbers, let there be G 6. DE y^ 4$. thenEF fliaU 

be ^ zSL whcrefopc DF ft y/ 4S 4- y/' z8. 



r • •■ 



■I* 



1 



a zS. 6. 

c 14. z. 



B) 



E 



F 



HZ JCD 



M 



M 



m 



^ T 



LcTJllTlit* 

Let AD he a reifartgley and 
the fide thereof AC divided une* 
quaUyw'E; alfo let the lefferpr- 
tion EC he equally divided irt'^* 
upon the line AE a make the rec 
angle AGE =: EFq, and from 
the points G, E, F b draw GH, 
EI, FK, parallel to AB, c Let 
ihefquare LM be made eauaito 
the reBangle AH, and upon 
OMFprodficed thefquare MNt=2 
Gf , and let the ri^ht lines LOS, 
lLQT,NRS,NPt be produced. 

I fay I. MS, MT, are rec* 
angles.' For by reafon of the 



o- 



'dfikiyv right sncles of the fquaresOMQ,.RMP, a fhallQMR 
b i::. I. be aright line, h therefore RMO, Q^IP, are right an- 
gles, wherefore the parallelograms M% MT, are rcc 
. tangles, ^ fimf^ 



E^, 



E u c L 1 D b'5 Ekmnu. 2^1 

^. Hence it is flain thai LS r = JliT, and confequefUlf C 2. ax. i. 
^iw* LN is a fquare. » 

3. ^he re Bangles SM, MT, EK, FD are equal. For 
becav^ the i«<9^gle AGE i = EFq. e thence ihall AG. d hyp. 
EF ::'EF.6E, / and & AH. EK :: EK. GI. that is by e 17 6\ 
conftr.LMEK:: EK. MN.^ butXM.SM::SM.MN. f 1.6. 
therefore EK i& = SM it = FD / = MT. gfih 2 2.(9. 

4. HoKe LN w =^ AD. " 9- 5- 
; ^8r4fi^« EC /i equally ^tAed inF^ nH is plain that k 36. i. 
; FC, EC ijf« -n- ' l45«i. 
6. If AE nqJ EC, atid AE tx -/ AEq^ — ECq, * then m z^ax i: 

{hail AG, GE, AE, be no.. aHb, becaufc AG. GE: : AIL n 16. 10. 
GI, p therefore fliall AH, GI, i r. LM, MN, be "ii.. o i8, ^»i 
Lifcewife thereupon, 16 10. 

7.0M'Ti. MP. For by the Hyp AE^tL EC ^ there- p 10. 10, 
fere EC 4x GE. f wherefore EF *txGE but EF GE q 14. 10. 
: : EK. GI. r therefore EK *tx. GI thai is, SM 'tx MN. r 10. 10. 
but SM, MN :: OM. MP. r therefore OM ^n. MP. 

8. If AE be iuppolcd *Uu V AEq -— ECq, it is ap- f 19. and . 
parent that AG, GE, AE, are hi. whence LM *n- MN. 17.10. 
for AG. GE : : AH GI : : LM. MN. 

^efe being *'Joell confidered, i»e Jball eafly diffatch ihe^x 
following Propojitions, 

PROP. LV. 

If afiace AD he contained under a rational line AB, and 
a ffft binomial line AC ( AE 4- EC) the right line OTP 
^hich containeth that [pace inpcwer is irrational, and coiled 
a binomial line. 

All that being fiippofcd which is dclcribed and de- 
monftrated in the next fcrcgoing Lemma, it is manifeft 
that the right line OP containeth in power the fpace AD. 
a LikewifeAG, GE, AE, are til. therefore feeing AE, a %f ^«^ 
h is p TX^ AB. c ihali alfb AG and (^ bep Tzi. AB. if lem 54.10. 
therefore the redbnglcs AH, GI, that is, the Iquares b hvp, 
LM. MN are^tf. therefore OM, MP are p e "P-./ and cfch,iz.xo. 
'confequently OP is a binomial. fVhichioas to6e demon- ^^^ *^' 
Jirated, c {em. 54. 

In numbers, let there be AB5. AC4 -(- >/ 1 2. where- '^• 
fore the rectangle AD zz lo^^ 300 = tp the Iquare * 37- ^^'^ 
LN. therefore OP is v^ 15 + V* 5- namely a 6 bino- 
mial. > 

PROP. 
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%hff* Mild 

gxcx la 
h ^8. io« 



PROP. LVL 

if m fiace AD he comfrehended under a raticnal Van AA 
and a fecond hinamial AC (AE 4- EQ f ^e W^i^ !m 07i 
which cmtametb that /pace AD mfeweff is Hrrational^ and 
called a fit ft medial line. 

The fordsid Lemma of the 54. of this Book beifig 
asain (uppo&d^ then ihaO Or be rr ^ AD. a al& 
AEf AG, G5» arc Ti.. therefore fince Afi^ fr is p *cl 
AB^ikewife AG,GEf ihall be pi3*AB^therefore the rec- 
tangles AH^GIy i e, OMcL MPq* d^att u<t' e Moreover 
OM-^MP. Ladljr^ fiF -n. EO, and EC/ Tx AB. 
g "vvherefore EK^ i e. SM, or OMP^ is ptr. h Coniequent^ 
ly OP js a fird; bimediaL JVhich vuas to he dm. 

Innumbersy let there be AB 5, andAC^ ^ 48 : 4- <^* 
thcnthereftangic ADsfcv/ : 12004- 30 = OPq. there- 
fore OP is v^ 675.4.*^ 75- *^« a firft bimedial. 

See Scheme 57. 

Pit Oft LVIL 



4 



G 



B 



,mtyp* and 
^z. I a 



If a {pace AD he contained 
anon' a rational line AB, and d 
third hinemial line AC (AE 4* 
EC> the right line OP <vhich con- 
tatneth in pnver the /pace AD, is 
irrationaly and called a fecondhi" 
medial line* 

As above, OPq = AD. alio 
the re^angles AH, GI» that is, 
OMq, MPq arejt/*- a Like- 
wife FK, or OMP is (jlv. h 
therefore OP is afecondbime^ 
dial. 

In numbers,' let there be AS 
5. AC -v/ 52 4* v/ 24 where^ 

fore AD is v/ 800 4- v^ 600 =r OPq. andfoOPisv/ 

4504- V v^ 50, that ts> a iecood bimediaL 



HI KjD 
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E a G n D fi'i Ehmms. 
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H 



Q. y 



f a km. $4^ 

10. 

b i^ tf ffi 
za lb. 
c i&^* and 
22. 10. 
d 40. zo» 



PROP. LVIU 

^ 4 fpace AD &e comprehend- 
(td under a rational line AB' 
and a fourth binomial AC ( AE 
+ EC) the tight lineO? contain- 
ing the fpace AD in power ^ is 
that irrational line which is called 
a Major line. 

For again,OMq a 'n, MPq ; 
and the neAanglc AI, i. e, OMq 
4- MPq h i» pr, e alfb EK or 
OMPis|itv. </thcreforeOP(v/ 
AD) is a Majot line. fThich 
WAS to be demon firated. 

In numbers, let there be AB 
5. and AC 4 4- v" 8^. thcnthe 
redtangle AD is 20 -f y' 200. wherefore OP is y^ : 20 ' 

+ v^ 200. 

PROP UX. 

If a fpace AD he contained under a rational line AB, and 
a fifth binomial AC, the right line OP which containetb the 
fpace KD in power, is that irrational line, which is a line 
containmg a rational and a medial reBangle in power. 

Again OMP tx AlPq. and the refianglc AIotOMq 
^ MPq i$uf, a Likewifc the redangle EK or OMPis « ^-. ^ ,.. 
fvj therefore OP {^ AD) contains in power h an4 uv. Iff *" *^ 
U^hich was to hedem. ^ . t^^' 

In numbers, Itt there be AB 5. and AC 2 +■ ^8. then " ^^' '^'* 
the redtangle AD =3 10 4. v/ 200 = OPq. Wherefore 
OP is / : 10 ^ ^/ 200. 

PROP.LX. 

If a jface AD be contained under a rational line AB and a 
fixth binomial AC ( AE + EC ) /l»e line OP containing the 
fpace AD in power is irrat'wna!, Which centaineth in power 
two medial reB angles 

As often before, OMq ^n. MPq, and OMq "Y MPq ' - 

is jKf. and alfo the re^anglc (EK)OiMP is ^r. a there- a 42. ic- 
fore OP — v^ AD contains in power 2 m^ ffliich was 
Ubtdem* 

Jn 



aIe*" 
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h ntimben, let there be AB f. AC V i^ -4- \^ ^ 
tficrefttftt the redangle AD or OPq is ^ joo 4- ^ 100 
aid fo OP ii v' : V* 5«> + v' 2«>. 

. ■' LetatigitliileABhtmf 

Hfuailj divUed in C, W 
fM /«t AC £; tiw ;rMtf«r /^ 
^ 7»M(, avdt,p»nfi>me lot DE 
flfji?)f (fi* rtSai^kf DF = 
AB^, ^MWDH = ACq,a»J 
IK = CBq, Md lit LG, i« 

diolded etUMdi hi M, onf 

mCir ' or^ MN draw» taraUtl to 

cr. 

«4.a.*»rf 1%, i..ThcrcaanglcACBis=LNorAlF. aFor 
5.«.i. aACB=LF. 

b7.a. . i. DLc^-LG.forDK (ACq-f CBq.) irr-.LF fj 
c 1.6. ACB) therefore finccDK.IJ' arc ofequalaltitude.cDL 

ftallbc:r-LG. 
di6 10. 5. IfAC-Cj-CB, rftheu ftallthc tcaangle DK be 

-o- ACq and'CBq. 
«/««.!«. 4. ^^DL'CL.LG. ForACo + CBqeha-iACB, 
10. ' MDKTa-LF, butDK.LFe::DL.LG,/thcirfb« 
f 10. la DL 'ti LG. 

5. jWwftwr DL -o. */ DLq — LGq. For ACq. ACS 
. g I. tf. g-.z ACB. CBq. that is DH. LN : r LN. DC c wbercfort! 
Kit. <I. DI.LM::LM IL, 6 therefore DlxIL = LMq.there- 
k ff?- ■ fore feeing ACq k T3u CBq, that is, DH -a. IK, and / 
Iioio, foDI-ni-lL,OT (hallDLbeTa-v'DLq — LGq/r'£it& 
tS 1 8, 1 tt «idj (ff ie d*»i 
9 19. 10. 6. But if ACq bt put 'O. CBq, n tlmfiiall DL be ^ 

V I^Lq — LGq. 

Ib'n Lemma h frtparatory t» the fix followmg Pt^- 



• - - 



,1 



3%e fyuate^ a hhwmisl line ( AC 4^ CB ) apphed mo 
iratunai lim DE, tnakes the latiiude DG a fir ft binomial 
iifie^ • « 

> Thole things b^ng (appofed, ivKicli ar^ defcrit>ed 
and detoonflrated in the next preceding Lemma; becaule 
AG^ QB a ire p ti.> b the red^angle DK ihtill be xi. a i^« 
ACq. cindfo DItTs/r. 1/ therefore DL tX DE p\ but hfem. 66; 
the reaangle ACB,and lb 2 ACB (LF) e is ^y./thercfotc 10. 
the latitude LG is pjn^ DE. g therefore afib DL "n. cfib 1210. 
LG alio DL to. V' DLq — LGq. from whence k it fbl- d 21. lo^ 
tows that DG is a firft biooitiiaL ff^bicb was to be 4^ e z%.and 
sffipp/lrated. 24 ,10. 

PROP. LXn. rij 10: 

^ , . ' ' ' hlem,So. 

57fe fyiMfe if a firfibimedial line (^kC4^ lo. . 

/il^i9 a ratimalUneDE^ maizes the htitttde DG afecoiid k i.^48'« 

binomial line* . r ; • - • 10. 

.'[('heaferefaidJUmiK^ being again fupp^ Thei^- 

tangle DK "TZL ACq. a therefore DK is fjy. i therefore a 24. 10; 

the latitude DL is p *tx DE But becaufe the reftangie b 22. la 

ACB, and fb LF ( 2 ACB ) r is pV, rf fhall LG be p tol chyp andl 

DE, e therefe^re EfL, LG an; *n.. / alfo DL T3l y' DLq fch iz. 10 

•*. LGq.^ from whencejt isctf^ar that DG is a iecond d 21, i<x 

' biiidmiaL Which was to be detn. ^ 1 3 . la 

PROP. LXm. 10. . 

^befymre/faficondbimeiSalline(A^ lo. 

#^ afotio^i line UE JTttf^r ^i&e breadth DG 4P ri&;W binomU 

alline ' • " ; * * ' 

^ Asinthej^er DLis.p'lxDE Furthermore becaufe ♦ » 

{he red:ahgie ACB, and (b LF (2 ACB) 4; is (jlv. & there- a i&^ W 
fore Ihall LG be p *Ti. DR <: Moreover DL/o- LG. 24 i'^. 
aifd sdfb DL ncL,v DLq ^ IXjrq. ^ therefore DG is a b 23. lo* 
Aii^d bifft)miaL , fThiih was to be dem. c Um- 60. 

d^ <£?f4^. 

O PKCfK 



sio Tie tetitb Rook of 

^PROP. LXiy. 

^ ftbefyiMTe of a Major line (AC 4- CB) */>^//#i to 4 «- 
f /tf»M(/ /^e DE, makes the breadth DG a fourth hhemiat 
line* 
a ifvp and Again ACq 4- CBq. / e DK 4 is pr» & therefore DL is 
fchiiio. p -n DE. alio ACB, and fo LF (2 ACB) cisuv.d therc- 
b 21. i'^- fore LG is p *ti- DE, e and coniequently DL ^Tl. LG- 
c i^iyf 4ii</ Laftly bccaufc AC ^ BC. / Iball DL be *tx. DLq — 
24. 10. LGq. g whence DG is a fourth binomial. JVhich was 
d 23. 10* tobedem. 
c \% 10. 

ilem6o. PROP. LXV. 

10. 

g 4. defjfi* U he f quote of a line containing in power a rational and a 
10. wediat reBangle {hQ -{- CB) applied to a rational line DE 

makes the latitude DG af^h binomial 
a 23. 10. Again, DK it (/.'. a therefiwe DL is p *Ta- DR alfo 
h zu 10. LF isjy. b thcrefi>re LG is p tx DE. c therefore DL 
c 15. lo. *T3- L(j« ^ likcwiic DL *T1- \/ DLq — LGq. e and fo 
d lem, 6o. by confequence DG is a fifth binomial, ^ibidb was to be 
to. demonfirated* 

e 5. def4^. ( 

xo. , PROP. LXVL 

^he fquare of a line containing in power two medial ree^ 
tangles (AC ^ CB) applied ta a rational line D£^ makes 
the latitude DG afixth binomial line. 

As before, DL and LG arie p *ta- DE. But becaufe 
a hP ACq +• GBq (DK)^ ^n, ACB, b and fo DK ^cx LF(2 

b 14 10. ACB) and ^afo DK. LF r :; DL. LG. ^ thcrefcwe ihall 
€ I 6. DLbe'txLG. f Laftly DL'n. V EMLq -LGq./bf 
d 10. 10. which it appears that DG is a fixth binomial, 
c lem, 60* 

16. Lemma* 

i6.def4%. 

io» A ' ' ' ' C— ^B A" ■' B*' ■*■■■€ 

D . — -F — '. — E D ■■ I ■»■> E P 



Let AB, DE he Tx. and make AB. DE : : AC DF. 
I fay I. AC Tx DF. as appears by 10. 10. alfo CB 
a 10 <. FE. a bccaufe AB. DE : : (JB. FE. 

2. AC CB :: DF. FE. For AG DF :: AB.DE :: CB. 
FE. thcreforefiM-e by permutation AC CB ; : DF. FE 



Eucti DB^J Elements. lii 

. , ^ -. ■••.?-.-• 

5. ^he ReBaftgle ACB "O. DFE. For ACq. ACB Bi: b i. 6. 
ACCB r:: DF.EF;:DFq. DFE wherefore by per- c before 
mutation ACq. DFq ; : ACB. DFE. thertforc fince ACq 
tj. DFq. d fliall ACB be ncL DFE. d 10. 16. 

4. AC9 4- CBq no. DFq 4- FEq. For bccaufe ACq. 
CBq e : : DFq. FEq. therefore by compounding ACq. +■ c 22. 6. 
CBq. CJ^ : : DFq -i- FEq. FEq. therefore fincc C3q T3. 
l?Eq, / ihall alfo ACq -H CBq be tjl DFq. +■ FEq. f 10. 10. 

5 Hefice^ If AC -g- or 'ig-CB,^ then likewile fliall g 10. lo. 
DE be -^ (M- 'ig- EF. 

PROP. Lxvn. 

j4 line DE, commettfit" A C — — *— . B 

f/ifc/e «i /eisjj^i^ fo a bifiomial D— — — F ■ — E 

/imf (AC + CB) // Hfilf a 
binomial Ime^ awiof the fame or Jer, 

fAakt A B. DE : ; AG DF. a then ate AQ DF Tx. ^ a km, ^6. 
atki CB, FE tx. whence fincc AC and CB, b arc p To., 10. 
c thence DF, FE p "□-. therefore DF is a binomial, fifut b hyp: 
becaufe AC. CB a :: DF. FE. If AC Tx or "cl >/ ACq c few. 66* 

— BCq, <J then in like manner DF ix or ^ v^ DFq 10. and 

— FEq alfo if AC Tj- or "tx p propounded, e then /:/&. 12. 10. 
fliall DF be tx or *ix p propounded; But if C3 tx d 15. 10: 
or *ix p. likewifc FE 'rx or -p. p. If both AC, CB, c 12. 10. 
*tx p. /then alio both DF, FE,*IX p. ^ That is, what' and 14. 10. 
fbever binomial AB is, DEfhall be of the iame order, iby defifi. 
Which was to he dem, 10. 

WT.^« *xr,rr„ 81410. 

PROP. LXVIIL 

t. 

Jt tine DE comntenfuraie iti length to a birhedial line (AC 
li-CB) // alfo a bimedial line^ ar^ of the f ante order 

Make AB. DE : : AC DF. b therefore AC *ix DF. and a' 12. 6. 
CB Tx FTS. therefore feeing AC 'and CB c are u^ d ahb blem. 66. 
DP and FE fliall be u. and bccaufe AG e g. CB, e there- 10. 
fere FD -T^ FEj; therefore DE is 2 u. Wherefore if c hyp. 
the reatan&jc AClfe be p . bccaufe DFE b tx ACB, g d 24. 16. 
iikewiie DFE is pr and if that bcur, fc this fliall be /.f e lor-io; 
too' i^ Thaft is; whether AB bci bimcd. or 2 bimed. DP f 5 8.. lo. 
fcali Be of the fame order. IVhich <&as tc be dem: g fch, li. 

10 

e" i PROP l^::^, 

io: 



»ia 7h tenth ^ooJt tf 

Prop. lxix. 

A C ■■ B J line D6 comntenfutd' 

D ■ — F- ■ -E Ue 16 a Major line (AC + 

CB) // Hfeg'a Major line. 
aih*. Make AB. DE : : AC. DF. Bccaiifi AC ^ ^ CB, i 

him. 66. thfcpcc DF *n- FE. alfo ACq 4- CBq a is /r.. 5d fe be- 
10. caufc DFq .+ FEq b XL. ACq -|- C&i, c alio DFd 4- 

</fi5.i2 10 FEq is pv laifly> the itftanglc ACB « isttr, <^ therefore 
d 24. xo. the reftangle DFE is ^if. (becaufe DFE is A ta- ACB) 
e 40. io. e wherefore DE is a Major line. Which <»as to be de- 
ntonfirated, 

{•HOP. LX5i. 

A lint uE commenfurable to a line containing inpoiverd 

{rational and a medial feBangle (AC-f- CB) is a line contain^ 

trig in power a rational ani a medial reBdtigle* • 

i hyp. Again make AB. DE :: AC. AC DF. Becaufe AC ^ *ti. 

%lem. 66. CB,f alfo DF ^ FE. likcwifc becaufe ACq -f- CBq ais 

10. ^v^ therefott DJFq-l- FEq Aialll be (jlp laftly becaufe the 

c 24. 10. reaangle ACB a is fry d allcT DFE is pV Therefore DE 

l^fchl^»lo. contains in ptfWcr fv and (jlv. Which vfds tb be detU* 

c 4i. loi 

PROP. LXXI. 



A— i^- € ■ B J tthe DE cbmmenfurable tb 

D ' — F- ■ E a line containing tw6 medial rec- 

tangles in pofver (AC -^CB) it 
dlfi do line c-bntakiing in ptAffer two medial reBai^les. 
Divide DE, as in the prec. Becaufe ACq a *tx CBq,* 
lim. U. h thence fhall DFq be tx FFq, alfo becaufe ACq-J- 
10. CBq a is iivy c fhall DFq 4. FEq be alfo yif. And ih 

t 24. to. like manner becaufe ACB a is iu^, d alio DFE is fur. 
^ 24. 10- La%, becaufe ACq + CBq "o. ACB, e (hall DFq -h 
c 14. 10. FEq be *tx DFE. / From whence it follows that DE 
{ 4Z 10.- tontaiiis in power 2: />.«. Which ^as to be dem. 




ifkot 



]£ u c 1 1 D B V Ehmfiff^ 



m 



PROP. LX5fII. 



If a fatlonul teBangh 
A and m medial B, are 
€pmfostndedf four matif- 
pal lines nvill be made ; ei- 
ther a bifiomialj or afrfi 
himedi^i. cf a Major y or 
A line cemairdng in power 
M rational and a medial 
teBangle 




F 5E 



t" 



Namely, If % = A + B, thcnHftall be one of thc( 
four lines which the Theorem mentions. For upon 
CD t)>e propoupded /, a make the redangle CE =: A, ai»y. i6. ^ 
and F^ ^ B ^ and (b pi == Hq. Whereas then is A pV, b z. ax, i. 
Ukiewife, CE ish. ir'jpi^refpre the latitixle CF is p xi- ciu lo. 
CD, and becairfe B is lv. alfb Fl fliall be ^^. d there- d 2t: lo 



fore FK is f 
ancTfb the whole 



*ix CD, e therefore Cl?, FK are^^. cij. 
)leCK/ is binom. wherefore if A cr" 9; f 37. 
L n then CF cr FK. therefore if CFtx K i. ^ 



f. «. CE c- FI, g then CF cr FK. therefore if CFtr g i. ^ 
V' CFq — FK^ h Hkcwife dC fliall be a i bin. and h i. 



io« 
10. 



d^.^%* 



major 
fliall CF be -TD FK. confcqucntlyN if FK lo. V FKq la 
— CFq, n then ihall CK be a 2. bin. whereforei'tl is in 58. ip* 
a firft 2 yi. laftly if FK ^TPL V FKV" CF5, j^' then CIL n 2.i^4% 
ihall be a ^h binom. ^ wheqce H fludl 
^f ^V afid ij(,y. ff'kl^k was to bit dem 



contain in pjm^- 



PR pp. LXXIJ^, 




SLJC 



If two medial reBangles^ 
A, B, incpmmenfnraUe to 
one another are compofed^ 
two remaining irrational 
lines are made^ either Aje^ 
eond bimedial, or a line con- 
taining in power two me^^ , 
rf Bangles* _ _ 

As H containi)^ 19 ppwer A 4- Q is one pf the &i\ 
irrational lines. For upon CD propoimded i make the 
'- e CE= Aj*and FI == B. Whence Hq = Ct 



10. 

qjj. 10. 



Therefore Jbecaufe CE and FI 4 are /tz«e. I the latitude? 
2Lhyp. CF, FK, ihall Ibe p ^xx CD. alfo becaufe CE 4t ^ FI, 

b 23. 10. and CE. FI c : : CF. FK, d therefore CF *TX FK. tf 
c I ^. therefore CK is a 3 bia namely, if CF tx \/ CFq — 
d lo^ 10. FKq, whence H = \/ CI / ftiaU be 2 w. But if CF 
c 3.<ifjr48. *0- v^ CFq — FKq, g then CK (hall be a d binom. * 
167* and coniequently H contains in power 2 fCflU lf%ich vfo^ 

f57. 10, to be demwflrated. 

Here hegws the Senaires of lines irrational 

by SubtraSion* 

PROP. LXXIV. 



gd^48 

•10. 

h 60.10. 



P E F If from a rathmal the DF a 

rational One DE, commenfurahh 
in tower onJy to the Vfhole DF, he taken aivay^ the refidne^ 
EF is irrational^ and is called an Jbotome or rejiduat line . 

%lem, 16. ForEFq a 'rx. DEq; h but DEq i%fv\ c thercfprc 

jQ^ * "SF is p. ifhich njoas to he dem. 

|v L* In numbers; let there be DF, 2. DR Jx. then Ji^ 



p ■ I r.i E— ^F ///r(7»z /r medial pne DF 4 

medial line 13Ecommenftirable on- 
ly in power to the whole IDF y and comprehending with the 
whole DF a rational reBangte^ he taken away^ the remain' 
derKF is irrational^ and is called a frfi refidnal line of a 
medial 

sifch. z6. For EFq a *TX to the reftangfe FDE. therefore fce- 

10. • ing FDE b is pv. c EF ihall be p. If^hich was to be de- 

h hyp. mdnfirdted. 

^ 20. and In numbers, let DF be «^ v/ 54, and DE v ^ 24, there- 

|i.#fcf: 10. forcEFist/v^ 54— t;v^ 24. 

PROP. LXXVI. 

D .. ■ E— — F If from a medial line DF^ a 

medial line DE, he taken aAoaj 
• ^l^ commenfurahle only in power to the whole DF, and com- 

prehending together wHb the whole line DF a medial reBran- 
^(p, the remainder EF is itratiqnalj and is called afectmd 
rejidnal ^ a medial line. ' ' i Be- 




j 



E u c 1 1 D E V l^lements. ai j 

Becanfc DFq and DEfl a are fx* "TO., k thcreforef (hall a hyp. 
DFq 4- DEqbc TU DEq. c wherefore DFq +- DEq is b i6. lo. 
^r. alfo the rectangle FDE, and fb 2 FDE, 4( is uj', e Z4. 10. 
therefore EFq {d DFq -| DEq — % FDE) f is ^>'. where- d cor. 7. 2. 
fore EF is p. Which <vias to he dem, c 27. 10. 

In numbers, let DF be « ^^ 18. and DE v y' 8. then 
EFvV 18— vi/8. 



PROP. Lxxvn. 



5 



■^^" 



--C 



If from a right line AC beta- A 

i^fw away a right line AB being 

sncommenfurahle in power to the whole BQ and making with 
the whole AC that which is compofedof their fdjuares rational^ 
and the reBangle contained under them medial^ the remain^ 
der BC is irrational, and is called a Minor line. 

For ACq -|- ABq a ispy, but the re6fcangle ACB a is zhyp 
U9' b therefore 2 CAB ^d- ACq 4- ^^ ( ^ a CAB + b^^ 12.10 . 
BCqO d therefore ACq 4- ABq 4x BCq, e therefore BC 
is /\ Which was to he dem 

In numbers, "let AC be %/■ : \%^ s/ 108 ; AB v/ : i8 

— v^ 108. then BC is v^ : 18 '1- V - 108— ^ ? ^^ r- V 
J08. 



c 7.2. 
d 17. 10. 
e II. d^* 

10. 



PROP. LXX VIIl 



-E- 



If from a right line DF be D . 
^^i^f;? ^Wrfjr a right line DE^' 

fcew^ incommenfurahle in power to the whole line T)V, and with 
the whole DF making that which is campofedef their fquares 
medial, and the reB angle contained uTider the fame lines ratio^ 
nat, the line remaining EF is irratiopaJ, and is called 4 
line making a whole/pace medial with a rational Jpace. 

For 2 FDE a is pf. b and DFq -f- DEq is ui.cthcre^ a hyp» fiP- 
fore 2 FDE^DFq+DEq d (2 PDE+EFq^e there- fih. 12. 10. 
fore EF is p. Which was to be dem. b hyp. 

In numbers, let DF be v^ : v^ 216 -f. \/ 72 ; DE y/ : cfcLii.io. 
^ 216 — v' ?i' thereforcEFis V' ^v ^-l^-f-y^ yi-r^ 47.2. 

^ry' 216 — v' 7Z. ' ^/ci>,I2.IO» 

4»^ < i.</f^ 
PROP. LXXIX. 10. • ^ 



E< 



9 



If from a right line DF iff D 

taken away a right line DE, 

t^commenfftrab^e in power to the whole Dl^j^ and Vfhich toge-^ 



u6 Tbe mtbBook 6j 

ihif v^b the whole makes tha$Vfhkh hccmpofedef theiji 

f^uans medial^ mnd the teBangle ceniained under them alfi 

mediai and tncommetfuraUe to that nohkh is cemfofedef tbeh^ 

fyltareSy tberemahider is trratienaly anuiis' called a Unemakhv 

a whole /pace medial with a medial J^ace. 

• *y*.6^ Eor 2 FDE, and FDq 4- DEq tf arc u« J * therefore 

»4. la EFq (f DFq4- DEq ^ z^DE) is h^d andfoconfei 

b 27. lo. qucntly EF is p. If^l^ch was to be dem. 

ccor.j 2. In numbers; let DF bcV :'%/ ifc + "s/ ^ DE v^ : 

Aitdefio. y/ 180 — v' <Jo. then EF ftaU be ^ V x8p-f-V ^ 

I 

tdemma* 

P — — M !--q D E R 

C '— • -' H ^ '• 

I 

1 

^ there he the fame, excefi hetwept the §rfi magnitude 

BGr and the fecend C (MG) as is between the shird magni^ 

tude DP and the fomrth H (E^',) then aitht/ttely, tie/am^ 

excefs fiail he between the frfi magnitude BG and the third 

DF, as is between thefectmQ and thefourth Ih 

9 Ifi. For becauie that a to the equals dM, DE, are added 

'the equals MG, EF, that is, Q H ; |he exceis of the 

b if.ajt^h wholes BG, OF, b rtidXL be equal to the excels of tbt 

gfrts added (^ H. IThicb was to be dem* 

CoreU* 

' ' '• 

Hence, Four magnitudes Arithirieticalty propprtional^ 
are alternately aUb Arithmetically proportional* ' 

PROP. LXXX. 



A* ■ ■ B— ■— "P " ■ C ^0 an Jpotome qf re- 

fidudl line AB only ofH. 
rational right line BC, being commenfurable in fewer only tf 
the whole AB^ is congruent j or canbejoyned. . -^ 



I? 



bzt lo. 

Ccor 7*2. 
diem 79« 

10. 

c hyp, and 

27. 10. 
ffck liao, 



E u c L 1 D E^i EJemuts. 117 

If it be poffible, let Ibme other line BD be added t^ 
it ; a then the rcftangles AC3, ADB, 6 and ib confer 
quently the doubles of them are .a. wherefore ieeing 
AOi 4- BCq- 2 ACB c = ABoc = ADq 4- DBq— I 
ADB, therefore alternately ACq +. BCq -: ADq 4. 
BDq <f = 2 ACB -: % ADB. But ACq +- BCq ^: ADq 
+BDq e is p> /tbcrefore 2 ACS' -; 2 ADB is py. /T^idfc 
i$ abfitr4* 



PROP. LXXXl 



B 



fhyp: 
b i^. and 
24 10. 
chyp 



^0 afffi rrnMaJ ftfidMal!^ 
AB only one medial rigbf lem 
'^^' being commenfttrMe only in fower tp theKvhoU^ and 
comprehending iifHff the whole line a rational re&angle^ can • . 
he jcyned 

Conceive BD to be fuch a line as may be joyned ta^ 
it ; then bccaufe Adq and BCq, as well as ADq and BDq 
a are .r/ct "T3-. h aWb ACq -}- Bpj^ and ADq -f- BDq . 
fliall be i/.rt, f but the re^glcs ACB, AE^, J and fo 2 

thcr^i 



Z TV' • ACB and 2 ADB are hk. e thcr^brc 2 ACQ ^: 2 ADB, 

fSi'Jo /^*^^^^^> Apq + BCq - ADq+BDa^pV. glFhS 

f 7.2. 4IM -' ' ' 



/em. 7 9. 10. 
g27.io. 



PROP, I.XXXII. 



Upon a fecpnd medial ^e- 
fidnal line pj^ only one me: 
. 'dial right line BC, commen - 
Ytirabie pnly in power to the 
^ifholey and with it contain- 
ing a medial reBanghf can 
ffe joyned' 

if it be ppfTible, let 
forae other liric.BD be ad- 



a 4. 2 and dtd to it ; and upon E^ p make the redfcanjle EG = 




ACq +. BCq ; ^ alfo the reaangle EL = ADq 4- BDq. 
likewife EI - ABq. Now 2 ACB 4- ABq = ACq + 
BCq = Ej3. therefore feeing EI =ABq, a alfo KG! 
fhall be == 2 ACB, moreovigr ACq and BCq b are fjLtt 
TX. c therefore EG ( ACq*4- BCq ) is //jf- d therefore 
the breadth EH is0*ix E^. < Further, the reftangle 
g lem. z6. ACB/ and fo 2 ACB ( KG ) is /ur- d therefore KH is al- 
10. & p ^ti. EP. Laftiy, beckufe ACq + BCq (EG) g xu 

h I. <J. - 2 APB (KG) and EG. KG * : : EFL KEL it therefore EfJ 
k 10 10. ^'HIC. /therefore EK is a refidual line, whereto K EI 
1/4. lo;- .»*..>'••:•: .1 ■ ' ■ , 15 



^4X. I. 

b htt 
c 24. 10. 
d 23. io« 

if 24. 10. 



\ 



21 S 



The tenth Book of 

is congnieht, hj the iiune reaibn alio ihdl KM be coth 
gruenc to the iaid EK. Which is refugnani Uthe 80. prop. 
tf this Bock, 



PROP.LXXxni 



D 



a I. hyp. 
hlem 97. 
ic. 

c fch 11. 10* 
4 27. lo. 



?0 a Minor line AB only A B-^ii— 

tfne right line fiC can he joined 
heirtg incemmenfurable in power to the whole j and making fc 
gether nfHth the <»hole line that which is compofed of their 
fyuares rational^ and the reSangle which is contained under 
toem medial. 

G)ncei vc any other BD to be congruent to it ; There- 
fore whereas ACq 4- BCq, and AUq + BDq a are p*. 
their excefs (z h ACB - : 2 ADB) c is f>. Which is ab- 
fnrd; becaulc ACB and ADB arc /ea* by the Hyp. 



PROP. LXXXIV, 



Unto a line (AB) making A 
with a rational /pace a whole 



B 



D 



J^ace medial only one right line BC can he joined^ heing income 

ntenfurahle in power to the whole^ and making together with 

the whole that which is compofed of their fyuares medial^ and 

the reBangle which is contained under them rational 

a hyp* Suppole fome other BD to be congruent alio to it ; a 

hfch 12 lb. then tne reftangles ACB, ADB, h and fo z ACB and 2 

clem* 79. ADB are f<. therefore 2 ACB ^; % ADB, c that is, 

10. ACq4-BCa^:ADq + BDq^is/r Which is abfnrd ; 

^fcK 27, fince ACq +• BCq, and ADq 4;. BD<j arc ^« by the 
10, - Hyp. 



PROP. 



EttCiipsV Elements. 



dip 




PROP.LXXXV. 

Wo aline ABf vfhtchmtfh 
a medial fpdce makes a' 
V^hole fpace medial^ can be 
joined ovly one right line BC, 
imommenfurahle In power 
to the whcicy and making 
with the whole both that 
which is compi/ed of their 
fquares m(;dtal^ and the rec- 
tangle which is contuinedun - 
der them medial and incommen/urable to that ^jjbich is comfo* 
fed. of their fauares. 

1? hole things being flippofed which arc done and 
ihewn in the 82 prop, o^ this Book; it is clear that EH 
and KH are p *rL EF. Befides, fince ACq 4. CBg, 
that is, the redangle EG. a is XL ACB, * and lb Eu a hyp, 
"TX 2 ACB (KG ;) and EG. KG c :: EH. KH; ihall EH b 14. la 
te *TX KH. therefore EK is a rcfidual line, and the c i. 6, 
line congruent to it is KH. In like manner may KM 
he fhewn to be congruent to tlKrefidual EK, againftthe 
J5o. prop., of this Book. 

^hird Dejpnhiotis. 

* 

A Rational line and a refidual being propoanded, if 
the whole be more in power than the line joined 
to the refidual, by the fquare of a right line commenfu- 
jrable unto it in length ; then 

L If the wholel)e commenfurable in length to the • 
rational line propounded, it is called a firft refidual 
line. ' - ' 

n. But ifthe line adjoined be commenfurable in length ^ 
to the rational line propounded, it is called a iecpnd re- 
fidual line. 

IIL If neither the whole nor the line adjoined b<5 
commeniurable in length to the rational line propounct- ^ 
cd, it is called a thind refidual line. 

Moreover, if the whole be more in power than the 
line adjoined by the Iquare of a right line incom- 
meniurable to it in length, then 

IV. If the whole be commcnfiirable in length to th^ 
rational line propounded, it is called a fturtn refiiual 
line. V. But 
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V. Bm if the line adjoined be con>racn(uraMe inlengtff 
IB the rational line propounded^ it is a fifth re(tdii^l. 

VI If neither the whole nor the line adjpined be 
iRmrmeniiiral^Ie in length to the rational line proppundr 
c^ it i» termed a fixth refidual line 

PROP. LXXXVI, 87,88,89,90,^1- 

^ffpd oia St frjty fecondy third, A....4P 5 9 

fntrth, fifths and fixth refidual Une. D ' 

Refidual lines are found 014 fey E F 

fibdoftii^ the lefs names or parts (a 

of binomial^ from ^e greater. Ex. H — ; 

gr. Let 6 -f--^^ zo be a 6rft bino- 
mial, then fliaU ^ -^ v^ ib be a firft refidual. So that i{ 
» not ncceffary to repeat mofc popccfning the ^ding 
inf them out 

Let AC h^ a reSan^ contained 
pnderthe right lines AB, AD* Let 
AD he dra^von forth to E, andDE 
prmtVy divided in F. and let the rec 
4ag/fAGE^e = FEq andtherei^ 
tangks AI, DK, FU,finiJhed. nen 
let the fyuate LM =s AH he made^ 
andfquare NO=GI ; and thelines 
MSR, OST, pro^e^. . 

I fay, I. The rcAangle AI == 
tM 4. NO ;=tTOq 4- SOq, tvhich 
appears by the conftr 

2. ^hf reB angle DK =r= LO. 
For becanic the reftangle AGE a 
=:FEq. ^thence are AG, FE,GE 
jf- r^d (b AH, FI, GI tt*. ^ that is, LM, FI, NO, 
H-; but LM, LO, NO 4are tf-; tfierefpre FI = ipLO 

/=DK — ^NM. . . .,^ 

V ^^^^^ AC = AI - DK •- FI = LW + «Q - 

LO— NM=T1R. 

4. It is mantfefi that DF, FE, DE, areT3^. 

5 // AE tI DE, andAE-CL V A% ^ Dfq, k 

ihenfhaU AG/jSE, AE i^f TX. \, „ . ^ to 

.6- ^/>, ^iff 4li/^ AE I i* PE, m theweJhallAE,JE^ 
he'TJL. nandfoMy FI, ^^4f //, LM-f NO Wt04re 

7. Secaufe 




^cmfir. 
b 17. ^. 
c 1.6. 

dy<rk224 

c 9. 5. 

f 56. I. 

n 16. 10. 
k iS^and 
10. lO. ' 

ra 13. i^;. 
n I. 6 ^. 

10. 10. 



Ewclide'x Eiemnts: 2%i 

^ 14- W. 8 But hecaufe AE/*TX DE, o tber^orejbait FE, 

he*TX, n andfi the reStangle FI *tx GI, that is, LO 
fl.6. NO. v;bere[are feeing LO. NO p:: TS. SO. ^ ther^md 
Gio. lo. ^^//TS^ »fcf ^. 
tlp.io^ p^ /^ AE hefut 'tx V AEq. - DEq, tbenjb/df A<i 

^7- lO- GE, AE be *T3-. 

f I. 6. and {^ f VTherefon the ftBai%Us AH, GIj that ts^ TOj^ 

PROP. XClL 



FGfE 



t ZO lO 

Atem.9i. 
^ 74 to. 




b I > 10. 

lO. 
XZO lOi 



If a /pace AC he cenf ashed jmdar 
a rational line AB^ andafirftr^ 
dual line AD ( AE - DE) the rigU 
line TSy which containeth the f^ace 
AC in power ^ is' a reftdualitne. 

VCc the foregoing Lemma fat 
a prepration to the demouilratiai 
of this prop. Therefore TS r= 
V AC. Alfo AG^ GE, AJB; arfc 
Tx ; therefore fince AEtx «»AS 
p, b alfo AG and GE fhall l)e to. 
AB, t therefore the re^angles AR 
and GI, that is, TOq and SOq ace 
pit. d Likewife.TO, SO, arc p T^^. 
e and coirfequently TS is a reiidit- 
al line, ff^hktf ivas to be demonftfattd. 

PROP. XCIIl 

See the prec, Scheflve, 

If a fiace AC be contained under a rational line AB 
knd a fecond refidual AD ( AE - DE ) the right line TS^ 
tontaintTtg the /pace AC in poiver^ is a ftfi. mediai tejlr 
dual line. 

Again, by the foregoing Lemma^ AG, GE, AE aj« 
-p-. therefore a fince A E is p *rL K&\ b alfo AG, GE^ 
iKall be p XI. AB, c therefore the redanglcs AH, GI, 
that is, TOq, SOq are //«. d likewifc TO to. SO. Laftiy^ 
becaufo Dfe e Tx AB p, f t\m right angleDI, and the 
half thereof DK or LO, that is, TOb ftall be pn jt 
from whence it follows that TS {^ AC) is a firil mediiJ 
refidual. iVhUbwas tobedeHL . PROP. 



I 

I 



m Tie tefffb Book ^ 

pROP.xav. 

Sie Scheme 92. 

« 
If a J^ace AC he contained unde¥ a ^aiionat line AB 4^4^ 

a third refidual AD (AE-DE) the right line TS conUtmh^ 

inpewer the /pace AC is a fecond medial refidual Hne> 

As in the former, TO and SO are /u. Thcrcfow txj^ 

a hyp* caufc DE 4 is p *tl. AB, * the reftangle DI, r and fo DK, 

b 22. 10. or TOS^ fliall be //r. therefore TS = y^ AC is a fecond 

c 24. 10. medial refidual. If^hich was to be demi 

PROP. XCV. 

Sie Schema 92. 

tfa Jpace AC he contained under a rational line AB and d 
fourth refidual AD (AE — DE) the right line TS contain' 
ing the jf ace AC in power ^ is a Minor line. 
i&m 91.10 As before, TO a *Tq- SO. Therefore becaufe AE h is 
i> ^- P TX AB, c fliall AIXTOq 4. SOq) be pi^ but, as bc- 
t 20. 10. fore, the reftangle TOS is yiv. d therefore TSsssr/ AG 
d 7 7 . 1 o. is a Minor line. IVhich was to be dem, 

I^ROP. XCVL 

Sie Scheme ^z»' 

If 4 /pace AC he contained under a rational line AB 4»f 

a fifth refidual AD ( AE — DE) the right line TS contain' 

ing in power the fpace AC; // a line which maketh with d 

rational fpace the whole fpace medial . 

a hvb. For a^in TO *T|r SOL therefore fince AE « is p ^ 

b 2i. 16. AB ft alfo AI, , that^is, TOq 4- SOq Ihall be /i^r . But, as 

t 7 8, 3 o. in the 95 the rectangle TOS is py. c whence TS === \( 

AC is a line which with \v makes a whole, /af. Whieh 

was to be dem. 



P^RCrPi 



EoclidVj Elmeett. 



a33 



PROP. XCVIL 

If a /pace AC be contMtiei nuUr 
a mtienal line AB, "tid a fixlb «_/?- 
Am/ AD [ AE — DE) thi right 
tmt TS cBrUarninr in fewer the (pace 
AC is a line making with a medial 
rrSangle, a whale /pace ntediat. 

1S,s often above, TO 'n. SO. 
alfo, as in 96. 1%+. SOq is «r. 
but rhe rcftangk TOS is p», « m 
94. a Laftly, TOq ^- SOq 'O- 
TOS b therefore TS = ^/ AC 
is a line which with ^ makes a 
whole f(r. ffiich mat to he de- 

monfirated. 



10. 

b 79'- 10- 



t^ a right line DE * «f- 
*hr (Be reRangJes DF = A5q, 
««<iDII = ACq, «.iIK=: ' 
BCq. 4«(( litCCbe biMed in 
M, and the line MN */rrttus 
tara/WtflGF. 

Then I. Tfo r«ff«>i?fr DK 
J/ = ACq + BCq. a$ thecon- '. 
firitBion manifep 

. ^ he relfangle ACB -GSI 



£i21 H2C 



MK. ForDK*= a«w/?r. 
ACq4-BCV6 = i ACB4.ABC1. but AB<i d =: DP. b 7. 1. 
thcreforcGKe ==i ACB. andconfequentlyGNorMK ci.ax.l. " 
= ACB. A-.ax.i. 

1- 7%e reSangle DIL = MLq. For hecaufc ACq. C I. (f. 
ACB e : : ACB, BCq, that is, DH MK: : MK. IK. e f 17.(i. , 
thence i* Dl ML : :ML. IL, f therefore OIL = MLq. 

Z^. If AC be taken ~CL. BC, then DK /hall be ~a. ACq. 
For ACq -f BCqtDKTs "o. ACq. g 16. 10. 

J. Liiev/ife DL "o. v^ DLq _ GLq. For hecaufc 
Drt (ACq) 13- IK (BCq) h rhence Ihait DI be -a. IL h 10. la 
k therefore i/' DLq — GLq in. DL. . fc iS 10. 

6 ^fiDL^U-GL. ForACq-l-BCq'TxrzACB. l/em2<SiOL 
that is, DK 'Tiu GK m therefore DL 'T3- GE,. m 10. 10. 

;. But f AG be taken 'n. BC, then DL ftiall he 'm. n 19. 10. 
V DLq -GLq. ^ PKOP. - 



2S4 
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PROP, xcvnt 



"2f 



C^ MID 






ne fioMffofA Tefiduallin^ 

AB( AC - BC) 4Qj|ffyifi /a « 

insibb TXs a fiifi nfiduat 

Bne. , • . .1 

Do as is enjoineci in the 

Lemms^ -- next preceding. 

Then bccaufcAQBC,!! are ^r-rT^xr 

BCq) ihaU be TX ACq c therefore DKis pv. d wh^re- 
fine PL is p 13. DR ^ Likewife th^ reftangle GK 

iz. ACB ) is r. /therefore GL is p *I3l DE, g arid con- 
iqnently DL ^ GL it But DLq ti-. GLq, ^ therefore 
DG is a refidual, / and that of the SrR order (f>ecaii& m 
>Cng- BC, and therefore DLm. V DLq— GLq.) 
Wlacb^asuheiiftt^ 

PROP. XOX; 

&e thefolfowmg Schemed 

^He fyuari ofafrfi medial refidual line AB (AC -^-BQ 
e^liedtQ a ratiwalline VE^makeS the breakh DG afecorta 
feSdual line. . 

Sappofin^t^eferegoinjg Lemma: becauic AC andBC 
a are u 1^, h thence Ihall DK (ACq + SCq) b6 
ACq. <r wherefore DK \sijf, d therefore DL is p 
6e, eaUbGK(z ACB)is£. /therefore GLisp 
1)E ; ^wherefore DL *tx GL i& But DLq "cl GLq. 
il therefore DG is a refidual line: And becaufc DL is 
TX ^ DLq — GLq, m therefore ftaUDG be afecond 
icfiCaat IVhich ^as H he detft. 



lem. 97' 



Hop. 






a 
b 

cfch. 1 2. 

10. 

d 21. I0« 

e zTutmi 

24- 10. 

f 23. 10; 

hyr^. X2L 

^o- • 

& 74. 10.. 
m lem. 97. 

10. 

aB)ffi 

b lem. 97. 

10. 

c 24: 10. 

d ^. 10. , 

chj^.and 

t2l. 10. 

fi5. loi 
fcb. 12. 
TO, 

k 74. i^. , 
I few. 97* 
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PROP. c. 



QT&e fquate «/ a fecond 
medial refidual line AB (AC 
— BC) applied to a rational 
line DE, makes the ireadtb 
DG a }hifd refidual line. 

Again D£ is fjLv> a 
wherefore DL is p *ri_ DR 
9lfo GK is'uvy /r whence 
GL is p 'rx.DE. h like- 
wife DK 



A- 

D 



Ml 



G M 



iXi 



IB 



F NHK 

GK. £r wherefore DL'tx. GL. d but DLq 
GLq. e therefore DG is a refidual line, and that 
off the third order, g becaufe DL "dl y^ DLq — 
GJLq. IVbicb W4S to be dem» 



PROP. CL 

See tbe foregoing Scbeme 



a 2J. 10; 
b lem, 16. 

ID. 

c 1. 6. a^ 

10. 10. 

dfib.iz^io 

e 74- 10. 

£3.^85. 

la 

g/ew. 97. 

10. 



i%e Jqnareef a Minor I'm AB (AC — BQ applied to 
a rational line £)E, makes tbe breadtb DG a fourtb refi- 
dual. 

As before, ACq + BCq, that is DK, is p*. a there- a jir id 
fore DL is P Tx pK but the ra6bincle ACB; and fo * f^l. 
GK ( 2 ACB ) * is i/f. b wherefore GL is p *tx DE. t b 22T10. 
therefore DL *X3- GL d but DLq tx GLq. aiid be- c 12, iqJ 
caulc * ACq ^n- BCq, e thence mall DL be'TX y/ dy^^, j^] 
DLq — GLq, f therefore DG has the conditions re- jo. 
quired to a fourth refidual. ff^bicb was to be demon- clem.^j^ 
firated, 10. 

_ £4.^.85. 

PROP. cn. JO. 

i^fe tbe foregoing Scbeme. 

frttf /ftf^ff of 4 /«itf AB (AC — BC) wbicb makes a 22. 10. 
Vfitb a rational /pace tbe wboUfpace medial^applied to ara- b 21. 10. 
tionalline DK^makes the breadth DG a fifth refidual line, c it. 10^ 

For, as above, DK is f/r. a wherefore DL is p 'rx. dfcb. 12! 
DE alfo GK is p '• i whence GL is p Tii- DE. e there- 10. 
fore DL ^n. GL. ^^^but DLq tx GLq. Moreover c /^w. 97. 
DL e *ix \/ DLq — GLq. wherefore DG f is a fifth 10. 
refidual ff^bicb was to be dem. f s^def. 8^. 

P PROP. ,0. 



■«'.' 



*itf ^e tenth Book of 

PRO P. cm. 

•S*^^ the fame Scheme as before- 

^hefefuare ef a line AB ( AC — BC ) making 4vith d 
medial /pace the whole fpace medial^ applied to a rational 
• tine DE, makes the breadth DG ajixth refidual line. 
a Z5. 16. As above, DK and GK are //(*; a wherefore DL 
b hyp. and and GL are p ^rL DR alfb DK 5 *tx. GK. c whence 
tern. 97.10. DL *rL GL. d therefore DG is a refidual. h And where- 
c 10. 10* as ACq *rL BCq. and fb DL 'tX. \/ DLq — GLq, ^ 
d 74. 10. therefore DG ftall be a fitth refidusjl. IFhich was U 
C 6. def. S§. be demenfirated 
10* 

PROP, cm 

A *— 1 .-C j^HghtUne DE cdmmefh 

B furable in length to a refidw 

D 1— p-F alh&ikC ^BC)isit felf 

E alfi a refidnai^ and of tht 

fame order. 

LefHma, 

let AB. DE : : AC W, and AB ^ Dfi. 
I fay AC -I- BC Tx DF 4- EF. For AC. BCa:: DF^^ 
fiF. therefore by compounding AC -j- BC BC : : DF 
4. EF. EF. therefore by permutation AC + BC. DF 
a fem. ^6. 4.EF : : BC. EF. ^ but BC -Q. EF. ^ therefore AC+ 
10. BC -n- DF + EF. fFhich was to be dem. 

b 10. 10. . a Make AB. DE : : AC. DF, b therefore AC + BC 
a 12. ^. -TL DF 4. EF. therefore feeing AC + BC c is a bi- 
blem, 103. nomial, d DF 4. EF fhall be a binomial too, and of 
^^- the (ame order, e wherefore DF -« EF is a refidual of 

^ ^- the fame order with AC — BC If^hich was to be de- 
d6-]. 10. f„o„flrated. 
^bydefS$. ^ 

*^- PROP. CV. 

A B C u4 right line DE commenfurahU 

* - ' ■ ■ ^1 — •■ ^ te a meMal refidual line AB ( AC 

■ ■ I ■ 1 • — BC ) is it felf a medial refidual^ 

D E F and of the faine order. 

Again, 



Eucii db'j EJements^. lay 

Again a make AB. DE : : AG. DF. h whence AC -|- a 12. 6. 
BC -CL DF -1- EF. r therefore DF 4. EF is a bime- hhm. 103^ 
dial of the fame order with AC -|- BC, d and conic- 10.' 
quently DF — F^ fliall be a medial refidual of the c 68. 10. ' 
fame order with AC — BC Which vtas to be dem. d 7 5. ««! 



PROP. CVL 

u4 right line DE eommen- A B 

furable to a Minor lin$ AB 1— - 

( AC — BC) is it felf aJfo — . > 

a Minor line D E 

Make AR DE : : AC. DF. 



76.10. 



4th«is AC + BC-DL DF4-EF. butAC + BC^ a/^w^ioj: 
is a Major line ; c therefore DF -| EF is alfo a Major 10. 
line ; d and conicquently DF *— EF is a Minor line b lyp. 
Which ivas to be dem, c 69. 10. 

««^ <i 77-10; I 

PROP.cvn. 

A right line DE commenfttraMe A. 
to a line AB (AC — BC) which ~ 




makes avith a rational /pace the fT^ — ^fc — =- M| 

tvhole fiace medial, is it felf alfo a ^ ^^ ^ 

line making with a rational ff ace the whol^f^a^e meMal. 
T>J! T* ^^^'^'^^y ^ »« ^^« former, we may (hew 

SS +■ ^ 5^ ^t?"^*" I" P®^^^ h and fjLf. a whence a 78. lOj ] 
DF — EF is a line makings &c. 

t 
PROP. CVIII. 

J right line DE common furable A B C 

to a line AB ( AC — BC ) which ,— -. — i -1 _ 

with medial fpace makes the - j . 

whole Jpace medial, is it felf a line D E P 

making wHh a medial fpace the 
whole fpace medial. 

For according to the preceding DF 4- EF fliall con- 
tain m power z^a.a therefore DF - EF ihall be, as a 70 10 1 
in the Prop. > a 79' *«'J 



PROP. 



V 



All 
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PROP. ere. 



P K 



I 



B 



a 




behtg taken from a rath 
dfial reBangle A -|- B, 
the right line H which 
containeth in pcnver the 
/pacefefhaining Ay is one 
if thefe two irrational 
linesj viz. either a refir 



4 



a^* dx^ I 

b hyp. and 
con/fr* 

C 21. 10. 

d 2^. ib« 
e 13.10. 
f 74. 10. 
g 1.^85. 

o. 
92. 16. 

/^.def. 8J. 
10. 
1 95. 10. 



dUaJ UfiBy or a Minor line. 

Upon CD p make the reftanglcs CI := A 4- B^ and 
FI= R whence GE <j r= A = Hn. wherefore tei^aufe 



CI b is py. c therefore CK isf TxCDi but bccaulc FI^ 
is fjv;d (\Mii FKhtp'xjLCD. t whence CK^TX FK. 



f therefore CF is a refidual line. Wherefore if CK 
be -TL -v/ CKq - FKq, g then CF fhall be a fii« 
refidual. h therefore \/ CJS (H) is a refidual line. But 
if CK 'n- v^ CKq -- FKq k then CF fhall be a fifth 
refidual ; and conlcquently H ( v^ CE ) / Ihall be a Mh 
ttor line. Which was to hf dem> 

P R O P. ex. 

See the preceding Scheme. 



a ;. ax I. 

b hyp, and 

confiy, 

c 23. la 

d 21. 10. 

c 13. 10. 

£74. 10. 

§2.^^/85. 

10. 

h 95. 10. 

k^def.Hy. 

10. 

1 i)6. 10. 



ji rational teBangle B being taken away from a medial 
reBangle A-|-B, other two irrationalUnes are made^ name- 
ly \ either a firfi medialrefidual lincy or a line making with 
a rational fpace the who! e /pace medial. 

Upon CD the propounded p make the re^iangles CI 
= A + B, and FI = B ^ whence CE = A = Hq. 
Therefore becaufe CI bis,v\c fhall CK be p *ix CD. 
but becaule FI ^ is pi^. ^thence FK p Tx CD. f whence 
CK ^ FK. f therefore CF is a refidual, g and that a 
fecond. If CK -a- V CKq — FKq, h then H ( ^ 
CE ) is 3 firft medial refidual. But if CK 'o. ^/ CKq 
-— FKq, k then fhall CF be a fifth refidual ; and /con- 
(equcntly H ( \/ CE ) Ihali be a line making y^f with 
/r. Irhich was Id be dem* 

/ PROP. 



Eu c L 1 D eV BJ^mevts. 



aa^ 



PROP.CXt 

Se9 the fame Scheme* 

A medial ff ace B heb^ taken away from a medial f^ace 
A^-B^ <u)hkh is incommenfurable to the w^o/e A-f-B, 
the other two irrational lines are made^ viz. eithef a fecond 
jnedial refidual line^ or a line making with a medial fface 
the whole f pace medial- i 

Upon CD p make the rc6J:anglcs CI :=: A 4- B, and 
FI= B. 4C wherefore CE = A =: Hq. Becaiile there- 
fore CI is //y, h thence CK is p ha- CD. and in like 
manner FK p TX CD. Likewife hecauie CI c ^ix. FI, 
d therefore CK hx FK ,e wherefore CF h a refidual, 
/namely # third. If CK TX y/ CKq — FKq, g whence 
H ( y/ CE ) fhall be a iecond medial refidual, but if 
CK *rL v^ CKq - FKq. h then fliall CF be a fixth re- 
fidual. k 'wherefore A fl^U be a line making uv with 
ff. Which was tP he dem. 

PROP, cxa 

A refidual line A is not the A ■ * 

fame with a binomial line j^ ^ P ^ 

Upon BC propounded p 
inake the rerangle CD n3 
Aa» Therefore &ing A is a 
refidual, a BD fhall be a firft C 
refidual, to which let DE be 
the line congruent pr that may be adjoined, h where* 
fore BE, DE, are p i^.. c and BE tx BC. If you 
conceive A to be a binomial, then BD is a fi^ bino- 
mial, whole names let b« BF, FD; and let BB be cr* 
FD. d therefore BF, FD arc p ng.; and BF e Ho- BC. 
therefore fince BC "Dl BE, / fhall BE be Tx BF. g 
and thence BE TX FE. h therefore PE is p. Likewife 
becaufe BE *tx DE, k fhall FE be 'tx DE. / where- 
fore FD is a refidual, and fo FD is p. but it was fhewn 
p. which arc repugnant, therefore A is fahely <;QQcei- 
y^d to be a bi^jomial. JVhicb waste hedem* 



a 3. ax* I. 
b 2^. 10. 
c hyp. 
d 10. 10. 

e 74. 10. 

10. 
h6.defZ%. 

lO;. 

fe97-XP* 




<h 



a p8. la 
b 74 10. 

Cl.def,^l^ 

10. 

d 57. 10, 

c l,def.,/^% 

10. 

f 12. 10. 

%cor. 14 

10. 

)^fi:h.^^^ 

10. 

k 14 ICH 

1 74* ipv 



9SO 




'The Tenth Bxk ^ 

^e names of the 13 irrational lines differ^ 

ing one from another. 

I. A Medial line. 

a* A binoipial line ; of which there are (ix (pedes. 
g. A firft bimcdial liner 
4. A fecond bimedi^. 
" 5. A Major line. 
<{. A line containing in jpower a rational fUperfr 

ciesy and a medial Uiperficies. 
7 A line containing in power two medial Aiperfi- 

cies. 
8« Arefidual line;. of which therearealibfixkindst 
9. A firft medial refidual line. 

10. A (econd medial reiidual line. 

11. A Minor line. 

li. A line making with a rational fupeificies the 
whole fuperacies medial. 

13. A line making with a medial iiiperficies the 

. whole fiiperacies medial* 

Since the differences if breadths do ofgue drfferefices of 
fight Unes^ vohofe fquares are afplied to fame rational line^ 
and it is dem<tiifirta»d in the preoed, Profofitions that the 
breadths Vfhich ar^ofiom afplying tf the fyuares of thefe 
11 lines do diffet miofrom another^ it evidently follows that, 
thefe 13 lims do alfo differ one from another. 

PROP. cxra. 

JET C E G 
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7 he fan are of a ratio* 
nal line A applied to a bi- 
nomial BC{BD+ DC) 
Makes the breadth EC a 
refidualliney whofe names 
HI, CH, are commenfar 
table to the names ED, 
DC, of the binomial Une^ 
and in the fame proportion, 
(EH BD:: CH. DC;) 
avd moreoverj the refidual line EC twhich is made, is of 
the fame order with BC the bmomial. 

Upon DC the lels i^ame a make the redangle DE 
= Aq = BE, whence BC. CD & : : FC. CE. there- 
fore by divifion, BD. DC : : FE. EC. And whereas 
BDciz-BCy d thence FE Ihall be CT" EC, Take EG 
= EC, and make FG. GE : : EC. CH. Then EH, 
and CH flxaU be the names of the refidual EC, where^ 

unto 
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unto all is agreeable that is propounded in the theorem^ 
For by compounding, FE, GE (EC):: EH. CH, 
therefore FH. EH f :: Efl. CH f : : Ffi. EC/:: BD. 
DC wherefore fince BD^ -p. DC h thence ftallEH 
be -p- CH, h and FHq tx EHq Therefore becaufe 
FHq EHq k: : FH. CH. h fhall FH be Tx CH. / and 
fo FC HDL CH. Moreover CD g is p, and DF ( Aq ) 
^ is pf. »i therefore FC isj, -p- CD. whence alfo Qi 
IS p TO. CD. « therefore EH, CH are p and "^, as be- 
fore. therefore EC is refidual line, towhicliCHmay 
be joined. Furthermore ER CH / : : BD. DC, and fo by 
permutation EB BD:: CH. DC. whence J)ccaulc CH f 
ICL DC, ;» fhall EH be Tx BD. But f^poofe BDtjI 
-/• BDq — DCq, fl' then ihall EH be TX -/ EHq. -^ 
CHq. Alfo if 8D T3- p propounded, then Ihall EH 
be ncL to the fame p. / that is^ if BC be a firft bino- 
mial, t EC (hall be a firft rcfidual. In like manner, if 
DC be to the *tx propoaqded p, r then is CH Tx to 
the fame p. u that is, if BC be a fccond biripmial, x 
EC ihall be a fecond refidual : And if this be a third 
binomial, then that Ihall be a third refidual, &c. But 
if BD be ^ix v' BDq— DCq, y then ^all EH bc*Tx 
^ EHq — CHq. therefore if BC be a 4, 5, or d bi- 
nomial, EG Ihall be likewife a 4,^ 5, or (^ refidual. 
If^hkh wai to h (km, 

P ROP. CXIY^ 

^befyuare of a raikmaJUne 
A applied to a tefidualUne BC 
(BD-CD) makes the breach 
bEahmomial; whojenamei 
BE, GE are commenfurahle 
to the names BD, BC tf the 
refidual JineB C, and in the 
fame proportipny and moreover^ 
the binomial fine which il 
made ( BE ) is of the fame 
order ivith the refidual line (BC.> 

^ Make tht redangk DF =r Aq. and BF. FE h ncor. i6.(h 
'^ni^^^u^^v^ 't^' I^E= Aq = CE, . there- b 12. ^ 

^u^PP f-^CP./^h?re^re BQ-^G^ therefore ^j&y^. 
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bccaufe E(^. GEq ^izBG.GF.h fliall BG be no. GP. 
j^ and fb BGr 13. BR moreover BD e is p, and the rec- 
tangle DF ( Aq ) f is pV. / thercfore^F is p Tx BD. w 
therefore alfb BG is p tdl BD. n therefore BG, GE 
arc^ T9r ^ wherefore BE-is a binomial. Laftly, bcs 
caufc BD.CD : : BG. GE. and by permutation BD. BG r: 
CD.GE,andBDTx BG. * thence (hall CD be Tx GE. 
therefore if CB be a firft refidual, 3E (hall be a firft 
binomial^ &c. asia thejrr^r. therefore, &c, 

PROP. CXV. 
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If a fpace AB he contained under a refidual line AC 
{CE'—AE) and a binomial CB, whofe names CD, DB 
are commenfurahle lo the names CE, AE, ^ the refidual 
line J and in the fame proportion ( CE. AE : : CD. DB ) then 
the right line F which containetb in power that Jpace AB, 
is rational. 

Let G be p. and make the reftangle CH= Qq ; a 
then Ihall BH ( HI — IB ) be a refidual line, and IlJ a 
TxCDA TXCE. ^andBlTxDB. 4 and HI.BI::CD. 

BBbi: CE. EA. therefore by permutation HI. CB :: 
BI. EA. c therefore BK AC :: HI. CE :: BI. EA: 
c 10. 10. wherefore iGnce d HI TL C^ e thence BH TL AC 
f 1. 6. and f therefore the i«6bngle HC nx BA. But HC ( Gq ) 
10. 10. h is pV. g therefore BA ( Fq) is /?. and confequently F 
%fch, li. is p. W'hich was to be dem. 
10. 

CwolU 

^ Hereby it appears that a rational luperficies may be. 

""' contained under two irrational right lines. 

PROP*. 
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Of a meJUal Ihe AB are 
frodttced inpnite irratfonal 
lines BE, HF, &c. ^herecf^ 
none is of the fame kind with 
any of the precedent. 

Let AC be propounded 
p. and AD a rea:angle con- 
tained under AC, AB. a therefore AD is ^v. Take BE 
E=r \/ AD. h then BE is ^, and the lame with none of 
the former. For no (quare of any of the former beii^ 
applied to p, makes the breadth medial. Let the rec- 
tangle DE be finiihed, a then DE fliali be pj^. and b alem 
confequently EF ( ^ DE) fhall be p, and not thefan:|c lo. 
with any of the former,, for no fquare of the former b ii. 
being applied to p, makes the latitude B^. there- 
fore, QPc. 

PROP CXVII. 



Let it he required to Jbew that in 
fquare figures BD, the diameter AC is 
incommenfurable in length to the fide AB* 

For ACq. ABq aiiz.ih:: notQ. 
Q, c therefore AO 'p- AB. ff^hich 
tfva^ to he dem. This Theorem was 
of great note with the ancient PhilofopJiers ; fo that 
he that undcrftood it not was efteemed by PJato unde- 
icrving the name of a man, but rather to be reckoned 
among brutes. 
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Definitions. 

Solid IS that vihich hath length, breadth 

and thickneis. 
II. The term, or extreme of a Iblid is 4 
Superficies. % 



III. A right line AB fs. 
perpendicular to a Plane 
CD, when it makes right 
' angles ABD, ABE, ABF, 
with all the right lines BD, 
BE, BF, that touch it, 
and are draw iq the faid 
Plane. 





IV. A Plane AB, is pem 
pendicular to a Plane CI^ 
when the right lines FG, 
HK, drawn in. one Plane 
AB to the line of common 
iedtion of the two Planesi 
EB, and making right an- 
gles therewith, do alto make 
right angles with the other. 
Plane CU 





£ a c t ID bV EJmp^^ 

V. The inclination of 
a right line AB to a Plane 
CD, is when a perpendi- 
icolar }i& is drawn from 
A the higheii; point of 
that line AB to the plane 
CD, and another lineEB 
drawn from the point B, 

which the perpendicular ^ 

AE makes in^the plane CD, to the end B of the laid 
line AB which is in the fame plane, whereby the an- 
gle ABE which is contained under the infifting Jinc 
AB, and the line drawn in the plane EB is acute. 

VL The inclination 
of a plane AB to a plane 
CD, is an acute angle 
FGH contained under 
the right lines FH, GH 
which being drawn in ei- 
ther of the planes AB, 
CD ta the fame point H 
of the common fedion BE, make right angles jFHB,^ 
(sHB, with the common iedion BE. 

yil Planes are faid to be inclined to other planes 
in the fame manner, when the faid angles of inclina- 
tion are equal one to another*, . 

VIIL Parallel planes are thofc which hjcing pjro-. 
longed never meet. 

IX. Like iblid figures are iuch as are coi^tained un- 
der like planes equal in number. 

X. Equal and like lolid figures are iiich as are con- 
tained under like planes equ^ both in multitude anc^ 
magnitude. 

aI. a iblid angle is the inclination of more thau 
two right lines which touch or^e anqtber, and ate no^ 
in the fame fuperficies. 

\ 

Qr ihui; 

A (olid angle is that which is contained nixdermo^ 
than two plane angles not bein^ in the Jlaioe fuperfir 
pes, but confifling ^11 at one pomt. 

XII. A Pyramide is a folid figure comprehended 
under divers planes fct upon one plane (which is the 
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bafe pf the pyramide,) and gathexed together to one 
point. 

XIII A Prifinc is a folid figure contained under 
planes, whereof the two oppofite are equal, like, antl 
parallel ; but the others are parallelograms. 

XrV. A Sphere is a fblid figure made when the di^ 
ameter of a fcmicirclc abiding unmoved, the lemicir- 
cle is turned round about, till it return to the^unt 
place from whence it began to be moved. 

CerclL 

m 
» • 

Hence, all the rays drawn from the center to the 
iuperficies of a Iphere, are equal amongft themlclycs. 

XV The Axis of a Iphere, is that fixed right line, 
about which the femicircle is moved. 

XVI The Center of a Iphere, is the fame point 
with the ccntep of the fcmicircle 

XVII. The Diameter of a fpherc, is a right line 
drawn thro' the center, and terminated on either fide 
in the fuperficies of the fphere. 

XVIII. A Cone is a figure made, when one fide of 
a redfcangled triangle {vi2. one of thofe that contain 
the right angle ) remaining fixed, the triangle is turn- 
ed round about till it return to the place from whence 
it firll moved. And if the fixed right line be equal to 
the other which contaiqieth the right angle, then the 
Cone is a je6tangledConc : But if it be lefs, it is an 
obtufe-angled Cone ; if greater, an acute-angled Cone. 

XIX. The Axis of a Cone is that fix'd line about 
which the triangle is moved. 

XX. The Bale of a Cone is the circle, which isde- 
Icribed by the right line moved about. 

XXI. A Cylinder is a figure made by the moving 
round of a right-angled parallelogram , one oi the 

• fides thereof, (namely, which contain the right angle) 
abiding fix*d, till the parallelogram be turned about 
to the lame place, where it began to move. 

XXII. The Axis of a Cylinder is that quielcent right 
line, about which the parallelogram is turned. 

XXIII. And the Bales of a Cylinder are the circles 
which are delcribed by the two oppbfitc fides in their 
motion. * 

XXIV. Like Cones and Cylinders, are thole both, 
whole Axes and XHameters. of their Bafes are propor- 
tional ' %^\. \ 
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5CXV, A Cube is a fblid figure contained undci^ (ut 
equal iquares. 

XXVI. A Tetracdron is a fblid figure containccl 
Under four equal and equilateral triangles. 

XXVII. An 06taedron is a fblid figure contained 
under eight equal and equilateral triangles 

XXVIII. A^Dodecaedron is a fblid fi^ire contaii^- 
ed under twelve equal, equilateral, an^ equiangular 
Penta&ones. 

XXIX. An Icofacdron is a fblid figure contained 
under twenty equal and equilateral triangles 

XXX. A Parallelepipedonisafblid figure contained , 
under fix quadrilateral figures, whereof thofe which 
are oppofite are parallel. 

XXXI. A fblid figure is faid to be infcribed in a fb- 
lid figure, when all the angles of the figure infcribed 
are comprehended either within the angles, or in the 
fides, or in the planes of the figure wherein it is in- 
fcribed. 

^ XXXIL Likewife a (olid figure is then faid to be 
circumfcribed about a fblid figure, when either the an- 
gles, or fides, or planes of the circumfcribed figure^ 
touch all the angles of the figure which it contains. 

P R. O P O S I T I O N. I. 

One part AC cf a right line cannot 
he in a fJane fuperficieSy and another 
part of it CB above the fame. 

Produce AG in the plane diredly 
to F. If you conceive CB to be 
drawn f!rait from AC, then two right lines AB, AF, 
have one common fegmcnt AC. a Ivhichis impojjtble. ^ '®' ^^' ^* 

PROP. IL 

If two right lines AB, CD, cut 
one another J they are in the fame 
plane : And every triangle DEB 
isinaneandthefameplane. _ ^ 

For imagine EFGri part of the A. O 

triangle DEB, to be in one plane, and the partFDGB 
to be in another, then EF part of the right line ED 
c xn a plane, and the other part elevated upwards, a aio^-rx, r. 

JThieh 
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HTlOchh MifiirJ. Tlicrcfore the trian^ EDB is in 
one and the &iia plane ; and £b alio arc rhe right lines 
ED, EBi .(wbercfere the whole line* AB,I)C, are 
in one plane. ffldtbwMttbtdein. 

PROP, nt 

fc...— . ^ \ . . If tv» flaius k^ CD, aa MB 

^9~ d " ; 7^ *6« rttw, *6rir commm ftBUn EF* 

* -z r " ■ 'a 5 If EF the common feaiao be 

ii.^. 1. • tiottirightlinc,4thcniDtheplanc 

AB draw the right line &F. « and in the plane 

CD the right line EHF. therefue two right lines 

l>i4.«y. I. EGF. EHF include a fupccficies. b/TUcfr if di/Hnl 

P R O P. IV. 

f4a%Atctmmmft6miiifHBB 
» liMs AB, CD, a r^h Ihu EF 
lii at right tmglti fa tiwn, ^ 
!/ «//# i# 4* rfe6( aiglet to tit 
u ACBD ifrium f£»' ilw/^ul 

Take EA, EC, ^ ED, cyial 

;to the other, and join the right 

(raw any right line GH thro' E, 

B, FG, Fll Becaufe AE is 4 = 

i amOr. md the angle AED b = CEB, 

b i7 I. t, (likewife AC = DB ./ there 

<; ^ I, B, rf and AC toBD. *whcrefi)re 

ifch 54 I. the angle GAE=EBH, and the angle AGE^ EHB. 

7i9- I- But alio AE/= EB. g therefore GB = EII, g and 

f ^<«/?f. AG = BR whence by ■5^«\''fj^%"|^^f'."|'^sS 

SI'S I. the hyp.andfo equal, atE,fcthcbafoFA,FCFB,FD, 

64 1- areequal. Therefore the tnangles ADF, FBC, are c- 

k 8. 1. quiiarcral o.ie to another, * antfthcnce the angle DAF 

- BCF Therefore in the triangles AGF, FBH, the 

1 4. 1. fiii's FG Fll / are equal; and foby conftquence the 

roS. (. trimrfes'FEG and FEH are mutually equilateral « 

tiio.M.1. ihcr&re the angles FEG, FEH arc equal, and » fo 

rif;h: angles. Inlike manner, FE makes right angles 

with ail tlie lines drawn thro' E in the plane ADdC, 

03 def.u. e and ii therefore perpendicular to the faid pUnc, 




PROP. V/ 

Jf a right lineAB be-treBedterpen- 
dicular to three right lines AQ AD» 
AE, touching one the other at the com- 
mon feStieny tifofe three lines are iH 
the fame plane 

For AQ AD, a are in one plane 
FC ; a and AD, AE, are in one plane ' ^ a 2. 1 1. 

BE, which if vou conceive to be fereral planes, then 
let their intcdcdion b be the right line AG ; there- b 5. ir. 
fore bccaule BA by the Hyp. is perpendicular to th<s 
right lines AC, AD. c and fb to the plane FC, d it is alio c 4. 1 1 . 
perpendicular to the right line AG. therefore (fince a d j. iff 1 1« 
that AB is in the lame plane with AG; AE) the angles 
BAG) BAE, are right angles, and confequently equal, ' 
the part and the whole. W'hich is abfitrd* 

PROP. VI. 

If two right iinei hBy DC, bee- 
reBed perpendicular to one and the 
fame plane EP, thofe.right lines AB, 
DC, are parallel one to the other. 

Draw AD, whereunto let DG 
= AB be perpendicular in the 
plane EF, and join BD, BG, AG. 
Becauie in the triangles BAD, ADG, the angles DAB, 
ADG a arc right angles, and AB 6 = DG, and AD is a hyp^ 
common, c therefore BD is = AG. whence in the tri- b cmitlr^ 
angles AGB, BGD, equilateral one to the other, the c 4. 1. 
angle BAG is </ = BDG ; of which fince BAG is a d 8. i. 
right angle, BDG fhall be fo alfb, but the anrie GDC 
is fuppo^d right, therefore the right line (3) is per- 
pendicular to the three lines DA, DB, CD. « which are e <.i. 
therefore in the lame plane ^wherein AB is. Where- f a. 1 1, ' 
fore (ince AB and CD are m the lame plane, and the 
internal angles BAD,. CDA, are right an^es, f AB » 28* I. 
and CD fhdl be parallel?. JVhich was te be denC 

PROP. VH 

If there are two parallel right lines 
AB, CD, and any points B.yFy be ta- 
ken in both of them y the line KF*tvhich 
is joined at thefe points y is in thefam» 
plane with the parallels AB, CD. 
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Let the ^lanc in which AB,CD, are, be cut By ano- 
ther plane at the points E, R then if EF is not in the 
plane ABCD, it Ihall not be the common ie&ion. Thcre- 

a ^. ii. fore let EGF be the comi?xon fe6tion ; which a then is 
a right line, therefore two right lines EF, EGF, in- 

b 14. ax. I- dude a (uperficies. b ffhich is abfurd. 

PROP. vni. 

If there are two parallel right linet 
AB, CD, whereof one AB, // per- 
fendkular to a plane EF. then the o- 
thdrCDJhaUhe perpendicular tQ the 
fame plane EF. 
p The preparation and demonftra- 
tion of the iGxth of thb Book be- 
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c 3. aep 1 1 . arc. ) c tiicreiorc k2U is perpendicular lu v>i^. uul urc 
d zp. 1. angle CDA is alfb d a right angle, e therefore CD is, 
e 4. II. perpendicular to the plane KP. Which was to he de^ 
tnonfirated, 

PROP. IX. 

TB Bjght Urns ( AB, CJD ) inhich ari 

^ parallel to the fameright line EF, but 

_ not in the fame plane with it^ are ah 

C S "D fo parallel one to the other. 

In the plane of the parallels AB, 
EF, draw HG perpendicular to EF ; alfo in the plane 
of the parallels EF, CD, draw IG perpendicular toEF; 
a therefore EG is perpendicular to the plane wherein 
HG, GI arc; and AH, CL are perpendicular to the 
lame plane, c therefore AH and CI are parallels. IV hub 
was to be dem. 

PROP. X. 

If two right lines AB, AC, touching one 
another be parallel to two other right lines 
HD, DF, touching one another^ and not be- 
ing in the fame plane J thofe right lines con- 
tain equal angleSy BAC, EDF. 
. Let AB, AC, DE, DF, be equal one 
to the other, and draw AD, BC, EF, BE, 

a ht> and ^ '. CF. Since AB, DE, a arc parallels and e- 

cc/ni cual. h alfo BE, AD, arc paraUcls and equal. In like 

»«F,/^.f 1 I manner 

bsji. 
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manner CF, AD, are parallel and equal ; c therefore c 2. ax, i 
sdfo BE, FC, arc parallel and equal, d Therefore BQ and 9. 1 1. 
EF arc equal. Wherefore fince the trianglw BAG, <i 95. !• 
EDF, are of equal ifides one to the other, the angles c 8. i. 
BAG, EDF e fliall be equal. fFhich was ta be dem. 

PROP. XI.pS-JLdAH 

From a point ghoen on high hfo'^ 
ilraw a right line Al ferpendiculat^o 
^ plane beloiff BC 

In the plane BC draw any line 
DE ; to which ftt)m the point A a 

draw the perpendicular AF, to the fame DE through b 11. i. 
F in the plane BC b draw the perpendicular Ffl, then c 31. i. 
to FH a draw the perpendicular AI, this Ihall be per- d conjir* 
pendicular to the plane BC. * e 4. 11. 

For thro" I c let KIL be drawn parallel to DE. Be- f 8. 1 1. 
cau/e DE d is perpendicular to AF, and FH, e there- 2^ aefii^ 
fore DE fhill be perpendicular to the plane IFA. and fo h confirm 
aUb KL/ is perpendicular to the fame plane, g there- 1 4. 11. 
fore the angle KIA is a right angle, but the angle AIF 
is alfo h a right angle, / therefore AI is perpendicular 
to the plane BC JVhich was to be done. 

. PROP. XIL 

In a plane given BC, at a point gi- 
Mjen therein A, to ereSi a perpendicular 
line AF. 

From fome point D without the 
plane, /idraw DE perpendicular to ?^ ^'' ^^* 

the laid plane BC and joining the points A, E, by a " |^' ^' 
line AE, h draw AF parallel to DE. c it is apparent c 8. 1 1. 
that AF is perpendicular to the plane BG IFhich 
was to be done 

This and the preceding problem are praftically per- 
formed by applying two Sjuares to the point given ; as 
appears 1^ 4. n. 








J>X 



• PROP. XIIL 

j^t a point given C in a plane given 
AB, two right lines CD, CE, cannot 
he ereBed^ perpendicular to the [aid 
given plane on the fame fide. 

For both CD, and CE a fhould 
then be perpendicular to the plane AB, and confequently 

Q^ paral- 




a6. iU 
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paraUeb ; whicb is repugjiant to the defimiion <^ p^ 
rallel Unci, 

PROP. XIV. 

G PlaMi CD, FC, f0 ti'£ri-£ lit fame 

right Im AB m ftrpendiculaT, are fa- ■ 
raihl 

If you d^iv this ; then Let iht 
plaiies CD, EF meet, lb that their 
{^mimon fc^oti be the right line 
GH, in which take anypoint I, draw 
to it the right lines lA, IB, in the 
(aid planes, whereby in the triangle lAB, two sa^ea 
i hyp and lAB, IBA a arc rignt angles, b iVbkh ii at/inJ. 

£,7.1. - PROP. XV. 





e 19. I. 
f4-ii- 



If tiet right liiuiAB, AC, touchifigBat 
the other, are parallel ta two^her right 
Hues DE, DF, toucbiag one the other, 
and not being in the fametlaiie tohb 
them, the pUnei BAG, EDF, dravm 
^Jp U^ h '^f' "S}'* ^'"" '"' faratlel one tt 
the ether. 

From A a draw AG perpendicular to (he plane EF.' 
h and let GH, GI be parallel to DE, DF. c ihefe alfq 
Ihali be parallel to AB, AC. Therefore fincc the an- 
. gles IGA, HGA, d are right angles, alfo CAG, BAG, 
' e thall be right angles./ therefore GA is perpendicu- 
lar to the pkne BC ; but the fame is perpendicular to 
the plajie EF, h therefore the planes BC, EF, arc p»- 
rallel. IVhicb vifit le be dem. 

PROP. XVI. 

If two parallel ftaati AB, CD, 
are tut by fomi etlerptane HEIGF, 
their ccmmcn feBieni EH, GF art • 
parallel one to the other. 

For if they are iaid to be not 
parallel, then, fincethey arc in 
the lame cutting plane, they muft 
meet fomc where, foppole in I, 
wherefore lince the whole lines 
HEI> 



EucLiDE*J Ekmefits. 



tffil, FGi a arc in the planes AB, CD, produced, the a i. 1 1 
jplancs alfi) fllall meet, contrary to the Hy^. ; 

I^ROE XVII 



Ifikvo right lines ALB, CMd, are 
ita hy parallel planes EF, GH, IK ; they 
Sail be cut proportionally. ( AL. LB : : CM. 

Let the right lines AC, BD, be 
flrawn in the planes EF, IK ; as alfo AD 
Jneeting the plane GU irt the point N. 
and join NL, NM, the planes of the tri- 
angles ADC, ADB, make the ledions BD, LN, and AC 
NM, i« parallels. Therefore AL. LB;; AN.ND^'* 
JCM. MD. ^hich was to he dem. 
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PROP. XVIIt 



1 A 



■5 



\ 



H £ 



XJ 



! 



If aright lineAB leper^ 
pendicular to fime plane CD, 
all the planes EFpaJpng thro' 
that right line AB Jhall he 
perpendkttlar to the fame 
plane CD. 

t-et there be fbme pland 
BF drawii thro* AB, mak- 
ing the feaion EG with the plane CD; froin forte 
point whereof H, a draw HI parallel to AB in the plane a ^ 1. 1 ; 
EF ; h then fhall HI be perpendicular to the plane CD, b 8/ 1 1 . ^ 
and fo likewife any other lines, that are perpendicip 
lar to EG. c therefore the plane EF is pcf pendicular c ^Jef.t V 
to the plaheCD; and for the fame reaibn any other 
Iplancs drawn thro* AB jihall be perpendicular to CD* 
JVhich ixias to he dem, 

P tl P. XIX. 

Jf two planes AB, CD, cut- 
hng one the other^are perpendicu- 
lar to fome plane GH, their line 
xf common feBion EF Jhall he 
perfhidicular to the fame plane 

Becauie the planes AB, CD, 

^4 2, ar6 
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' are taken perpendicular to the plane GH, it appears by 

4. def. II. that from the point F there may be drawn in 

both planes AB, CD, a perpendicular to the plane GH, 

a li, 1 1, which fhall be a one and the lame line, and therefore 

the common feftion of the laid planes. IFhkb was 

m 

Tf a find angle ABCD he. contained 
under three f lane angles^ BAD, DAC, 
BAG, any two of them how/oever taken 
are g¥eater than the third. 

If the thi^e arigles are equal, the 
affertion is evident ; if unequal, then let the greateft 
- « ^ T be BAG ; from whence a take awavB AE = BAD, and 

^ make AD = AE ; and alfo draw BEG, BD, DC 

\% /./iM/?r ' Becaule the fide BA is common, and AD A = AE5 

r AT and the angle BAE h := BAD, c thence is BE = BD. 

dto I. but BD 4- DC is rf cr- BC. e therefore DC CT" EC 
*• « ^^' T Wherefore fince AD h =f AE, and the fide AC is cbm- 
f i< 1 mon, and DC cr* EC / the angle CAD fliall be c- 
K ±'al\ I. EAC, g therefon^ the angle BAD + CAac- BAG 
• * l^hich was to be dem. 

PROP, xxi 

Every find angle A is contained 
under lefs angles than four ffane 
right angles. 

For let a plane any-wile cut- 
ting the fides of the iolid angle 
A make a many-fided figure nC- 
^j^i^ ^ — ^C DE, and as. many triangles ABC, 
ACD ADE AEB. 1 denote all the angles of the poly- 
eone by X I and I term the fum of the angles at the 
Safes of the triangls Y. whereof X+. 4 right angles^ 
a 2 2 I a» =Y4- A. but becaufe that ( of all the angles at B) 6 
fclxi I. the angle ABE +- ABC is cr-CBE, and the fame is 
h 20. I'l. true alfo of the angles at C, at D, and atE, r it isma- . 
c 5. ax. I. nifeft that Y is CT" X,and confequently A fhall be -:i 
4 right angles. JVhich was to be dem. 

PROP. 
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PROP. XXIIJ 






>4i 






If there ari three plane angles A, B, IICI, nvherecftnoi 
fjowfoever taken are greater than the thirdy and the right 
lines which contain them are emfalADy AE, FB, &c. then 
of the right lines DE, FG, HI, conneBing thofe equal right 
lines together J H is pojjible to make a triangle. 

A triangle may be a made of them, if any two be a 2Z. U 
greater than the third ; but they are (b. For h make b 23. U 
the angle HCK = B, andCK = CH, anddrawHK, 
\YLc thence KH == FG and becaufe the angle KCI d c 4. i# 
cr- A. e tkerefore KI cr- DE, but KI/ -3 HI + KH eihyf. 
( FG. ) therefore DE -:3 HI ^-. FG. By the Ute argu^ c 24. i* 
ment any other two may be proved greater than the £2,0. i* 
ithird ; and conlequently a it is poffible to m^kc a triy 
angle of them. iVhich was to be dent, 

PROP. XXIII. 




?7i make a filid angle MHIK of three plane angks 
A, B, C, whereof two howfoever taken are greater than the 
third. * But it is necejfary that thofe three angles he left * 21. itJ 
than four right angles. 

Make AD, AE, BE, BF, CF, CXS, equal one 
Xo the other J and of the fubtendcd lines DE, EF, a 22. !!• 
EG ( that is, of the equal lines HI, IK, KH ) a make and zi. i. 
the triangle HKI ; about which b defcribe the circle b 5. 4. 
LHKI. * But becaufe AD is c- HL, c let ADq be = ^See Cla^ 
iHLq 'I- LM4. d and let LM be perpendicular to the ^ius, 
plane of the cifcle HKI. and 4raw HM, KM, IM. c/^^.47. \ , 



c^. iff. 1 1. 

£47. I- 
Rconfh. 

h confir. 
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wherefore fincc the angle IILM « is a right angle, / 
thence is MHq == HLq + LMq ^ 1= ADq. therefore 
MH -^ AD. Bv the fame way of reafoning MK, MI, 
AD (that is AEl, EB, S^r.) are equal; therefore fince 
hU --- AD> and MI = AE, and DE i& = HI, * the 
angle A Ihall be =3 HMI, k as likewife the angle IMK 
= B, i^ and the angle HMK = C, wherefore a Ibl/d 
angle is made at M of the three given plane angles- 
U^hkh was to be done, AO is affumed t:o be CT" HL. 
But this is'manifeft. For if AD be =: or -p HL, then 
is the angle A / = i» or c^ HLI. In like manner 
fliall B be equal or c- IILK, and G = or iz~ KLT, 
wherefore A 4- ^^ 4" ^ * ^^^ either equal or e^dcee^ 
four right angles, contrary to the Hyp. therefore rather 
let AD be CT" HL. ff^hich ivas to be dem. 



1 confir. &* 

8. I. 
m 21. I* 



PROP. XXIV. 

If a folid AB ^tf c(mt4ined 
under parallel planes ^ the oppo^ 
fife planes thereof ( AG, pD, 
6cc ) are like am equal fatal' 
iehjrrnms. 

The plane AC cutting the 

^ jj^ ■/ 1/ parallel planes AG, DB, a 

makes the fe6tions AH, DC, 

parallels, and for the fame 

realbn AD, HC are parallels. Therefore ADCH is a 

pgr. By the like argument the other planes pf the pa- 

h^$'def,i» ralielepipedon are_^ pgrs wherefore fince AFisparal- 

c 10. II. ~ ' -«.--. 

d 34. 1. 

c 7- 5- 
gd.A 

h4 I. 




lel to HG, and AD to HC, c the angle FAD fhall be 
= GHC, therefore becauft AF ^ = HG, and ADd- 
HC, and fo AR AD : : HG. HC, the triangles FAD, 
GHC g are like and i& equal ; and confequently the pgrs. 
AE, HB are like and k equal, and the fame niay be 
k6 ax.i. fbewn of the reft of the opppfire planes, therefore, &c. ' 



PROP. XXV. 




A E 



IfafilidParallele^^ 
pipedon ABCD he^ cut. 
by a plane EF paral" 
lei to the oppofite planes 
AD, BC; then as the 
hafe kWistothebafe 
m\ Jojhall folid M\U^ 
betoJblidBHC. 

Conceive 
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Q)nccivc the parallclcpipedon A6CD to be extended 
on cither fide, and take AI = AE,- and BK = EB, 
and put the planes IQ^, KP, parallel to theplanes AD, 
EC ; then the pgrs. IM, AH, and a DL, DGi, ^and IQ^, a 55. i.and 
AD, EF, 8^^. are a like and equal, c wherefore the P^- idef. 6- 
rallckpipedon AQ^is rr= AF ; and for the fame reafbn b 24. 1 1. 
the Paratlelepipedon BP = BF. therefore the folids IF, c 10 def 
EP arc as multiple of the folids AF, EC, as the bales 11. 
IH, KH, are of the bafes AH, BH. And if the bafe IH 
be cr-, a=r, -^ KH, i/Iikcwifc fhaU the folid IE be d 24. n. 
cr-, =r, -t3 EP. • confcquently Aft BH :: AF.EG and 9 def. 
Which was to be dem, 1 1, 

^he fame may he acamodated io dllfoets tf pi[mts^ e 6.def.^, 

wohenee 

■ 

CorolL -» 

% 

If any prlfme whatfbcver be cut by a plane parallel 
to th^ oppofite planes, the ie6bion fhaQ be a figure e^ 
goal and like to the oppoficc planes. 

PROP. XXVL 

Upon a right line given 

AB, and at Otpemt given 

in it A, to make a folid 

angle AHIL e^ual to a 

folid angle given C WEF. 

From fome point F a «QB £^ "^"^ a r 1. 1 1, 

draw FG perp^idicular 

to the plane IX]!E, and draw the right lines DF, FE, 
EG, GD, CG. Make AH == CD, an4 the ancle Il\I 
r= DCE, and AI= CE; and in the plane HAI make 
the angle HAK = DCG, and AK =: GG, then ered: 
KL perpendicular to the plane HAI, and let KL be r:^ 
GF, and draw AL : Then AHIL fhall be a folid an- 
gle equal to that given CDEF. For the conftruftio^ 
jpf this does wholly refemble the framing of that, as 
lyill eafily appear to any who examine it. 



9.4 PRQP- 




248 



The eleventh Book of 




az<$. II 
b 12.6. 
c 2Z. 5. 



PROP.XXVIL 

Upon a right Itnegt^ 
ven AB to defcribe a fa* 
ralleJepfpedon AK, like^ 
and in like manner fi- 

tuatej >iwitb a folidfa- 

A BC *' ralleleptpedongivefCD' 

Of the plane angles, BAH, HAI, BAI, which are e- 
qual to FCE, EOG, FCG, a make the folid angle A c- 
qual to the folid angle C. alio b make FC. CE :: BA. 
AH. fc and CE. CXJ : : AH, AI (c whence by equality FG 
CG :: BA. AI) and finifli the parallelepipedon AK, 
which Ihall be like to that which is givea 

For by the conftnidtion, the Pgr. <f BH is like to FE, 

^i.drf. 6. and d HI to EG, and d BI to FG, and e fo the oppofites 

e 24. II. of thcfc to the oppofites of them : Therefore the fix 

planes of the folid AK are like to the-fix planes of the 

f ^. defi I. folid CD, / axid confequently AK, CD, are like folids* 

Which was to he dem. 

V 

PROS. XXVIIt 

If a foUi farjiIleJepipedm Afi 
he cut by a plane FGCD dravm 
thro the diagonal lines DF, CG, 
of the oppofite planes AE, HB, 
that folid AB pall be equally bi' 
feBed by the plane FGCl). 
For becauic DG, FG, are a equal and parallels, h tl^e 
plane FGCD is a Pgr and becaufe a the Pgrs. AE HB, 
are equal and like, ^ alfo the triangles AFD, HGC, 
CGB, DFE are equal and like. But the Pgrs, AC. AG, 
are equal and like to FB and FD, therefore all the 
planes of the prifme FGCDAH are equal and like to 
CQdefii all the planes of the prifme, FGCDEB, and c confe- 
quently this prifme is equal to that. IThich was io^be 
demonftrated* ' ■ 




a 24.^ I. 
b 34. 1. 
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PROP. XXIX. 




Solid paraJlelepiped^s AGHEFBCD, AGIIEMUCI^ 
ffeing cmfittued upon the fame bafe AGHE, 4nd * in the 
fame height^ ivbofe infixing lines AP, AM, are placed in 
the fame right lines AG^ FL^ are equal on^ to the ether. 

For a if from the equal prifmes AFMEDI, GBLH- 
jGCy th& common prifine NBMPCIbe taken away, and 
the (olid AGN£HP be added, the Parallelepipedon 
AGriEFBCD fliaU be = AGIIEMLKL IFhich voas 
to he demonfirated, 

PROP. XXX. 



?^ 




* I. e, Jtff 
tween the 
parallel 
planes kG^ 
HE. FL- 
KD.eP> 
underjland 
itintbefcit,' 
zioJefii 
&»35. I. 
b 2*and2J 
ax. U 



H\r^ 



SoUparallelepipedms ADBCHEFG, ADCBIMLK fc- 
m confiHuted upon the fame bafe ADBC, and in the fame 
height^ whofe injtfiing lines AH, AI ate not placed in the 
fame right lines^ are equal one to the other 

For produce the right lines HEO,GFN, and LMO, 

KIP; 



aio • -^i/e elevimb Boak ef 

354- 1- KIP; and draw AP.DO.EQ, CN.4 ihenfliail DC, AB, 

. HG, EF, PQj ON be m well eniial and parallel one to 

b 29. 1 1. tfcc other as aD, HE. GF, BC, KL, IM, («^. PO. b 

wherefore the parallelspipedon ADGBPONQ fliall be 
f I. «. I equal to either paralklepipedon ADCBIIEFG, ADCB- 

JMLK ; and c conJequenily cheic tfro ace equal (Hie to 

the other. Which was to bt dtnt. 

PROP. XXXI. 



Sm parallekp'pedcm, AU'KtiMBI, CP-OHOpN, 
*iyhei^lt heing cen/litudediipim equal i.ifis ALEK, CP»0, and* 
ftidtrflatid in the fame height are e^ual, one to the other, 
the perfeti- Firfi, let ihe parallel^! pedons AB, CD, have the 
dkular fides perpendicular to the bafcs, and at the fide CP be- 
drav/irfrom ing produced, a make the Pgr. PRTS equal and like 
the plane of xo the jigr, KELA. i and fb the parallelepi'pedon PR. 
thebafeto TSQVYX tqual and tike to the_parallclepipednn AB, 
the oppcftte Produce OtiE, NDji, eiPZ, DQt , ERB, J-^y, TSZ, 
pi^tie. YXF; and draw EJ^, ^y, ZF. 

'a i^. 6 The j^^iks Os/>N, CRVJI, ZTYF, c are parallels 

bzy.iiS' one to the other; d and the Pgrs. ALEK, CPafl. 
lo. A/.ii. PRTS, PRBZare equal Therefore fince the parallels- 
c^o.def.ji. pipedon CD. PVcTa e -. : Pgr. Ga (PRBZ) Rte : ; paral- 
d hyp. and lekpipedon PRBZOVo-F. PV^si ; the parallelepipedon 
3 5. 1. CD/ftall be = PRBf QVj-F 5 =PRVQSTYX ,& = 
C 2 J. 1 1, AB. W'fefc -uias Ic hi Attn. 

f 9. y. But if the parallelqpipcdons AB, CD, have fidesolh 

"" lique to the bale, then on the fame bafrs and in the 

(ame height place parallelepipedons whofe fides are per- 
Jc ij. II. pcndicular to the bale. * They Ihali be equal tooneatio- 
■p I. ax. I. ther, and to thofi: that are obiique, m whence alfo the 

oblique psrallelepipeddns AB,CD are equai-^fei ^"^ 

to le demotiffrated, 

■' . pKQtV 



I 
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PROP. xxxq. 



»Jt 







a 



St>li^paralhhpipe4<mt ABCD, ETGL, eflhe/ame height, 
are one to the ether, as their hafts, AB, EF. • 

Produce EHI, A and make the per. FI=:AB, and a45.i. 
icorapleaitheparallclepipedon FINM. Itisclearthat baj, ii^ 
the parallelepipedon FINM. (c ABCD) EFGL .J ; : FI c 31. ir. 
(AB ) EF. JThicb WM tohdem. d 2 j. 1 1. 

PROP, xxxnt- 

Lih felid paralleJeiiptAm!, 
ABCD, EFGH, are time a- 
titther mlripUcate ratio if their 
iomi^i^oin fidei h\, EK. 

Produce the right lines 
AIL, DIO, BINT, and a make » 3. i. 

IL. 10, IN, equal to EK, KH, 

KF, fiandfbtheparalleiepi- hz-^ 11. 

pedon IXMT equal and like 
to the parallelepipedon EF- B K 
GH. c Let the paraUcpps. IXPB, DLYQ be finifhed. dc^i.\. 
Then fliall be AL. IL(EK) ; : DI 10 (ilK.)-.-. Bl IN. d hyp- 
(KF) e that is the pgr. AD. DL : : DL. IX : : BO. IT. c i. 6. 
fie the paraliepp. ABCD, DLQY : : DLQY. IXBP f51.11. 
;:IXBP. IXMT. C? EFGH.) 6 therefore the propoiti- Zionllr, 
on of ABGD to EFGH is triplicate of the proportion h I'^Jefj- 
of ABCD to DLQY, k or of AI toEK. ITbich -aai to k i. 6. 
ie detionfiraleil. 

Hence it appears that if four right lines he continu- ' 
ally proportional, as the firft is to the fourth, lb is a 
parallelepipedon dcfcribed on the firft to a parallelc-, 
pipedon dcfcribed on the fccond, being like and in like 
tnanncr dcfcribed, . " 

," ■ PROP. 
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PROP. XXXIV. 

In equal foUdtuTalltlt* 

the kafes and aithudei 

arewiprocalihB.'SB:: 

EG. AC) ^ndfoUdta- 

ralMcbhedous, ADCB, 

EHGK whfebafei end 

ahitudts are rtcipretal, areegual. 

, Firft, let the fidc$ CA, GE be perpendicular to the 

* bafes ; then if the altitudes of the folids arc eqUal, the 

hafes alto fliall be equal, and the thing is clear. But if 

C }. I. the altitudes are unequal, from the greater EG a take 

b ;i. I> EI = AC, and atl b draw the plane IK parallel lo 

c;i. II. the bafe EH. then 

A i;. s. I. Tiyp. AD. EH c :: parallepp. ADCB. EHIK*/:: 

ei. iS. parallepp. EHGF. EHIK:<:::GL ILe::GaiE (/ 
fiMp. AC) g it is plain therefore that AD. EH;; GE .^G 

fll.5. Whkhwai tobedem. 
51. 11. 2 Hjj.ADCB.EHIKS" AD. EII A :-.EG.EI/;; 
thyf. GL. IL m : : parallepp. EflGF. EHIK, « wherefore the 

J 1.6. parallelcpipcdon AliCB = EIIGF. IVhUb was itbe 

ID 32. II. demenjlraied. 

j» 5. Moreover, let the fides be oblique to the bafes and 

crcft right parallel epipe dons upon the fame bales in the 
fame altitude; the oblique paraliepps. ftiall be equal to 
ihem. Wherefore fince by the firft part, the bales anrf* 
altitudes if thofe are reciprocal, the bafes and altitudes 
of thcfe alio fliall be reciprocal. Which •aiai to be derUi 

' CoToa. 

'j4ll that hath hceu dem. of faraVelpff. in (fc« Sp, ;o, j r, 
^Zj%^,^^PTO^,Joejalfoagreeli>iriangularprifrnes,iu)&cb 
arehatf^Tolltlpfs- as appears hy Pr.<^- 18. Therefore, 

1. TriangulM- priCnes arcofequal height With their 
bafes. 

2. If they have thclameorcqiwlbafesandtheiamc 

1 altitude, they are equal. 

3. If they are like, their proportion is triplicate of 
that of their homologous lides. 

4. If they are equal, their bales and altitudes arc re- 
ciprocal ; and if their bafts and altitudes are recipro- 
cal, they arc alfo equal. P R P. 
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PROP. XXXV. 

Tf there are two plane 
angles BAG, EDF, e- 
^/f/, and from the point 
sf thofe anffles two right 
Unes AG, DH, be eleva- 
ted on highy containing e- 
fual angles with the lines 

•Rrfi given^ each to his cofrefpondent angle (the angle GAB 
— HDE, andGAC = HDF ) and if in thofe elevatkd lines 
AG, Dtf, fome points be taken^ G, H ; and from thefe points ** 
perpendicular lines GI, HK, drawn to the planes BAG, 
HDF, in which the angles jirji given are^ and right lines AI, 
DK, be drawn to the angles firfi given from the points l^K.^ 
which are ma^ by the perpendiculars in the planes ; thofe 
right Unes with the elevated tines AG, DH Jhall contain e- 
^ual angles GAM, 1 1 DK- 

Make DH, At«, equal ; and GI, LM parallels, and , 
MC to AC, MB to AB, KF to DF, KE to DE perpen- 
dicular ; and draw the right lines BC, LB, LC, and EF, 
IIF, HE ; a and LM is perpendicular to the plane BAG ; a S- 1 1. 
fe wherefore the angles LMC, LMA, LMB; and for b^.defiu 
the fame reafbn the angles HKF, HKD, HKE arc 
right angles. Therefore ALq <:=LMq4- AMq ^ = c 47* i. 
LMq 4- CMq +■ ACq c = LCq -(-- ACq, d therefore d 48. u 
the Angle ACL is a right angle. Again ALq e bz LMq c 47. iv 
a-MAqtf=LMq4-BMq4-BAqe = BLq4^BAq. d 
therefore the angle ABL is alio a right angle. By the 
like inference the angles DFH, DEH arc right an- 
gles ; / therefore A B = DE, / and BL = EH, / and f z6. i. 
AG=DF, andCL - FH, ^ wherefore aIfoBC=EF; g 4. l 
# and the angle ABC = DEF, g and the angle ACB -= 
DFE. h whence the other right angles CBM, BCM, h^ax. !• 
are equal to the other FEK,EFK. k therefore CM = k z6. i. 
FK, / and fo alfo AM = DK. therefore if from LAq 1 47. i. 
m = HDq be taken away AMq = DKq, n there re- m confir. 
mains LMq = HKq, wherefore the triangles LAM, n47.i.flP 
HDK are equilateral one to the other; <? therefore the 5. ajc. 
angle LAM = HDK IVhich was to be dem. o 8. i. 

Coroll. 
Therefore, ifthere be two plane angles equal, from 
'•frhofe points equal right lines arc elevated on high con- 
taining 
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taining equal angles with the lines firft given, each to 
each; perpendiculars drawn from the extreme point3 
of thofe elevated lines to the planes of the angles firft 
given, are equal one to the other, wt. LM = HK. 

PROP. XXXVL 

U If there are three right 
** lines DE, DG, DF po^ 
porihfialy the foJidparat" 
lelpp. DH. made cfthem^ 
is eqseal to the /olid paral- 
lel^* IN made of the mid" 
dlelinelXi(iL)tvhich is 

alfo equilateral, and equiangular to the /aid parallelepipe- 

donDH. 

Becaufc DE. IK. a :iTL. DP, b the pgr. LKfliall be 

srr FE, and by reafbn of the equality of the plane angles 

at D and I, and of the lines GD, JM, alio the altitudes 

of the parallelepps. are equal by the preceding CoroU. 

c therefore the parallelepps. are equal one to the other. 

W^hich was to be dem. 

PROP. XXXVIl 
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If time are four )right tines A;B,C, t), proportienal, the 

foM parallelepps. A, B, C, D beir^ like, and in like fort dt- 

fcribedfrom them, Jball be proportional And if the folidpa^ 

rallefps, bein(^ like and in like fort defcribed^ be proportional 

* ( A. B : : C. D. ) then thofe right lines A, B, C, D, fball be. 

proportional. 

a ;^. 1 1. For the proportions of the parallelepps^ iiare tripli- 

hfckzi 5. cateoftholelincs;thereforeifA.B::CD,ithenihall 

the parallelpp. A. paralJelpp. B : : parallelpp. C. paral- 

lelpp. D. and fb alio contrarily. 

PROA 



PROP. XXXVIII. 

iiculM to a pans AC, and X d^^ Z ^ 

jiferfeKdkularlmeEF be ^T^ XJp ^^ 

jfrfltf;» from a poht E in \ ■ - ■ ■ NG 

me (f tht plants (AB) to 

the other plane AC, that perpetidicuUr EF JbaU f-H uptn 

the commanfiBhnrf the plana AD. • ' 

If ii! he poffible, let F fall without the interfeAion 
AD. and in the plane AG a draw FG perpcndicuUr to a 12. r. 
AD, and pii EG- Tiie anglp FGE 6 is a right angle, b 4 an-:/ }. 
andEFGisfappofedtobeiuchalfojthercforetworight */■ 11. 
angles are in t be triangle' EFG. e ITbkb h ahfmd. c 1 7. i. 

PROP XXXIX, . 

thJ!des(\E,PC,\F, -A M B 
, «kJ DH, GB, DG, HB) , 

^ the eppi'fue planes AC, DB, -^ 

^ afolidparalleIpp.AB,bedi- ] 

vidcd iotB IKKI equal parti, and 

flatus ILQp, PKMR, ie 

drawn thru' their feffhtu, the ^ 

cemman/effmipftbejiljinesST ( 

tmd the diameter of the f^id *^ 

raJlelpp. AS Jball divide one ff^ 

ether mtatioo equal parts. 

Draw the right lines SA, SC, TD, TB. Becaufc « a Jl r 
the fides DO, DT are equal to the fides BQ_, QT, h b ig ,! 
•nd the aiternatc angles TOD, TQB equal, alfo c the ^ 4. i 
bales DT.TB, and the angles DT0,BTQ_ arc equal.rf d/cJ.ij.l. 
thercibre ITTB is a right line, andfoiii like manner is e "4, j, 
ASC. Moreover e as well AD is parallel and equal to f q' j'j ^^ 
FG e as FG to CB, and f thence AD is parallel and e- j ,,,/ 
gualtoCB;^andconfeqently ACtoDBfcwhcrefore AB gi-, 1. 
andSTareirithe fame plane ABCD/ Therefore fincc h 1. 11. 
theverticalanglesAVS.BVT, and the alternate angles 
ASV, BTV ate equal;* and AS = BT J therefore Ihall k - ,- , 
AV bc=BV, / and SV = VT. WhUh was tob* dem. i j^. \\ ' 

Coroll. 

Hence I'n every paralleleplpcdon. all the diameters 
bifeft one another in one point, V. PROP. 
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, if /«;o frtfmes ABCFED, GUMLIK, he efeqkalalti'- 

tudcy thereof cne hath Hi bafeABCF a faralleJografny and 

the other GliM a trranqle; and tfthefarallelogram ABCF 

he double to the triangle GHM; tbofe frifmes ABCFED^ 

GHMLIK. are e^uai* 

a ; T. ii. For if the parallelepps. AN, GQj, be compleated^ a 

b 34. ijind they fliall be equal, bccaufe of the equality &' of the ba- 

7. ax. " fcs AC, GP, and c of the altitudes, d therefore alio the 

c hyp. ^ prifmes, e the halfe thecreof fliall bequal. fVbicb wai 

dz8. II. to be dem. 

c 7- ^y- «• Schol 

From the preceding demon firationSy the demenjum eftrioit' 
gularfrifmesy and tjuadrangnlary or paraileJepps, is learnt 'i 
Jndf, uacq viz. hy^ mjiUfflying the altitude into the hafe. 

As if the altimdebe 10 foot, and thebaic loofquare 
• foot (the bafe may be meafured hyfch. 35.i.orby4i.i) 

then multiply 100 by 10^ and 1000 cubic foot fliall be 
produced for the fblidity of the priirae given. 

For as a reftane;le,fo alib is a right paraBelepp. produ- 
ced from the akitude multiplied into the bafe. There- 
fore every parallelepp. is produced from the altitude 
multiplied into the bale, as appears by 3 1. of this Book. 

Moreover, fince the whole parallelepp. is produced 
from the altitude drawn into the bale, the half thereof 
(that is, a triangular priline) fhall be produced from the 
altitude drawn into half the bafe, namely the triangle. 
I j4n uidvertifement 

Obf ^at cfthofe letters which denote a/olid angle^ the 
firji is always at the point in which the angle is ; but cfthofe 
letters which denote a pyramide^ the laft is at the fupremt 
point thereof. 

Ex. gr. the folid angle ABCD is at the point A ; and 
the (upreme point of the pyramide BCDA is at the point 
A. and the bale is the triangle BCD. 

^he End of the eleventh Book. THE 
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PROPOSITION 1 




L 



IKE potygofious figures ABCDE, FGHIK infirited 
in circles ABD^ FGI, are one to another^ as the 
fquares defcribed on the diameters cf the circles ALt, 



FM. 

Draw AQ BL, FFI, GM^ Becaufe s the angle a t.def.6: 
ABC = FGH, a and AB. BC : : FG. GH b therefore h$,6. / 
lOiall the angle ACB (cALB) be= FHG(^FMG.) C2i. 3. 
but the angles ABL, FCsM d are right and fb equal ; d 31. 3. 
e therefore the triangles ABL, FGM are eqiangular,/e 52. 3. 
wherefore AB. FG : : AL. FM. g therefore ABCDR fcor. 4. 6, 
FGHIK :: ALq. FMq. g az. 6. 

CorolU • 

Hence (becaufe AB. FG :: AL. B'M :: BC GH, ©»^.) 
the ambits of like polygonous figures inicribed in a 
circle arc in h proportion as tlA'diamcterfc ^ i.ii.an^ 

R ^ PROP X2.5. 
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PROP. n. 





^fch. 7. 4. 
4 30. 3. 



e/^^ 27.5. 



e I. io» 

£ hyp. and 

g 30. 3 8p 
I./^ I. 
h 1. 12. 



GrfAfi ABT, fiFN, if e ffj f ^o^ofi 
iicn one to another^ as the fquares cf 
theit diameters AC, EG are, 

Suppofc ACq. EG<j : : the circlcT 
ABt. 1 1 fay then I is equai to the 
circle EFN. 
For firft, if it be poflSble, let I 
be lefs than the circle EFN, and let K be the ^xctfs 
or difference. Inferibe the Ibuare EFGH in the cir- 
cle EFN, a it being the half of a circumfcriBcd fquare^ 
and fb greater than the leftiicirclc. h Divide equally 
in two the archiss EF, FG, GH, HE, and at the points 
of the divifions join the right lines EL,LF,©'f. thro' L 
draw the tangent PQ, ( t which is parallel to EF ) and 
produce HEP, GFQ. then is the triangle ELP d the 
half of the pgr. EPQF, and (6 greater than the half of 
the fcgmentELF; and in like wrt the reft of thoie tri- 
angles exceed the halfe of the reft <Sf th^ iqgmenrs* 
And if the arcbesEt^ LF, ¥M,&^€. be again bifedred^ 
and the right lines joined, the triangles will likawife 
exceed the half of the fegments Wherefore if the 
fquare EfGH be taken from the circle EFN, and the 
triangles from the other fegments, and this be done 
continually, at length e there will remain (bme magni- 
tude lels thafe K. £et us have gone fo for, namely, to 
the fegments EL, LF, FM, m. taken together Ie(» 
than K. Therefore I (/ the circle EFN — K ) -:i 
the polyg ELFMGNHO ( the Circle EFN — the feg- 
ment EL -^^ LF, &^c. ) In the circle ABT g conceive 
a like polygon AKBSCTDV infcribed. therefore fince' 
AKBSCTDV. ELFMGNHO h :: ACq. EGq knxhc 

circle 
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drcIcABT. I. and the polyg. AKBSCTDV / -^ the I p. ax. i- 
iirclc ABT. the polyg. EIJFMGNHO m ihall be -^ m 14. 5, 
1. but before, I was -^ ELPMGNHO. which is re- 
{>ugnant. 

. . Again, if it be pbfEble, let I be CT" the circle EFN. 
Thercfbt«t)ccauic ACq. EGofi: : th?: circle ABT I; rilyp. 
and inverfcly I. the circle ABT : : EGq. ACq. (uppoie 
1. the circle ABT :: the circle EFN. K. therefore the o 14. j: 
<:iitle ABT cr; K. ^ and EGq. ACq: i the circle EFM. p n. ^; 
IC. which was juft now Ihewri to be repugnant. 

Therefore it mpA be concluded, that! is — tb the 
circle EFN. Which voas to he dem* 

CoroJl* 

^ 

Hence it follows, that as a circle is to a circle, 11? 
is a polygon iillcribcd in the firft to a like polygon in- 
ictibed in the fecond 

PRORIII. - 

Every Pyramide ABDC having 
a triangular hafe^ may he divided 
shtotv;ofyramidesAEGU^IUKC^ 
kquaJy andlike one to the other y haV" 
ing hafes triangular y and like to^ the 
kvhole ABDC ; and into two etiual 
frifmesy BFGEIH, FGDIHK ; 
which two frifmes are greater than "tf 
the half of the whole pyramide ABDC 

Divide the fidei of th6 pyramide into two parts at the 
points E, R G, H, I, K, arid join the right lines EF, FG, 
GE, EI, IF, FK, KG, GH, HE. Bccaufc the fides of 
the pyramide are piroportionally'cut, a thence HI, AB ; ^ 2* "• 
and GF, AB ; and IF, DC ; and HG, DC, 8p 'are pa- 
f allcls, and conlcquently HI," FG ; and GH, FI are al- 
to parallels, theretbre it is apparent that the triangles 
ABD, J\BG, EBF, FDG, inK, b are equiangular, and ^ 29. t: 
that the four laft are c ciqual : In like manner the trian- c 25. x • 
glcs ACB, AHE, EIB,HIC,FGKare equiangular; and 
the four laft are equal one to' the other. Alfo the trian- 
gles BFI, FDK, IKC, EGH ; and laftly, the triangles 
AHG, GDK, HKC, EFI are like and equal. Moreover 
the triangles, HIK to.ADB, EGH to BDC, and EFI 
ft) ADC, and FGK to ABC, d are parallel From rf 15. ir. 

R 2r vrhencQ 
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whence ir evidently follows, firll, that the pyrairtidet 
e lo.J^. AEGlIj HIKCareequaI,and(!liketothewholeABDG, 
II. and to one another. New, that the folids BFGEIH, 

FGDIHK arc prifines, and that of equal height, as be- 
ing placed between the parallel planes ABD, HIK, but 
f 2. ax. I. the bafe BFGE is /double of the bafe FDG. wherefore 
g40.li. the faid prifracs arc equal ; whereofthe oneBFGEIII 
is greater than thcpyramideBEFI,thatis,thaiiAEGH 
the whole than its part ; and confequently the two 
prifines arc greater than the two pyramides and fo es- 
«eed the half of the whole pyramide ABDC. H^bicb 
wat In be dtm. 

PROP. IV; 




tf there are two pyr Amides ABCD, EFGil, of the farm 
aUHude, ■ haviw triangular hafes ABC, EFG ; and either 
ff thtm be divided inte tiMfyrarfiideslfJLM, MNOD; 
-inrfEPRS, 5TVli)eaua!one to the ether and like to th» 
• ivh^le; and w(fl twoejaa/pr//>nM(;IBK:LMN, KLGN- 
MO ; and PFQRST, QRGT5 V ;) and if in like man- 
ner either 1^ thefepyrs. madehy the former dkiifion bedivid- 
ed, -and this be dene contirmally ; then ai the hafe of one py- 
ramide is te the iafe if the ether pyramide, fo are all the 
prifmes which are in one pyramide, to all the prifmes which 
are in the other pyramide, being equal in multitude. 
For (applying the conftni«ion of the precedent 
a 1 5 » prop. ) BC KC a : : KG. QG. h therefore the triangle 
b 2i 6. ABC is to the like triangle LKC as EFG is to c tlic 
C2 d&'f lil<e RQG. therefore by permutation ABC EFG d:: 
d 16 5. LKC. RC« e :: the prifme KJXNMO. QRGTSV 
c/ri.54.1 1 ( for theft are ofeyual altitude)/ : : IBKLMN. PFQ; 
J ] 5. KST,e wherefore the triang. ABC EFG;: the prifmc 

s 12. «. KLCMNO +. IBKLMN. the prifme QRGTSV -f 
PFQRST. Which wot te be dem. '. .. Bdt 
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But if the pyramidcs MNOD. AILM ; and EPR^ 
STVH be fijrthcr divided ; in lilte manner the four 
new prifmes made hereby fliall be to four produced be- 
fore, as the bafes MNO and AIL arc to the bafcs STV. 
and EPR. that is, as LKC toRQG, or as ABC loEPG. 
h wherefore all the prifmes of the pyramids ABCD 
pre to all the prifmes of the pyrajnide EFGH as th^ 
baTc ABC is tp the bafe EFG. if^bich vw la ht dem, 

P R O P. V. 




ffndhMmg triangular hajei ABCf'EFG, art one te itutbet; 
at their bafes ABC, EFG. 

Let the triangle ABC EFG ::AB<;D.X. IfayXJs 
equal to the pyramidc EFGH. For if it be pdTible, 
let X be -a EFGH and let the exccfs be Y. Divide ' 
the pyramidc EFGH Into prifmes and pyramides, and 
the other pyramides io lifee manner, 4 till the py'rs. a u 10, 
left EPRS, STVH, be lefs than the folid Y. Therefore - 
(ince the pynimidc EFGH =^ .X -f- Y, it is manifeft 
that the rempiiiing prifmes PFQRST, QRGT^V are 
greater than the foiid X, Conceive the pyramide AB- 
CD divided after the fame manner ; 4 then will be the ft 4. jal 
prifmelBKLMN-l-KLCNMO. PFQRST+QRGt 
TSlf : : ABC. EFG r :: the pyr.ABCDTx. rf therefore c hit. 
X c- the prifme PP(ytST+ QRGTSV; which is 4 14. ^ 
contrary to that which was affirmed before. 

Again, conceive X cr the pyr. EFGH. and make the 
pyr. £F^GH, Y : : X. the pyr. ABCD 1 : -. EFG. ABC e JtJ ««<£ 
lecaufe EFGH/ -3 X,g tl,ence Y -^ the pyr. AB- ,^^ j. " 
CD. which is ftcwn biefore to be imp«^iblc. Therefore f/utpof. 
I conclude, chat X is cqw»l tft tl^c pyr. ^F^H, ^6^6 g 4% ^ 

R 3 PROP. 
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a 5. iz. 
b 18. 5. 
c 22. 5. 
d 5. 12. 



f 5- 1^* 



f24. 5« 
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PyramiJes ABCDEF, GHIKLM, heh^ if the fame at- 
tittidey and having plygonous hajes ABCD£,GHIK£^4r4 
ip one another as their hafes ABCDE,jGHlKL are. 

Draw the right lines AC, AD, GI, GK, then is the 
bafc ABCACD an the pyr. ABCF. ACDR & therefore 
by compofition, ABCD. ACD: : the pyrw ABCDF. AC- 
PF. a but alfo ACD. ADE :: the pyr. ACDF. ADEF. 
c therefore by equality ABCD ADE :: ABCDF. AI>- 
EF, ani h thence by compofition-ABCDE ADE:: the 
pyr. ABCDEF. ADEF, moreover ADE, GKL di: the 
pyr. ADEF GKLM ; and as before, andihverfcly GKL. 
GHIKL : : the pyr. GKLM. GHIKLM. c therefore a- 
gain by equality ABCDK GJilKL : : the pyr. ABCD- 
tF.GHIKLM. fFhich *was to be dem. 

If the bafcs have npt fides 
of equal multitude, the de- 
monftration will proceed 
thus. The bafc ABC GHI i 
: : the pyr. ABCF. GHIK. $ 
and ACD. GHI : : the pyr. A- 

C:^ 3P *:_ — ii CDF. GHIK,/therefore the 

DK T Wfe ABCD. GHI:: the pyr, 
ABCDF. GHIK. e Moreover thebafe ADE.GHI :: the 
pyr. ADEF. GHIK./ therefore thebafe ABCDE.GH1 
; : the pyr. ABCDEF. GHIK. 

pROP.vn. 

Every prifm, ABCDEF, leav- 
ing a triangular hafe^ may be di' 
vided into three pyrs^ ACBF, AC- 
DF,CDFE, equal one to the other ^ 
^38 O and having triangular bafeu 

Draw the diameters of the parallelograms AC, CF, 
FD. Then the triangle AGB is ^ = ACD. b therefore 
■ '' "'■' • ' -the 
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ihcOTramidcs of equal height ACBP, ACDF.arecqual. 

la like manner the pyr. DFAC = the pyr. DFEC, but 

AGDF and DFACare one and thefime pyr. c therefore c i. d^>l 

thethree pyraaiidcsACBF.ACDF.DFEG, intowhich 

theprifineisdivideiI,arecquaJouetQthcother. U^kb 

vias toie demwjtrattd. 

Hence, every pyramide is the 
third part of the prifme that hai 
the lame bale and height with it, 
or every prifme is treble of the 

pyramide that has the fanic bafe ' * 

and height with it- 

For refolvc the polvgonous 
prifme ABCDEGHIKJP Into tri- 
angular prifmes ; and the pyr. A5- 
(££H into triangular py ram ides; „ 

a then all the parts of the prifine fliall be treble to all a "■ lai 
tbepansof thcpyramide,JconfequentlythewholepriI^ b 1- S* 
mc ABCDEGlllKF is treble to the whole pyr. AB- 
Cpm- jyhichwMUbtdem. 

PROP. yiu. 



Xij^Mr4mi<J«i ABCD, EFGH, vfbkh havt Mangiilat 
iafet ABC, EFG a" in triplkate rath ef their hornole-. 
goujfidetAC,BG, 

a Compleat the parallclpps. ABICDMKL, EFNG- a 11. n? 
HQPP, which b are like, and c fextuple of the pyra- b 9 irf. i (. 
piidesABCD, EFGH.*i and therefore the pyrs. have ca8. 11. 
the lame proportion to one another as the parallelpps. andT.ii. 
have, iliat is, t tripligate of their hp''><>l9g°*^ i)*^?^- 4 i 



Hence, alio like polj^onous pyramidcs arc in tripli- 
^te ratio of their homologous Jides; as may bee^ul^ 
prov'd by rclblviue them into tristngular pyramidcs. 
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PROP. DC 

Se$ the p tec. Scheme* 

In equal fyrantides ABCD, EFGH, having triangular 
lafes ABC, EFG, the hafes and altitudes are reciprocal'. 
And pyr amides having triangular hafes y whofe altitudes and 
iafes are reciprocal^ are equal 

1 ajp The compleated parallclpps. ABICDHKIi, 
a 2^. I !• EFNGHQPP arc a fextuple of the equal pyramides AB- 
tmd 7. 12. CD, EFGH (each to each ) and \o equal one to thp 
b 24. II. other, therefore the altitude (R) the altitude (D) h •• 
c 15. 5. ABIC. EFNG c : : ABC EFG Which was to b^dem. 
d hyp. z Hyp. The altitude (H.) the altitude (D ) ^ : : ABC 

e 15. 5. EFG e :: ABIC EFNG / therefore the parallelpps. 
£34.. II. ABICDMKL, EFNfGriQpP are equal, g confequoS- 
g 5. ax. I. ly alfb. the pyramides ABCD, EFGH being fublextupic 
it^f the fame^ are equal Which was to be dem. 

^hefame is applicable to polygonous pyramides^ fir. ib^ 
may alfo in like planner he reduced to triangulars. 

Coroli, 

Whaifoe^er is dem. (f pyramides in prop. ^, 8, 9 does 
likewife agree to any fort of prifmes', feeing they are triple 
of the pyramides that have the fame bafe and altitude with 
them* Therefore 

1. The proportion of prifines of equal altitude is the 
fame with that of their bafcs. 

2. The proportion of like prifmes is triplicate of 
that of their homologous fides. 

3. Equal prifmes have their bates and altitudes reci- 
procal ; and prifmes which are fo reciprocal ; are equal. 

Schol. 

From what has been hitherto dem. the dimenfonof 
any prifines and pyramides may be coUefted. 
a i.cor. 12. a The folidity of a prifme is produced from the al- 
&ffck 4* tude multiplied into the bale ; b and therefore likewife. 
II. that of a pyr. from the third part of the altitude mul- 

bj.iz. ^ipli^d intp th^ baf?. 

PRO?. 
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Every Cone is the third pari (fa cylinder having the fame 
hafe with it A5GD, and the altitude equal 

If you deny it, then firft let luch cylinder be more ^gg ^ y^ 
than triple to the cone, and let the cxcefs beE. A prif ^^^^ figure 
medefcribcA on a fquarein the circle ABCD a is fub- cf this Rook. 
duple of aprifine dcfcribcd upon a (qugre aix)ut the cir- ^ n.},^ -^ ^, 
cle, being equal to it and the cylinder in height. There- and cor. 9. 
fore a prifme upon the fquare, ABCD exceeds the half 12. 
of the cylinder, and likewile a prifme upon the bafe byci&. 27.5. 
AFB, of equal height to the cylindars, h is greater than andcpr^^, 
the half of the legment of the cyl. AFB, continue jw-e- 12. 
qual bifc6tion of the arches, and fubftraft the prifiines till 
the remaining fegments of the cyl. namely, at AF, FB, 
&c. become lefs than the (olid E. Therefore the cyl. 
— fegm.AF,FB,8P<r.(theprifmeonthebafeAFfiGCH- c 5,^;^. I. 
DI)c is greater than the cyl. ~- E (^ the triple of the ^ f,yp^ 
cone.) therefore the pyr. e a third part of the laid priP ^ cor- 7. ias» 
me (being placed on the fame bafe, and of the lame 
height) is greater than the cone of equal height on the . 
bale ABCD a circle, /. e. the part greater than the whole. 
JThich is abfutd. 

But if the cone be affirmed to be greater than the 
third part of the cyl then let the excefi be K Detraft 
the P3[rs. from the cone, as you did in the firft part 
the prifmes from the cyl. till fbme fegments of the cone 
remain, fuppofe at AF, FB, BG, &*<:. Icls than the folid 
E therefore the cone — E(/J of the cyl.) ~T3thepyr. 
AFBGCHDI (the cone - feg. AF, FB, &»c.) therefore 
the prifme triple to the pyr. (viz. of equal height, and 
on the fame bafe) is greater than the cyl. on the bafe 
ABCD, the part than the whole, l^ich is abf Where- 
fore it muft be granted, that the cyl is equal to triple 
9f the cone. JVhich '^as to fe de^. ^ R O ^, 
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l.pofi. 
b6. 12. 
ccar.z»iz» 
dhyp, 

P 14- 5- 

heoerfion, 

514.5. 



s^l.Prop.de 

demenf.chr. 

f> II. 12. 
f 10. 12. 



Cy/mieri ^»i Qw/ ABCDK, EFGHM, leh^of th 
fame altitude^ are to one amiber 4s their bafefABCjDj £P^ 
GH are* 

Let the circle ABCD, the cir. EFGH : : the cone AB- 
CDK, N. I ray N is equal to the cone EFGHM. 

For if it be poffibk, Jet N be "tj the cone EFGHM, 
and let the excefs beO. The preparation and argumen- 
tation of the prccprop. being (uppoled; thenfhallQ 
be greatei than the fcgments of the cone EP, PF, FQ. 
&»c. and fo the folid N -3 the pyr. EPFQGRHSM K 
the circle ABCD a make a like polyg. %. A^BVCXDT. 
Becaufe thepyr. ABVYK. the pyr. EPQSM b : : the 
polygon ATBVY. the polygon EPFQSc :: the circle 
ABCUthe cinEFGH d: : the cone ABCbK. N. e thence 
the pyr. EPFQGRHSM fliall be -ri N. contrary to 
what was affirmed before. Again conceive N cr* the 
cone EFGHM. and makq the cone EFGfJM. O:: N. 
the cone ABCDK/:: the cir. EFGH. ABCD. ^there- 
fore O "m the cone ABCDK ; which is dbfmrd^ as ap- 
pears by what is fhewn ii^ the firft part. 

Therefore rather admit ABCD. EFGH:: the cone 
ABCDK. EFGHM. WUch vias to be dem. 

The fame may be dem. of cylinders, if cylinders an4 
prifines be conceived in the place of cones and pyra- 
mides. therefore, QPc: Schoh ' 

Henccy is gathered the dimenjion of all forts yf^.^in' 
ders and cones. The fblidity or a right cyl- is prISiwced 
from the circular bafe (^ the dimenfion whereof is to^ 
be learnt out of Jrchimedes) multiplied into the height; 
b whence in like manner that of every cylinder. 

c Therefore the Iblidity of a cone is produced from the. 
thir4 part of the altitude multiplied into th^ bafe. 



HuclidbV EJemeatt, i&f 

PROP. xn. 





o 



Lih emi and cfmdirs ABCDK, EFGFIM, arthtfrh 
tUcatt rath efthat if the diamtters T^, PR, tftheirha- 
fai ABCD, EFGH 

Lettheconc A have to Na triplicate ratio of TX to 
PR. IfayNis = thecDncEFGHM Forif it bepof^ 
fiblc kt N be -33 EFGHM, and let the excefs be O, 



therefore N -^ the pyr EPFQGBHSM Let the axes 

K, LM, and ioio the rii 
CK,VI,CI,and QM,GM,C^L Becaufe the cones 



pf the cones be IK, LM, and join the right lines VK, 
'^K,VI,CI,and QM,GM,QL^L Becaufe the cones arc 

kc. a thence Vl IK :; (3>, LM. but the angles VIK, » 24*/ n 

^iLMi arc right angles, i: therefore ihe triangles VIK, ^i&'ief.if 

(JLM src equianeular, rf whence VC. VI-QGOT- ^6.6. 

^oVL VK::QL QM. therefore by equality VC Vfc <* 4- <t. 

::QG gM. e moreover VK.CK::QM MG there- e 7. j, 

foK again by equality VC CK : : QG. GM,/ therefore ^ 5- ^■ 
the triangles VKC, QMG arc like ; and by a lilie way 
of realjbning the other triangles of ihispyr.arelilce to 

the other of that, g wherefore the pyrs. therafeivcs S9'i^tt. 

sre lilie 6 Buttheftare in triplicatepBoporrionof that n^orS.iz. 

of VC to <^, k (hat is, of VI to q^L, / or TX to PR. ^ * 6. 

m therefore the pyr. ATBVCXDYK. the pyr. EPFQ- 1 I5 5- 

GRHSM :: the cone ABCDK N. » whence the pyr. m hyp and 

EPFQGRHSM -3 N- which is repugnant to what was n S- 

affirmed before. n 14 5- 

Again, take N c~ the cone EFIGHM make the cone 

E9GHM.O^: N.thc cone ABCDKo:: the pyr. EPRM. ohefcre8f[ 
ATCK ;. : : GQ. VC thrice : : y PR. TX thrice, then:- 'ww^j^r- 
foreOris j ABCDK. which wasbeforefhewn to be P'^'wB.ii. 

repugnant. Wherefore N;:; the cone EFGHM. ^i«i <14''- 



But foralmuch as what proportion foever cones have, 
alio cylinders, being triple of them, have the fime ; 
therefore cyl fliall be to cyl. in triplicate ratio of the 
diameters of their bales. 



■V 
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PROP. xm. 

If a cyl ABCD£« dwidedhyaplam 
EF parallel m the oppefitejlanes BC, 
AD, then a! one cyl. AEFD is to thi 
othef cyl. EBCF, /o « the axil GI to 
the axis IH. 

The axis being produced, a tak? 
GK=GI,and HL ^ IH=LM. 
and conceive planes drawn at the 
"points K, L, M, paralleito the cir- 
cles AD, BC, 4 therefore the cyL 
ED= the cyl. AN. and the cyLEC 
J = BO 6 = OP. therefore the cyl, 
EN isthefame multiple of the cyL 
pn as the axis IK is of the axis IG, and in like manner 
the cyL EP is the fame multiple of the cyl. BF, as the 
axis IM is of the axis IH. but as IK is =, C^, "3 IM, 
r 1 1 II * ib is the cyl. EN =:, ir-, ^3 EP. rf therefore the cyL 
AA'd^\ AEFD.lhecylEBCP -.-.GltH. fThkh wattobe Jem. 
° ■^■*' PROP. XIV. 

Cejie, AEB, CFD, a«d cyliif 

deTsM\,CK,mftfiiTig upmequal 

bafts AB, CD, are to one anotbtr 

___ -rr as their allitudes ME, NF. 

f^>]^ ThecyLHA,andtheaidsEM 

|/r\ being produced, take ML =; 

^C^I FN ; and thro' the point Ldraw 

... „.,.,... io the hafe AB, a then fliall the cyL AP 

„.=l(£Tbut the cyl. All. AP. (CK). M^.MI, 

raP.^IVhkhtmtto^^'"'- ^ , . , -, . 

The fame maybe affinncd of cones which are fubtri- 

■ pic of cylinders: * as alio of pnfmcs and py rami dcs. 

^ kP R o P- ^^■ 

In equal cows BAQEDF andcy- 

Unders BU, EK, thehafii and attv, 

wJ^J 4r.r«if™. (BC EF : : MD. 

JJi..') Jndcmis and cylinJerh 

vjhofe hafts and alt^udes are reci- 

J ™ trocal, are equal one to the other. 

c eqiid then the bafcs are equal too, 

and the thing is evident. If unequal, then take away 

^'?.F^ThenisM0.MO(.LA)6:;thecyLEK.C. 
BH)Ea^::thecir.BC EF. f^^"JiJ""*tr%K- 
I H^. BC EF e:: DM, OM(LA)/ =: the cyl El^ 
EQ.,..-BC.EFi& = iBH.EQ:*Thereforcthccyl.EK 
— Bll. Which 133asti> he dem. 
The fam? argument niay t? «ft« tor COipS. 



a plane parallel tc 



a 14. IS 

ctyp. 
d II 1: 
Chyp. 
f 14 12 
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PROP. XVI 

Tioo anepiat chcUi ABCG, 
DEF, having the fame center 
M, to iufiribein the greater err. 
ABCG afoIy^Bmusfg. ife^ual 
a»d even fides, which jbak net 
much the lefer ehle DEF. 

Thro' the center M draw 
the line AC cutting the cir. 
DEFinF,from whence rails 
a perpendicular FH. a. divide the fcmicircle ABC in- a 30. 5: 
ro two ei]ual parts ; and the half thereof BC alfti; and ft 
do continually, f till the arch IC becomes Ici^ than the b i. lo, 
arch HC.from Ilet felllhepcrpcndicularlL; Itisma- 
nifeft that the arch IC mcalures the whole circle, and 
that the number of arches is even, and lb that the fub- 
tcndedlinelCis the fide < of the polygon that maybe cfcih.16.4. 
itilcribcd withouttourhing the lefler circle DEF. For 
ilG J touches the circle DEF, ■• to which IK is paral- A cor. iS.;. 
lei, and placed outwardly; / wherefore IK does not e 18. i. 
touch the circle DEF ; much lefs do CI, CK, and the f^^defl. 
other fides of the polygon more remote from the cen- 
ter. . t^hich was lo be done. 

CoroU. Obfcrve that IK touches not the cirele DEF. 
PROP. XVIL 




if 6 Shbe tweiftb Book if 

^wffheres ABCV, EFGH, confifiing about the f ami 
tenter D, heing giveny to infcrihe a fdid ef many fides (or 
Polyedron) in the greater fphere ABCV, vjhkh Jhall not 
touch thefuperficies of the leffet fyhere EFGH. 

Let both the fpheres be cut by a plane pafling thro* 
the center, fnaking the circles Ei^GH, ABCV; and the 
diameters AC, Bv drawn, cutting defpendicularlyr; fa 
k\6.\i* the circle ABCV^ a infcribe the equilateral polygon 
VMLNC, 6»c. not touching the circle EFGH .- Then 
draw the diametef Net, and crcA DO perpendicular 
t6 the plane ABC thro' DO, and thro* the diameters 
AC, N*, conceive planes DOC, IX^eredied, which 
b i8. I i. Aall be ^perpendicular to the circle ABCV, and (b iff 
t cor, 2 2.6, the fuperficies of the fphere rhake c the quadrants DOC,' 
DON. In which let the right lines CP, PQ^, C^R, RO; 
d 4. I. NS, ST,T>', ^O 4 be fitted, equal, and of equal multi- 
tude with CN, t^L^&^c make the fame conflruftion iff 
the other quadrants OL, OM, ©V. and in the whole 
fphere. Then I fay the thing required is done. 

From the points P, S, tbthc plane ABCV draw the 
c 58. 1 1, perpendiculai^i PX, SY, e which fhall fell on the fcc- 
t II. ax* tions AC, Nat Therefore becaufc both /the right an-' 
g 2 7 . 3. glcs PXC, SYN, g and PCX, SNY infilling on h cquai 
£52. u circumferences^ / arc equal, the triangles alfoPCX^- 
^ confir. SNY h are equiangular. Wherefore fihce PC ^ = SN,' 
f 26 I. / alfo is PX = ST^; / and XC = YN ; m whence DX 
in ^.ax, I. =;=Dy, n and therefore DX. XC :: DY. YN. there- 
h 7. f . fore YX, NC are piiraflels, but becaufe PX, SY arec- 
6 2. 6, qual, and fince being perpendicular to the fame plane' 
J> 6. II. ABCV, they are alfb;^ parallels, q therefore YX, SP^ 
q 35. 1. fhall be equal and parallels, r whence SPj NC, are pa- 
r 9. T !• rallcl one to the other ; and fb the /quadrilatcralNG 
f 7. 1 1. PS, and for the fame reafon SPQT, TQRG, as alfo the 
1 2. 1 1. * triangle ^RO are fb many planes In like manner the 
whole fphere may be (hewn full of fuch quadrilaterals 
and triangles, wherefbi^i the figure iillcribed is a po- 
lyetiron. 
o I M <*• From the Center D u draw DZ perpeiidicular to the' 
plane NCPS; and join ZN,2C, ZS, ZP. Becaufe DN. 
±4.6. NCx:: DY. YX, thence NCisyC- YX (SP.) and iff 



f 14. 5. Kke manner SP cr" TO , and TOcr- ^/R. And becaufe 
•L^.def II. the angles DZC,. DZN, DZS, 1)21? z are right, and 
a 1 5 <sfef I. the fides DC, DN, DS, DP, a equal, and DZ common, 
b 47. I. b thence ZC, ZN, ZS, ZP are equal one to the other;' 
tif.def,}. and confequently about the quadrilateral NCPS, c a cir- 
cle 



I 

fe u e 1 1 1> b'j? Elmenis. ^yi 

dc may be dcfcribed, in which (becauft NS, NC, CP^ 
urc d equal, and NG c~ SP) NC e fubtends more than d cwfit. 
si quadrant,/ therefore the angle N2jC at the tenter is c 28. 5. 
Obtufe, ^therefore NCq zr- 2 ZCq (ZCq+ZNq) f 33. ^. 
. Let NI be drawn perpendicular to AC, therefore fince g 12.2. 
the an^e ADN (hVi^C^ DCN) k is obtufc, the half h 32. i. 
^f it EfcN fhail be greater than the half of a right an- kp ax. W 
gle ; and fo that which remains of the right angle CNI 1 5. i, 
ihall be lefs than it, n whence IN ZT" IC, therefore n 19. i. 
NCq (Nlq +• ICq) o-^z INq. therefore IN CT" ZG, 0-47. f. 
and coniequently PZ f CT DI. but the point I is y with- p 47 . i • 
but the /phere fiFGH. and (b^ much more, the point Z. q cor. l& 
wherefore the plane NCPS, (of which r the neareft point 1 2 . 
to the center is Zi.) docs not touch the Iphefe EFGH. r 47» *• ' 
And if a perpetidiculat D<^ be drawn to the plane SP- , 
QT, the point «^, and fo alfo the plane SPOT is yet 
further removed from the center, which is alfo true of 
the other planes of the polyedron Therefore the po- 
ivedon OkQPCN, &^c. infcribed in the greater fphcre^ 
aoes not touch the leffer. JVhkh was to he done, 

Coratt. 
Hence it follows, that if in any other ffbere afiJidph 
Jyedrony like t9 the above f aid f olid poly edron^ be infer ihedy the ' 
•proportion of the polyedron in onefphere to the polyedron in the 
pther is triplicate of that of the diameters cfthe Spheres* 

For if right lines be drawn from the centers of the 
fphercs to all the angles of the bales of the (aid polye* 
drons, then the polyedrons will be divided into pyrs. 
equal in number and like; whofe homo, fides are (emi- 
diameters of the fpheifes ; as appears, if the lefler of 
tfiefe fpheres be conceived deforibed within the greater 
about the fame centef. For the.right lines drawn from 
the center of the Iphefe to the angles of the bafes will * 

agree one to the other by reafon of the likcnels of the 
bafes ; and fo will like pyramides be made* Wherefore 
fince every pyr. in one fphere to every pyr. like it in the 
other fphere a has proportion triplicate to that of zcor,S. 12^' 
the homologous fides, that is, of the femidiameters of 
the fpheres ; and b as one pyr. is to one pyr fo all the b 12. 5. 
pyrs. that is, the folid polyedron compolcd of thefe, are 
to all the pyrs. that is, the folid polyedron compofed of 
the others ; therefore the polyedron of one fphere fhall 
have to the polyedron of the other fphere, proportion 
triplcate of that of the femidiameters, c and fo of the d 1$. 5/ 
diameters of the fphercsi 

PROpr 
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spheres BAG, EDF, are in triplicate ratio of their ii^ 
tnetetsBC, EF. 
Let the iphere BAG be to the Iphere G in tripli. pro- 

rortion of that of the diameter BC to the diameter EF. 
fay G =z EDR For if it be poffible, let G be -ra EDF. 

and conceive the fphere G concentrical with EDF. In 

the fphere EDF a infcribe a polyedron not touchi^ 
a 1 7 . 1 2. the fphere G, and a like polyedron in the Iphere BAG 
hcor 17. 12. Thele polyedrons b are in triplicate proportion of the 
€ hP' diameters BG, EF, c that is, of the fphere BAG to G 

•^14-5- d conlequently the fphere G is greater than the polye* 

dron infcribed in the fphere EDF, the part than the 

whole. 

Again, if it be poffible, let the fphere G be cr EDF- 

arid as the fphere EDF is to another fphere H, fo let G 
c hyp. in- he to BAG, e that is, in triplicate proportion of thcdi- 
ver/e. ameter EF to BG, therefore fince BAG / c~ H, we fliall 

f ^4- 5* incur the abfurdityof the firft part, wherefore rather 

the fphere G = EDF. Pf^bich was to be dem. 

CofolL 
Hence, as one fphere is to another Iphere, fb is a 
polyedron defcribed in that to a like polyedron del^ 
cribed in this. 



T'he end of the twelfth Book. 
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PROPOSITION I. 

IF a right line z be Hnided according to extreme and 
mean proportion ( z. a : : a. e.) thefquare of the half 
of the whole line z, and of the greater fegment a, as 
em Hne^ is qtantuple to that which is defcnhed cf half of 
that whoU line z, 

lfayQ.a+f 2=5$Q: 
\ z. a chac is, aa 4~ ^ 2z -4- *■>* 
isszzr-f- ^ zz b or aa*f- za 



, , , _. "S -E 

s= zz. For ze+za ^ =zz. and ze i=aa.e therefore aa+ ^ hh ^^ 
%9ssszz» which was to be demonjrated. i6» 6, 

e z.ax^and 

P R O P. II. 




a 4* 2. 
b i,ax,j0 
c a. 2. 



1. 4X. 



iSee the ift Scieme^ 



ment 
being 



If a right line J z-f-a be in power quintuple to afe^ 
^f^^fiifi 2. thehnedoMe of the f aid fegment {z) L.,.^ 
divided according to extreme and mean proper tion, the 
greater fegment is (a) the other part of the right line at 
frfi given i z-^. 



2^4 ibe^rteifHthBotlkcf 

* 4. X. I fay 2.1 : : a, c. Bccaufc by the hyp, * aa-^^ zz^^ 

« %. z* Tjissnizz^i zz ; or aa-|^ ftauszz 4(=s: Ze-f-za, 6 thence 
b }• 4^* f • ihall aa be = ze. c wherefore z, a : : a« e, WbUb vims ttf 
c 17. 6« . te demoffftraUiL 

PROP. in. 

if 4 fight line z ^ divided according U isttreme and 
mean proportion (z. a : : a. t, ) 11^ line made of the Ufs /eg- 
ment e and half of the greater fegment a, is in pevter 
quintuple to the fquare^ which is defcribed ef the baJflini 
of the greateft fepnent a* 

14.1. -^^ *^*S. iftyQ.:e4-ia= 5 Q^ 

b ^4 aX4 ^y^ Y t i a : 4 that is ee4^ jr aa •-^ ea 

c g. t. 1 A^ JL ^ =;aa.4- jp aa. ^ or ee-f- eas? 

di>f . 4»rf ta. For ee 4- ea ^ s= ze rf=aa» ITJ&idt ii^4i ^9(e irtm^ 

•^ P R O P. IV. 

Ij a right Kne z he ctd Accifdit^ te fntreme dmamtmi 
proportion (z a :: a. t)ihefinafe made of the VfUteHm z, 
and that made (f 0)0 leffer fegment e, both together, art 
triple of theftmare made tfthe greater fegineni a. 

' ".^.^ ■* ->.^,^^^ I fay zz 4-< ce =: } aa. 

b 5. 1. "^ j^ , j^' =s 3 aa. For ae + ee 4=3 

ci7«^* ze r=:;aa. i therefore aa 

d »« 4J* ^ t ae 4" 2 ee ss 3 aa. v/bich was to be demtfnfirated. 

P R O P. V. 

If atigttSmJmhem 
accardir^ to extreme md 

mean proportion in C^ and 4 hne AD^ epml to the greattt 
fegment BCy added to it, the whole rign line BB is S* 
vided according to extreme and mean proportion '^ and^ 
greater fegment is the right 'line AB given at the begnh 
ntng. 
g^ typ^ For becaufe AB. AD 4 : : AC CBi^ and by inverbon 

AD. AB : : CB. AC. therefor^ by compofitioh BB. AS 
: : AB. AC (AD.) ffhich was to be demenfirated. 

But if BDB A : : BA. AD. then ihall be BA.AD. : :A0. 
BA— AD. For by dividing BD— BA (AD) B A 4 ? BA-» 
AD. AD. therefore inverfdy BA^ AD : ; AD. BA;* AH. 

PROR 
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B 2f a ratiaHat right UHe 
JB he cut accardifi(g to ex^ 
inme awdmtak fftfcftiim in C, either of the fegments ^ACi 
CB) is an irrational line of that kM wbieb ii called Or 
fetema or repdual 

To the greater fcgment AC d add ADssi AB. ** J* '• 
^erefbre DCq= $ DAq. c therefore DCq "C^- DAq. con- ° ?• M* 
fequcntly ^fince AB, e and fo the half thereof DA are p, ^ rj 
likcwifc DC is p. But bccaufe 5. i : t not Q,Q, / thence ^ yf' 
is DC 'tx DA. ^therefore DC-^ AD, that 15, AC, is a *>^*- 
refidual line. Further^ because ACq 2» =; AB x BC, and 
AB is p, i likewife BC is a reiiduai lint, ffhich was to 
Be dem^nprafed. 



PROP. VIL 



12. 

lO. 

f 9. Id. 
8 74- 10^ 

1 99. ic^* 




^/^vf dkgles of an equilateral pentagone ABCDE^ iiihe^ 
iher they follow in order^ {EABi ABC^ BCD^) or noty (^BAB, 
BCDy COB) are equals the fer^agene ABODE fiall hi 
kquiangular. 

Let the right lines BE, AQ BD, be fiibteiided td the 
^iial angles in drder. 

Becaufe the iides EA, AB, BC, CD, and the included 
angles 4 are equal, h therefore flxall the bafes B£, AC, « iyf* 
BD, <;and the angles A£B, ABE, BAC, BCA, be e- b 4. t. 
qual. d Wherefore BFssFA, * and copfcqucntly FC=± c 4. and ^i 
F£ ; therefore the triangles FCD, FED, 'are equilateral !• 
6ne to the other : /whence the angle FCD === FED. g d 6. i. 
tonfequently the angle AEDoBCD. In like mannef e ^ iur. i. 
the angle CDE is equal to the reft ; wherefore the pea- t 8. x. 
ii^gOoe b equiangular. Wbidi) was to h^ demnftratedi g x. di. t: 




2y6 ,7de fbirteentb Book of 

But if the angles EAB, BCD, CDE, which are hot 

h 4. r. 'in order, be fuppofed equal^ h then (hall the angle A£B 

k $. f • bc==;BI>C, and B£=BD. k and thence the angle B£D 

1 z, ax, sttdSIDE. / confequently the whole angle A£D=CD£, 

therefore becaufe the angles A, £, D, in order, ar^ equals 

as before, the pentagone fhall 1)6 equiangular. Wbids ^as 

to be dem&njttated. 

PROP. vm. 

' If in an equilateral and equlangu^ 
lar pentagone ABCDEy two rtght linet 
BDy CE, fuhtend tv;o angles BCD^ 
CDE following in Of defy thofe lines do 
cut one another according to extremii 
and mean froportion ; and their great' 
erfegm$nis BF er EF are equal to thi 
fide of the pentagone BC. 
a 14. 4* 4Defcribe about the pentagone the circle ABD. h 

h i8. 7. The arch £D is=:BC, e therefore the angle ECD=FDCJ 
c 17. 5. therefore the angle BFC=i FCD CFCD+FDC.) But the 
d 31. 1, arch BAB 18=1 £D, and confecjuently the angle BCF. e 
e 5^.6. =i FCD = BFC. / wherefore BF =BC. Which was t9 
f 6. f . . *^ demenjlraud. Moreover, becaufe the triangles BCD, 
fl 17. * FCD, are g equiangular, ^therefore BD. DC (BF.) :i 
k 4. <5. CD. (BF.) FD. and likewife EC. EF : : EF. FC. Whicb 
was to be demonfirated* 

P R O P. IX. 

If the fide of an Bexagone BE, 

and the fide of a Decagone AS both 

defcribed in the fame circle ABCy be 

added togethery the whole right line 

|C AEis cut according to extreme and 

mean proportion {AE. BE : : BE. AB ) 

and the greater fegment therefore is 

the fide of the fkxagone BE* 

Draw the diameter ADC, and join the right linei 

a hyp, a id-^^i DE. Becaufe the angle BDC /r = 4 BDA and the 

z 7. -g, angle BDC * =: i DBA ( DAB + DBA ) thence fhall 

b iZ I. DBA {b DBE-fBED) £: be = i BDA^fcniBDE, whence 

. c 7. ax. I. ^he angle DBA or DABe =:ADE. Therefore the tri- 

d 5. I. angles ADE, ADB, arc equiangular : f wherefore AE. 

c I. ax. I. AD {g ^E) :: AD. (^ ) AB. pyhicb was to be demon- 

f 4. 6. firated. 

gfor.15.4. CoroH* 
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Hence, If the -fide of a hexagone in a circle be aiC 
icoording to extreme and mean proportion ; > the greater fib, $• 1 5< 
fegment thereof fhall be the Gde of the decagone in the 
fame circle. 

P R O P. X. 

If an equilateral Pen- - 
fagone ABCDB be infcri^ 
bed in a circle JBCE^ the 
'fide of the pentagme AB 
containetb in power both j^ 
tie fide of a hexagone PBy 
and the fide of a deca- 
gone AH infcribed in the 
fame circle. 

Draw the diameter 
AG| and bifed the arch 
AH in K9 and draw 
FK, FH, FB, BH, HM. 

The fcmicirde AG — the arch AC 4 s=s AG — AD. 
that is, the arc! CG ss GD&=n AH=:tiB. therefore the 
arch BCG= 2 BHK ; c and fo the angle BFG =sz BFK. 
if but the angle BFG=aBAG, e therefore the angle 
IBFK =;BAG. Wherefore the triangles BFM, FAB, / 
are equiangular, g whence AB, BF : : BF. BM. h there^ 
foreABxBMssBFq. Moreover the angle AFK kass 
HFK, and FA=FH. m wherefore AL=LH, m and the 
angles FLA, FLH are equal, and fo right angles, there- 
fere the angle LHM mzs; LAMif = HBA. therefore the 
triangles AHB, AMH, are equiangular; wherefore 
AB. AH^: AH. AM. 9 therefore ABxAM=:AHq. 
Since therefore ABq r = AB x BM-4-AB X AM, /thence 
ABqs£Fqr(-AHq. HUfith was to be demonfitated. 

CorolU 

T. Hence, a right line CFK) which being drawn 
from the center (F) divides an arch (HA) into two equal 
fegments, does alio divide the right line (HA) fub- 
tending that arch perpendicularly into two equal feg- 
ments. 

2. The diameter of a circle (AG.) drawn from any 
angle (A) of a pentagone* does divide equally in two, 
both the arch (CD,) which the fide of the pentagone 
oppofice to that angle* fubtends, and alfo the oppofits 
iide it £blf (CD) and that perpendicularly. 

' S J Sch^U 
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C 47. !• 

c 17.6. 

f 9. 13. 
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f 10. 6^ 



u 



'$, C9f. 10. 

b Ji. I* 



f ib^ nirteenib l^ook cf * 

Bw, 0€e»di9fg u our ftrcmife^ wrffdll U] ii^vm f 
ffMdyfrsjfijrfikf ii«» prop, rftbe ^^Bopk. ' 
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^ fiidoti$ ibefid^of a penta^tn^ to hhfcnbed hi 
0fckADB. ' 

Praw the diameter AB, to which ereft a perpendi- 
cular CD at the crater t^, divide tiB e(]ually ii E, 
and make £F=;p£i). ct^en DP (ball be the fide of cfae 
pentagone. 

Per BF X FC4- BCq 4 =: £Fq iss EDq <;s;? DCq 4; 
ECq. d therefore BF X PCs DCq or BCa« « who^fore 
BF, BC« : : BC 1^. therefore fioce tiC is the fide of t 
hexagbne, / FC fliall be the fide of a decaeone. Cod- 
fequently DF b sy^DCq-l-FCq^ is t|ie fide of a pen- 
Idgbiie* I0»€bwastobed^. \ 

P R P. XL. 

Wry h fktiomil, k» 
tfiffomtroi fnUMgiffu he iffin^ 
bed ABCDB \ tbe fide ^ the 
fentagone AB is am itratiml 
ihu pf tbathndwbi(hiscat' 
Jeddfmmrhm. 
' Draw the diameter BFH, 
and the right lines AQ AH| 
^nd ^ make f L=i of the ra^ 
dius.FH; andCM=;tCA. 

• Becaufe the angles AKF, AIC, are a right angles^ and 
CAI common, the triangles AKF, AIC, iire o equian-^ 
gular : c therefore CI. FUc:; C A. FA (fB) d : : CM* 
J^ ' • - •/ ' ■ :' • FL; 
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fL. tficrefoTC by permucation FK- FL: : Ct. CMi:: 
CD.CKf» CM)andfc by ecompofition CD+CIL CK ^ ,8. i. 
f.KL. FL /"coDfequenily Q.: CD+CK. f* J CKq) f „. e. 
CKq :; KLq. Fltj. therefore. 10^=$ FLq. wKerefore if „ |. jj. 
BH fp) be taken 8, FH ftiaU be ^, FL i,' and FLo 1, 
BL J, and BLq li, KLq %. by which it appean mat 
3L and RL are ^ £ -q., k tad fo BK is t reudual, and h 9> Io> 
KL its congruent or' adjoinii:^ line, but Iince BLt} — k 74- 10. 
KL<i. = 10. / thence BL *T1. / BLq— KLq * whence 1 D- 'o, 
ipK, Ihall be a fourth refidual line. Theretorebecaufe *4(ief,85. 
ABq fl) is= HB X BK, * lh»ll AB be a minor line. to. 
fftiaxoM fo bt tiiiKonSrattd. 

PROP. XII. 
If in a tirde 4BBC antqtiilx- 
tttal triangb 4K i» iufiriteJ, 
fbtfidt »f tba triMgU AS u i» 
ftwtr tnfU UthtlimJD drMVW 
fnm D th cttOtt vf tht dreU U 

The*dia[neKr being estendr 
ledtoE, draw BE. Becaufe the 

9fdk BE «=EC the arch BE ii , ^. ^^ 

die fixth pan of the circumference, »thcrelbre B E-ttD E. 
lMnceAEqt=:4DEq(4BEq)rf=ABq + BEq( 4- (,*;,,, 
ADq.) «con£equently ABij= j AD^ »*«* v><" *» ** c 4. i. 

I. A&l.ABq::4.). Cj.*y.i. 

». ABq. AFq :: 4. ?. /For ABq. AF5 :: AEq. ABo. f ^ g ^^ 
J. DFskFE. Forthe triangle EBD« w equilateral, * ,^ jj, g. 
anH BP ptrpeodtcular to ED; » theitfcH'e BF=sFD. « <» i< i. 

4,Hence^ AF=tDE+DF= jDF, Im.l'X 





T> dtferiht a fjramd ECFj; and eempriitpd it in 4 
fitert givtn i apd U dtramfirMt that lb* diatntUr ef tht 
fibere ABti in fmtr fifqmAlUr eftbi ^EFvf the fy; 
tamidEOFIt 

»4 About 



ago Jhe Tbirtetntb Bode of 

« lo. 6. About ABdcfiribe the renudrde ADB; •( uid let 

ACbe:=xCB. From the point C ercd the perpendicu- 

Ur CD, tni fna AD, DB, then at the intervil of the r»- 
ba»-.if.4. (liuiHE=sCD(lelcribc[heciicleHEFG> b wherein in- 
c 12. t J. foibe the equilateral triuigle EFG. from H e ae& IH 

BsCA perpendicular to the pUne EFG, produce IH to 
d J.I. K, <Jfothat IKs=AB; and join the right lines IE, IP) 

IG. Then EFGI flull be the pyramid required. 
E fenfr. For becaufe the anglei ACD, IHE, IHF, IHG, « are 

right anglei ; and CD, HE, HF, HG « cqua], e and 
t^. I. IH=AC ; f therefore AD, IE, IF, IG, fliall be equal 
g 10.6, among themfelves, But becaufeAC (xCB.) CB ;:: ACq. 
ht.ax. CDq- thence (hall ACq be =iCDq. therefore ADq 
k It. IJ. / = ACq+CDqfc=jCDq?=;3HEqt=:EFq. Ithere- 
ll. », I. fbreAD,HF,I£,lF,IGareequal,andfochepyia[]>id'EFGI 

is eqailateial. But if the point C be placed upon H, and 
m8.«.i. AC upon HI, the right lioea AB, IK, in Ihall agree, aa 

being equal. Wherefore the femidrde ADB being drawn 
n ii.Jrf,i. about the azJt AB or IK s Ihall pals by the points E, F,G, 
* ji. Jef. * 'od fo the pyramid EFGI flull be infcribcd in a ^here. 
{ I, ifhkh nts It be iont. 

o m. 8. tf. Alb it is manifcll that BAq, ADq » : : BA. AC \\ \ \- i. 
p ctnfit. H^'ot v>»> to bidtmorifirated. 

CmU. 
t. ABq. HEq: : 9. i- For if ABq be put 9, then 
q t £ 1 1 ADq (EPq) (hall be 9. f confequentty HEq Ihall be a. 
^ *' 2.. If L be the center, then iWt AB. LC : : 6. 1- For 

W tenff, i'^ AB be put tf, then a1 flull be }. f and thence AC 4. 
' '' wherefore LC fhill be I. Hence, 

J. AB HI T : tf. 4 : : 3: i. whence 
4. ABq. Hlq : : 9. 4, ' 

PROP. XIV. 

•ta iefcribt an OSaeifm 

KEFGDLf apd cemfr^ivii^ 

I in tb* given fpbtn, wbtrrin 

4 fyramid it .' and to de- _ 

menfifate that AH, the df*r 

meter of the Jphete^ it in 

foieer denble ef JC, thefiJt 

I cftbat oaaedten. 

. __ About AH defcribe the 

■" JC fcmidrcle ACH. and ham 

the ciflCerB'ereS the perpendicular BC draw AC, HC( 

> th« 



E u c L I D B*J Eiementi^ aSi 

dwn upott EDssAC 4 mtke the fquare GFGD, wliofe « 46. i. 
diimecen DF, EG, cut in the center I. from I. draw 
1L:=AB b perpendicular to the plane EFGD. produce b tz^ II< 
ILetmiK=lL. and join KE, KP, KG, KD, LE, LP, c J. i. 
LG, LD ; then flitll KEFGDL be the Oftaedion re-^ 
quired. 

For AB, BH, FT, IE,&c. being fonidiameteri of equal 
Iquares are equal one to the other, d whence the hafet <| 4. t; 
LF, LE, FE, &c. of the right angled triangles UE, LIF, 
j|I£, >cc.. ate equal, and consequently the eight triaa- 
glea LFE, LFG, LGD, LDE, KEF, KFG, KGD, KDE, 
are equilateral, e and make an Odaedton, whidi may 1 17. d^ 
be infcribed in a fphere, whofe center ii I. and IL or n, 
AB the radiut. (becaufe AB, IL, IF.IK, 8fc. /are equal.) ftmfir, 
Wbicb wot to ht dene. Moreover, it is evident that AU^ 
(LKq) g=s.i ACq (t LDq.) ttbiA vtu t» bt dttmh- g 47. i. 
finotd, ' 

Cmtt. 

1. Hence it is msniftft, that in the Odaedrtm the 
tliree diameten EG, FD, LK do cut one the othnLpcrpcn-. 
dicularly in the center of the fphere. 

2. A|{b, that the three planes EFGD, LEKG, LFKD 
ire Cjuares, cutting one another perpendicularly. 

3. The Odaedron is divided into two like and equal 
pyramidt EFGDL, «nd EFGDK, whofe commoa bate il 
the I^uare EFGD, 

4. Lallly, it foHowa that the ojipofite ba&s of the t$. it. 
Ofiaedron are paraUel one to the ocber. 

PROP. XV. 

n dtfcribt « t^t 
XKHUCIM, Mid' torn- 
fnhtnd it im th» famt 
J^fotv, lOnam tie fvr- 
mtrfguns vurt ; and ta 
ikmonfirst* that AS tht 
SamOtT (^ ibt fyhtn is 
in ftwer triptt U EF tbt 
fidi tf tbut tati. 

Upon AB defcribe a lemicircle ACB; m and make * io,tS, 
ABs=:l DA, from D raife the perpendicular DC, and 
join BC and AC. Then upon iF:=AC 6 make the b ^6. t; 
fquarc EFGH, upon whofe plane let the right lioei EI, 
iHj IfM, GL, Hand perpendicular, being equal ;o £P, 
and 



ani coRiud tkeiD with die riglit Unci 11^ KL, LM> IVtt 
The Iblid EFGHIKLM, a a. cube, u )> fufBwndy l^r 
fueai Ckko the conftrudioa. 

In the oppoGte fquues £FK|, HCLM> inw the dUr 
mecers EK. fl, HL, MG, cHrough which kt the plaaef 
. EKLH, F1MG be drawn, cuiting one uiocher in the Jiae 

CMT. 39- MO. whichflhalliliTideeqaalhii intwopanilhediame- 
ti. teii.oEthccubeEL, PM.GI, HHU in P the ccDter of the 

4 I {. ibf, cube, d ckerefbre P fluU be che center of a fphere g4$)ig 
i,^nJl4. ihraugh the angulu points of the cube. Mofeovn 
t^. II. EL<i«=sEK(i4-KLqe=KjItLq,/ori ACq. bucABq. 
e 47- I. ACq 2 : 1 BA. DA /: : }. I. h ther^re AB = EL. 
iemfir. whcre&n we have nude x oil^e, &c. ffbuh v»n t§ if 
gnw. 8.^, iwf. 
£ 14. J. ,. Qw* 

■it. Heoec it u mtnileA that all the diimettfi of thf 
cube ire equal one to another, and do equally bifetft oiW 
another in the center of the Iphere. And for the Ijuse 
reilba the light liaei which coa|(un the centen of the op- 
poGte &uu:ei are bifeSed in the Cune center. 

a. The diameter of a fpheie coneaineth in power Ithi 
kil I fide of a leiraedroa aad <^ a tube, vizm ABqit^s/BC^ 
JiJ.lj. +«AC^ 



\ 
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PROP. XV^, 




.# EuctipB^x EietMts. 

ff^ iefmU Mm Icop^$Arm ZGHa 
JTFXRSTy and encompafs it in tt>§ 
fljjme^ vfhereim wr$ awimmd th 
fwefaid foUds ; and U demcnftrait 
^at FGtbeJide ff tbe^Icofaeiwt is 
fba$ inatmal Unt^ ^hieb is |p4/- 
Ma mnm Hn^* 

Upon AB the tlfamecer of a 
iphere dcfcribe the jemicirde ADB ; 
Und a makp Afi sss 5 BC thed 
from C ered CD perpendicular^aind 
draw AD and BD. At the di- 
Banoe £F=:BD defcribe the cir- 
cle EFKNG ; i wherein infcribc t|i« 
equiUceral pentagone FKIHG. Di- 
vide equally ia two parts the ar- 
phes FG, GHj &c. aod fdn the right lines FLf LG, flte* 
being the fides of a decagone. Then c ered £Q, LR^ 
IMS, NT, QV,PX equal to £F, and perpendicular po tht 
plane FKNG ; and €Done£t.RS, ST, TV, VX, XR ; as 
allbFX,FR,GR,GS,HS,HT,IT,iy,KV,KX. Laft- 
iy, produce EQi and take Qy=:FL, and EZssFL, 
and conceive the right lines ZG, ZH, ZI, ZK, ZP to be 
drawn ; as alio YV, YX, YR, yS, ^T. Then I fay the 
^oofaedran required is made. 

For becaufe £Q| LR, MS, NT, OV, PX, are d equal 
and r paratlel, alfo thole lines that join them £L, QR, 
EM, QS, £N, QT, BO, QV, EP, OX, / are equal and 
parallel. And thence Ukewiie LM (or FG) RS, MN, 
ST, 8cc. are equal one to the other, g cherefere the plane 
ilrawn through EL, EM, &c. is equidiftant from the 
plane paffing through QR^QSy&c b end the circle 
QXRSTV drawn from the center Qj% equal to the cir- 
cle EPLMNO ; and RSTVX is an equilateral pentagone. 
feut EF;EG, eh, &c. and QX,QR, QS, &c. being con- 
ceived to be drawn ; then becaui|M^ k = FLq -f- LRq, 
/ or £Fq m ==: FGq. n therefore ^^FG, and lo all RS, 
FG, FR^ RG, GS, GH, && ihalll>e equal one ttf the o- 
ther, and oonfequently the ten triangles RFX, RFG, 
RGS, &C. are equilateral and equaL Moreover, becaufe 
iQY is a d right angle ; therefore XYq^ = QXq + 
QYq jf=s VXq or FGq. wherefore XY, VX, and like- 
wife YV, YT, YS, YR, ZG, ZH, &c. are equal. There- 
^re other ten tria^ngles are made* equilateral and equal 



m 



a 10. i, 



b 11% 4. 



c it.ti. 



d confir. 
t6. If. 
f 3J. X. 

Yii.drf.i. 

k47. 1, 

Iconjtf, 
m 10. ij« 

nfcb.^^.U 

and I. ax, 

o cor, 14, 

II. 

p 47. I. 

q IQ. 13. 
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both to one another, and to the tea fbnner ; anjilb an 

loofaedron is msde. 

Moreover, divide equally £Q in «, draw the right 
r i^.defA. lines, a F, « X, a V ; and becauf^ QX r = QV, and 

tf Q the common fide, and £QX> £Qy are right an- 
f 4. r. gles, ^ therefore (hall « X be ss « V ; and for the fame 

reafon all the lines a X, ct R, « S,^ T, « V, e&F, «G» 
t 9. x]. ct H, «I, A K are ^ual. But beeaufe ZQ. Q£ / : : Q£. 
u s* I}. ZE. therefore Zcrq if= 5 Eax^ jr=:£Q(] (£Fq) -f-£tfq 
z 4. £• y =dFq. therefore ^«=«tF. in like manner <tF=Y«.' 
y 47. I. therefore the fphere, whole center is a. and e&F the ra^- 

dius, fliall pais through the xi angular points of the Ico- 

faedron. 
2 15. (• Laftly, z beeaufe Z«, «B : : ZY. Q£; a and fo Zdtq, 

a £1. 6. oEqMjZYq. Q.Eq. ^ therefore ZYq == v Q£q, or 5 BDq : 
b 14* 5* but ABq. BDq c : ? AB. BC : : 5. i. W therefore ZY =; 
C4W. 8.6. AB. ITit/Vi^ «^4Lr ^j be don$. Therefore if AB be put p, 
d I. ax. I. « then £F = y^AB X BC ihall be alfor pa and confequent* 
e fcb. X£. ly ^ ^^® ^^ o^ ^^ penugone, and likewile of the Ico- 
to. faedron, /is a minor line. 4ifhich wm to be demmfirMedm 

{ If. 13. 

Cordk 

X. From hence is inferred, that the diameter of the 
fphere is in power quintuple of the femidiameter of the 
circle encompaffing the five fides of the looiaedron. 

z. Alfo it is manifeft that the diameter of the fphere 
is compofed of the fide of a hexagone, that is, of the £e^ 
midiameter, and two fides of thedecagone of a drqle en- 
compafling the five fides of the Icofiiedron. 

3. It appears likewife that the oppofite fides of an Ico^ 
8 93* I. faedron, fuch as RX, HI, are parallels. For RX 4 is 
hfcb. z6. parallel to LP. b parallel to £[I. 
J, • ^ 




PROP, 



Euclide'j Eleme/tti. 
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V» Jefmbt a Da^eaeiboB, and comptehtnd it in iht fpltre 
Vibtrtin the farmer fffifti were cotnfrebendtd ; and ie de- 
monfirate that tht^ RS of tit Dodecaednn is an irratio- 
nal line of that Jort lohicb it eajled an apetcme or rt^dual 
line. 

Let Afi be a cube iafcribed in the given Sphere, and 
let all the (idu thereof be divided equallj in the poiatt 
E, H, F, G, K, L, &c. Bad Join the right Itnea KL, MH, 
HG, EF. a make HI.IQ:: IQ; QH; and take NO, a J 
NP,=IQ; then erea OR, PS, perpendicular to the 
plane DB, and QT to the plane AC ; and Jet OR, PS» 
QT, be equal to IQ. NO, NP. whence DR, RS, SC, 
CT, TD, being conneSed, DRSCT fhall be a pentagons 
of the Dodecaedron required. For draw NV parallel to 
OR, and having drawn NV out ajj&i ai the center of the ^ * 
cube X, join the right linn DS, ^^DP, CR, CP, HV, b 3 
HT.RX. BeeaufeDOq«=DKqCiKN<5) + KOci«=j ct 
ONq ( J ORq) d thence DR(p=4 ORij » =OPq, or, RSq. d ^ 
therefore DR:=RS. By a like way of reafiuting DR, e a 
RS, SC, CT, TP are equal. But beciufe OR / i» = and f « 
g parallel to PS, thereioie RS, OP, and confequently RS, 1 1 
DC Aull be alto parallels, h thereltve thefe with thofe ^ ; 
that conjoin them DR, CS, VH, are in one and the fMsm K - 
planb 



ifi. 96. 



i96 fbe fhifieeuib Bock if 

k 7. 11. pl«n^ Mbreover, becaufe HI, IQJtt : IQ. (TQ.) Qj! 
kM/r. i(:tHN.NV. and bodi TQ, HN, and QH,NVktit 
16. II* perpendiculir to the faiiie plaiie> / and £> alib parallel^, 
tn )»• 6. MI THV (hall be a right liiie. u there&re the Trapezium 
^ uiiUdi* DRSC, and the triangle DTS arria one plane extended 
,l/ through the right lines DC, TV. b therefore DTCSR is 

b <• I J* ^ penti^ne, and that alio equilaterali by what is fliewn 
o 47. r; Already. Furthermore, becaufi PK. KM : : KN. NP ; and 
q I. die. u DSq ^saDPq+PSa (PNqJ =s; DKq+PRq+NPq, f 
MMf 4* !{• t^eiice DSqs=DKq+3KNq=34DKx](4DHq)r=sI)Cq. 
t 4. 1; therefisre DSsesDC. whence the triangles DRS, DCT, 
f 8* I* ^^^ equilateral one to another, / therefore the angle 

DRS=sDTC, and likewiie the angle CSRsDCT. 
* f*^i» ^€^^1^ the *]^tagone DTCSR. is alio e(|uiatigular. 

Moreover, becauft AX, DX, CX, 8cc ate (emidiameterii 
i ii« ^i' ^^ ^^^ ^^^' # thence is XH=sIU, or KN, m and & 
ui d»*i. XV=KP j wherefore becaufe RVX, is a x right angl^ 
±19.1. t thence RXq=;XVq+RVq (NPq)=sKPq4.NPq 
^Ay^t, « =s } KNo h = AXq or DXq, fitc. therefore RX, AX, 
a 4. II. ^% ^^^ ^ ^e ^^^ reafon itS^XT^AX, are equal 
b M* M- ^^^ ^^ another. And. if by the fame metfaoid whereby 

the pentagone DTCSk was made, twelve like penta- 

Sines, touching the twelve fides of the cube, be made, 
ey fliall compofe a Dodecaedron ;' and a fphert pafCng 
throueh their angular points, wbofo radius is AX, or 
RX, mall comprehend that Dbdecaedron. iH^icb was ti 
Of tbwtm 
t t9idth Laftly> becaufe KN. NO <^ : : N6. OKi d thelice KL. 
Ai(.<. OP :: OP. OK 4- PL. Therefore if AB the diameter of 

AR 

e t M 2. the fphere be fuppofed p, then fliallKL ^ ss / _/ U 

^^ * ' alfo p; g whence OP^ or RS the fide of the Dodecaedron 
#6.19. ^^^ ^ ^ refidual line. Whid) ^as to b$ dm&§fi^aud. 

From this demonfiration it follows^ i. That if the fide 
of a cube be cut ^^xtreme and mean proportion, the 
sreiter fegmen^ flHKe the fide of the Dodecaedron de» 
Kribed in the fame ipiere. 

i. If the lefier fegment of a right line, cut in extreme 
and mean proportion, be the fide of the DodecaedrooV 
the greater fej^ment flull be the fide of the cube infcribed 
In the fame ipfiere. 

3. ic is mantfeft alfo, thic the fide, of the cube is equal 
to &e right line which fuBtendech tRe angle of a penta-^ 
fooc of the Dodecaedifofn iltfaibed i# the fame fphere. 



PROP. xvni. 
» fiiJ m tht gjtt of 

tht five fnuitwt JglMSt 
mti tomfiut thnn ttgeihtr. 

Let AB b« the dia- 
meter of the sphere ff- 
Ten, and AEB the leoii' 

ciicie, and let AC be a to, ii 

M=iihBt»Bd ADh=:i b 10. C. 

AB. ihen ereft ihe per- 
Modicular) CB, DF, and , 
BG=:AB. joiD AFj AB, / 
BE, BP, CO J and let J 
fall the perpendicular HI 

liroai H, and Clt befog taken equal to CI, from K tTt& 
the perpendicular KLj and jain AL. Lafily, e make AF. c Jo. (!. 
AO;:AO. OF. 

Therefore J. a tf: : AB. BD «:: AB^ BFqche fideof d fm/fr; 
i Tetraedron. and z.~i :;«-AB. AC:: ABq. BEq/the e»r. 8.^ 
fideofanOOaedron. ft4.i;. 

Alio J. t ^:: AB.AD*::AB9. AFq. i the £deofg 15-19. 
an HexaedroR. n euiflr. 

Moreover, becaule Af- AO £ : : AO. O^. k thence k eor. ti* 
fliall AO be the tide of a Dodecaedron. Lafily, BG, ij. 
(t BC) Be / : : HI. IC. m therefore HI= i CI .i.=KI. 1 4. 6. 
therefore Hrqfl=:4 CIij, confequently CHa /=5 5 CI<i 11114. <• 
if therefore ABq = f K.Iq. r therefore KI, or Hi is a radi- ateifri 
111 of a circle eacloliag the pentagone of an Icofaedron > o 4. a. 
and AR or 3 f is the Cde of a decagone iofcribed in the p 47- I' 
faae circle. / whence AL {hall be the Cde of a penra- q 1 1< J. 
gone, t and alfo the Gde of an Icolaedron, Whereby it r ctr. \6i 
appearithatBF, BE, AF are p -Q_ andAL, AOf 'O-, 13. 
. And BFc-BE,and BEt=-AF, and AFt=-AO. And Be- f to.- 1 J. 
caufe jAFq=KABqw=( KLq, and AFxAOcrAFx c 16. ij.' 
OF, stand fb AF jt AO+AFxOF^ a AFxOF,7 that u r. tf. 
Is, APgcrti AO9.H thence fha11| AFq(f KLq) be X4.M. f.- 
erikOo. confequcnlly XLcrAO* and much rather J t.i, 
ALc-AO. z 17. 6. . 

That we may exprefs tKele £des in nmabert ;- If AB a 47. i, 
be fiippcded y*. tf o, then, reducing what is already (hewn 
to fupputation^ BF= y'do, and BB^y'^o, and AF 
= yto. Alfo AL=:v'3o— /iBo (for AK^yt* 
— /j. and KLCHl)=y'u:) Laflly, AOss/: jo 
--/joo(/a5-y (.) 



^ZB The mrtientb Book of 

ScbdL 
B is very apparem thai hefidei the five afmfMdfyuHSi 
Aire €mmot he defmbed mrf other reguUt fiUdfipm (viz. 
fitdk as may be eemtaimd tmder er^nate and equal plaae 
fgmet.^ 
For three plane angles at leaft are required Co the con- 
it ai» 1 1« fiitutbg of a iblid angle ; 4 all which muft be Ids than 
h Smfih. (our right angles, h But 6 ancles of an equilateral tri- 
iu u angle, 4 of a (quare, and 6 of a hexagon, do fbveraUy 
equal 4 right angles ; and 4 of a pentagon, ^ of a hep- 
tagon, 3 of an oftagone, 8cc. do exceed 4 right angles : 
Therefi^ only of j, 4, or 5 equilateral triangles, of 5 
. iqpares, or 3 pentagones, it is poflible to make a iblid 
angle. Wherefore befides the five above mentioned, 
there cannot be any other regular bodies. 

Out of P. Hcrigon. 

lie Pfcportioiu rf the J^bere ami the five t^oit figmet 
infiribed h the fame. 

Let the diameter of the fphere be z, then (hall the 
peripheric or circumference of the'greater circle, 
be 6. 28^18, 

The fuperficies of the greater circle, )• 141 59, 

The fuperficies of the fphere, 1 1. 5 66 3 7. 

The iblidity of the fphere, 4. x879« 

The fide of the tetraedron, i. dirpp* 
The fuperficies of the tetraedron, 4.. 6 1 88. 
The (blidity of the tetraedron, o. 1 5 1 32. 

The fide of the hezaedron, i* 1 547. 
The fuperficies of the hexaeJron, 8. 
The folidity of the hexaedron, 1, 539(^, 

The fide of t'oftaedron, r. 41411. 
The fuperficies of the o^aedron, 6. 9181; 
The Iblidity of the odaedron, i. 33 333* 

The fide of the dodecaedron, o. 7ii<^4* 
The fuperficies of tlie dodecaedron, lo. 5 i\^t. 
^e &lidit7 of the dodecaedron, £ . 78 5 16. 

• The 



I 

I 



EuCLiDE*J Elements, 

The fide pF the leoTteitoa, i. OJ146. 
The liiperficiea of the IcoCttAtoa, 9. S7-}5't* 
' The fbiidity of the IcofaeditHij s. S)4lS* 

' If fiat (gmlateral aad e^at^uJar pffim, I'h tltje in 
ilefchemes btjitath, bemaJetfPat«r> Mtl Hiht^ ftUtJ, 
tbey Kill rtfnfent tie five Tegular Befitt. 
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PROPOSITION I. 

A Perpendicular Hne pp dravon 
from D the center pf a circk 
ABCte BCtbe fide tfafti^ 
tagene ifi/cribed in] the Jkid cifcle, is 
the \alf of fhefe two Hnes taken tege-^ 
tl^er^ tiz. ef the fide of^ ti^ hexagove 
i>£,- and the fide of dfe decagene BC 
infcrihed in the fame circle ABC 
Take FG=FE, and draw CG : a 
Then CE is = CO. therefore the angle CGE h = GEO 
*=ECD. therefore the angle EGG c =3; EDq. dzsi\ 
a l^. and ADC* = i CED (i ECD.) / confequently the angle 
QCD = EGG zsz EDC. g wherefore DG = GC ( CE. ) 

therefore DP =3 CE { DG )4- EF = P^+SJ^^ ffbUh 
waito be demonftrated. * ' i ' • 



b s. 
c 52.. 



I* 

I. 

. I. 




SI, 6. 
e 20. 3. 
f 7- ax. 
g<5. I. 



PROP. XL 



D 



G 

.1- 

H 

. 1- 



B 
£ 



a 17. 6. 

b 8. i. 
c I. ax. I. 

d 22. 5. 
snd zz, 6. 



C If two right lines AB, DB^ are cnt 
-^-« according to extreme and mean t^' 
F portion {AB. AG ; : AG. GB. and DB. 
— - DHiiDH, UB.) they fiaU he aa af- 
ter the fame manner^ viz. in the 
fame proportions {AG, OB : r DA. HK) • 

Take BC == BG ; and EF = EH. Then AB X fiG is 
a = AGq. wherefore ACq 6;=:4ABG-|-AGq «=$ AGq. 
Ig like manner (hall Df q s 5 pHq. d therefore AC 
I AC 



> 
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I* ■ . • • 

AG : : DF. DH. whepce by compounding AC+AG. AG 
V: DF+DH. DH. that is, z AB. AG?? iDE^DH. * e l2. 5; 
c^onfequently AB. AG :: DE. PH; /whence by Jiyilioa f 17. S* 
A6. GB ; : DH. Hfi. Which was to bi dgmwfiratedn 

PROP. nr. 




-K 



o o . 

/ Hbtfamecifck ABD comprehenis both ABCt>2 ibe pefh ^fch.^f.u 
iftgofie^ofa Dodecaedroni arid f^MS the triangU (f an h 30.6. 
&0fa€dron infctibed in the fame fphere. ' , €47. !• 

Draw the diamecer AG, and ^e right lines AC, CG« d 4. t. 
and lee IK be the diameter of the fphere, a and IKq = e 1 c. i ^« 
5 OPq. ^and make OP. OQ.t: OQ: QP. Becaule A izyatid 
C^CGq ^=:AGq d ==4FGQ> and ABq«=FGq-}-CGq. 3. ax. 
/^thence ACq-p-ABq=S FGq, moreover, becaufe.CA. g 8. 13. , 
AB/f :; AB.CA— AB; and OP. OQ.:: OQ.Q?.i&and h 2.I^^' 
b CA. OP:: AB. OQ^k therefore 3 ACq (/IKq.) 5. 16.5. . 
OPq (m IKq) :: 3 ABq. 5; OQq. therefore 3 ABqt=: k i%.6.&^, 
S^OQq. But becaufe ML n is thefid^ of a penragone in- 4. 5. 
Kribed in a circle, nvihore radiua is OP, thence x^ i 1$. 13. 

' RMq. «i=S MLq p=^S OPq-|- 5 OQq=* % ^^^+ "* ^^f^^ 
J ABq^^=iS FGq. r therefore RM=FG./ and conle- n cor. 16. 
quently the drcle ABD ia=sco ^the circle LMN. Which ^3.. 
isas to he devionfitaiecL 6 iz. 1 3* 

p 10, 15. 

' ' q 15. S. 

* before. 
r I. ax. %• 
dndjchoh 
• 4S. I. 

M , * I^ ; ^ fi.def. i 

t i PROP. 



%^2 



T&e Fourtienib Bobk of 
PROP. IV. 




if from P the center of a cirete encompaj/i^g the fentA^ 
gone if a Dodecaedron ABCDEy a perpendicular line PG ^ 
dra^vn to one fide of the Pentagone CD ; the' reBangk con- 
tained under the faid fide CD and the perpendicular FG, 
being thirty times taken, is equal to the fuperficies of a 
Dodecaedron, AJfo^ 

if from the center Lof a circle inclofing the triangle tf- 
* mn Icofaedron' HIK^ a perpendicular line LM be drawn to 
one fide of the triangle HK, the reBangk contained under 
the Jaid fide HK and the perpendicular LM, being tbirtf 
times takeni fiallbe equal to the fuperficies of an Icofae- 
dron. 
8 8. 1. ^r*w FA, FB, FQ FD^ FE. a then (hall the trwi* 

glcs CFD, DFE, EFA, AFB, BFC be equal, but CD X 
1,41.1, FG *= z triangles CFD. therefore goCDxGFtsa 
c If . 5. 60 CFD</ sstii pentagoncs ABCBE e = to the fuperfi- 
^ 6. ax. ^'^^ of a Dodecaedron. Which was to be demonfirated, 
c 17. 3. D«w LI, ^H, LK; then HKxLM/is=i trilogies 

1 4 N I. l-HK. therefore* :jo MK X LM ^= 60 HLK=2o HIK b 
gi^.^i = to the fupierfities^ of an Icofaedron. fVhich was to be 
h 1^. 13. demonfirated. 

CorolL 

k 1 5. J . CD X FG. HK X LM ii: : : the fuperficies of a Dodccae- 
droa (0 the fuperficies of an Icofaedron* 
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Evctms's Elements. «93 

p R o P. V, 

pt JuferpcHi of ft Dedecat- 
mn hath to the fuferjiciti af an 
Ictfaidriin hfcrib'd in the fame 
fphere, tbt fame ftcfortiati that 
B the fide i^a aiie bath to AD 
the fidt of an Icofaedroa. 

Lee the cifde ABCD a en- 
ebfe both ihe Pentagone of a 
Dodecs«dron, and che triapglc 
of an leofaciiron ; whofe fidej 

are ED, AD- upon which from the cenwr E let f»U the 
{■erpendiculars EF, EGC ; and draw CD. 

Beeaufe EC-4-CD, EC i : : EC. CD. thence EG. b 9. i j. 
04ECxiCD.)EF (rfiEC)«:;BF. EG— EF, c 1. 14. 
( i CD,) but H. ED/: ; BD. H— BD. g therefore H, d „„, ,1^ 
BD;: EG. EF. conrequently H X EF=BDxEG. ij. 
wherefore fitice H.ADi:: HxEF. AD X EF. jfc thence "e i(. (. 
fllali be H. AD:.: BDXEG. ADxEP /:: the fuper- it„.ij. 
ficies of a Do^ecaedron to the fupeificie* of an Icoiae- ij, 
<ltOD. which vias l« Be demenjlmttd. o z. j^ 

PROP. VI. hi. 6. 

k 7. J. 
If a right line AB he cut in ^eiir.A.1^ 

extreme and mean praportiotiy 
then ai the right line BF, am- 

taining in power that 'whieb is a 

titade ef ihe luhole lire AB, I 

Mjidll0l which it made of the I 

greater fegment AC^ iiio the I 

right line B containing inpow- 2, 

<r that vihidi is made aj the ^ 

whole line JB, and. that which I 

ft made cf the lejfer figment flC ; fo it the fide of the cuie 
BO « the fide of an kof^edron BK infcrihtd in the /awf 
'fphere with the cube. 

In the circle, «ho(e. feroidiameter n AB, inlcribe 
BFGHI the pentagone of a Dodecte4ron, and BKL 
die triangle of an Icofaedron,* wherefore BG (hall be " "*' "' 
tjie fide of « cube infcrihed in the fame f^ere ; therer , '" 
fore BKq fci;J ABq; and Eqe=j ACq. therefore BKq. " '*■''• 
Eq../:: ABq. AC<j » : : BG(]. BFq. wherefore by per- ^y *" 
S>iitation BGg. BKq :: BFq. Eq. /. whence BG. BK:: ° ^** '* 
■ BF^ B, ffiieb v/at te te Jemarifirafdt e ,', T 

^ %-3 PROP.* **»-^'- 
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PROP. VII. 

J Dodecaedr&n is to an Icojaedfon^ as the fide of a Qthi 
fs to fie Jide of an Icofacdrojj, irfcribed i» one. and ^H 
fanie/pbere, . . 

a 3* i4< £cc:iuie a the fame circle comprehends both the pen- 
ta£*onc of a^Dodecaedron. and the triangle ofan Icofae- 

b 47. I* dron, b the perpt:adicQlar& drawn from the tenter of the 
fpheretothi places of the pentagorie and' triangle, fliaH 
be equal one to another. Therefore if the DodecaedroA 
and Icofaedron be conceived divided jnto pyramtdS| 
right iines being- drawn from the center of the iphere 
to ail the angles, the altitudes of all the pyramids (hall 
be equal ono to the other. Wherefore fince the pyra^ 

c S.and6, ^^^* ^9 ^o^* equal height with the bafes, and thefu*- 
pt;rHcies of the Dpdecaedron is eqiuil to twelve penta^ 
gonesj and the fuperficies of the Icofaedron to twenty 
*triangl€s^ .the Dod^^edtonihall be to the Icofaedron, ii 
the fuperiiicies.of the Dpdecaedron is {o the fuperficies of 
the. Icofaedron « d that is, as tbe.fide pf the cube is to the 
fide of the Icofaedron. ' * = ^ -' 

o P. vin. 

The fame ciftk ^C2)B 
eompreiiends both tio 
fipMH 4 the cube BCDE } 
and the triamgh of the 
eBaedron FGH ivfcriUd 
in one, ani th^fnif^ 
f^here. C 

Let A be the diame- 
III $.13. iter of the iphere. Becaufe Aq4=g . fiCq ^=6 BIq : 
b 47. u and al(b Kc^cz^nz GFq ; d=:6 KFjq; thence {hall Bi 
c 1 4. 1 3. bes=RF. e therefore the circle CBBDsi^FH. Which wsi 
d II. 15, to be demofifirated, ■ r^ i 
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IN tf (Ilk ^?«ei» ABGUDCPB to iefcrihe a fyramid 
Agjbc. 
From the angle C draw the diameters CA,CG, 
C£; and oonnei^ them wjth the diametefi AG, GE, EA, 
All wluch are a equal among themfelves^^as being the ^ 47. i. 
diameters of equal iquares: therefore the triangles GAG, 
CGE, CEA, EAG are equilateral and equal ; and con- 
fcquently AGEC is a pyramid, which infifts upon the 
angles of the cube, and therefore * is infaibed in it. b 51. dej. 

Wbicb was $0 hnba$, . ^ «^^' 

T4 EROP. 






^ 



# 10. I, 



b4-. I. 




^be fifttenih Bqck tf 

P R O P. II. 

ii» a pyramid ghen ABJ)C to dt: 
fcribe ah OBaedron EGKIPH. 

a BifeA the fides of the pyra* 
iDid ia * the points,' E, I, F, Ki 
Gy H> which join with the li 
right lines £F, FG, GE, &c. All 
the& are h equal one to the o- 
ther ; confequently the 8 triangles 



BHI3 IHK3 Sec are equilateral and equal, and fb make 
c« zj^dtf. 6 an Odaedron delbribed d in the given pyramid. Whicb 
II. ^as to be done, 

^ludef. 

II* PR o P. nt 




Jir « cu^ given CHGBDBBA to .defcribe an OSfoedren 

* 8« 4, Conneft * the centers of the fquarcs N, P, Q, S, 0> R 

a 4. I. with the twelve right lines NP, PQ, ^S, &c. wb^ 
b J X. and ^^^ ^ c^ual among themfelves ; and to make 8 equpi^ 
i7,def, II. '^*'*J sind equal triangles : wherefore h the Odaed^n 
NPQSOR fc is infcribcd in th<? cube. Blnch was to\he 



PI}, O P. 






EtrcLiDi'i ElemmtL 



*yi 



f 4- *• 
hi. 6. 



PROP, IV. 

At M OSMtiMt pvt» JB 
CDEP, U infcribe » mht. 

Letihe fides of thepjT4iiiiil 
EABCD, whofe bafc a the 
fquare ABCD, be bifeacd by 
die r^t Unci, LM , MN, NO, 
OL, which are a equal and 
i p&ralkl to the Ijilca of the ' 
j^uare ABCD. c then the qua- 
■irilateral LMNO u a fquare. 
la like manner, if the fides of 
the Iquire LMMO be bifeaed 
in the points G, H, K, I, and 

GH, HK, KI, 10 copneaed, CB^l fii*I1 ^ a rqiure.' 
And if in the other j pyramids of the OftaedrCHi, the 
centers of the triaogles be in the fame fort coDfoioed 
with right lines, then other iquares will be defcribed 
like and equal to the fquare GHK.I. where&re fix fuch 
^ares fhall make a cube, which Ihall be dcG^'ibed with- ^ „ jj 
in an OAaedron, i^ Goce its eight angles touch the eight "' 

bal'es of the Oflae4roti in their centers. Which tiiM U * 

P R O P. V. 




Jif an Tcofaeirett puen to iiifiribe « Dtiteaeiron^ 
Ltt ABCDEP be a pyramid of the Icofacdton, whofe 
^lie is the penc^one AfiCDE ; and the centers of the 
triangles G, H, I, K,X i 'which connefl with the right 
lines GH, HT, IK,KL, LG. Then GHIKL fiiall b« « 
peoiagone of the Dodecaedion to be inftribed, ^ 



For the right Jine*^ FM, FN, FO, FP, FQ, paffiqg 

%e9fkXn X through the center^ pF the triiagks, la do Vykdt their ba- 

t 4. i! ' fes. ^ therefore the right lines MN, NO, OP, PQ, QM 4: 

c 4. I. ^^ ^^"^^ ^^ '^ ^^ other ; d yfhsnm alio the angles 

a F. I. 1^?N, NFO, OFP, PFQ, QEM are eqoaU therefcft 

e 4* I. ^ pentagoae CHIK.L is e<)iuangular, < and coniequeatly 

jf 7t. I J, equilateral, gnce FG, FH, FI, FK, FL /are c<ju J. hmk 

^ ' if ia the other eleven pyramids of the Icofiedro^^ tht 

centers of the triangles be in like fort conjoined with 

right lines, then will pentagones equal and like to th^ 

pentagone GHIKL be dei^ibed. Wherefore ix of fiidb 

(entagoaes ihall jconftitute a DodecaedrQn j which aUb 

*lhall be deforioed in the IcoiGtedran, ieeing the twenty 

angles of the -Dbdecaedron cooGil uppn the ccneela^ of 

the ^wen(y bafes of the loofiedron. Whereby, it ap* 

peari tjiat we have defcribed a Dodecaedrqn » an koiit 

edrondvea. Wf^icbwastohdom* 
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DEFJNITIONa 

l.^r\l4pei or SpOfiSf li»e$^ and AngUsy to which tue 
* 1-^ can ^nd fishers equal^ ^re /kid $c hegi^en in 

JL MagmtHde, 
Jli A KAU0 is faid ifie givf^ fphv ^e mm fitd it^ 
tf one e^ualtoiU ' 

III. ReBiline figures^ whofe angles are ghen, md Mfi 
the ratio rf tht fid€i to oi^ MwtbeUt^ m /kid to hg 
^veH in Species or Kind. ^ ' 

IV. VomtSy Lines and Angles^ which have and hep always 
' one and the/amepUce and Jtf nation, are /aid to be 

giHtendnPofitionorSitnation. * ' • 
y. A Circie is /did U he ghfen in MOgritude^ when thi 

/emidiameter thereof is given in JOagnitudi. 
yi* jiOircle is /aid to be given in Pofitm, and id/i^gni- 
' tndcy ^ehen the Center thereof ii given in Pofitlon, and 

lihe/emidiametef in.JM^tfiie. , 

*yiL ^S^gments of Cfrdes^ whoft angks and ha/es aira 

givent in Magnitudoy are /aid to hff given in Magnitnde^ 
yill; ^gntents of a Cirth^ who/e angles are gipen in 
' Magsnfude, and the ha/es ef the fegments in Pofiticp 

and MagnitudSy am /aid to he given in Pofition and 

Magnitude, 
IX. A Magnitnde AB, is greater D 

■' than another JM4gnitude Cyhy^A A ■ m B 

given Magnitude BDy when ha- . C ■ 

*t^ng takm away the given Mfag- . ' 

nifude JOB^ the fefi AD, i4 eptdl to the other Magm- 

tudeC '■' ' 
X•^>4 Uagratude AB^ is Ufi than another Magnitude C, 
it hy a given MagniHide BjD, when « 

having added thereto the given a _ ^ ~ > 

iMEagnitude BDy the whole AD is ^ . . . 

tpsal to the other Magnitude A ' 

XL A Magnitude AB^ is /aid, tobegftater than another 
> litagnitudeCBjby agivenMog" ^ 

oAnde ADy and in ratio, D * C 

when taking from the /arise A ■ ■ 

Magnitude the given Magni- 
tude AD, therefi^DBy hath to the other Magnitude CB, 

4 ^ven ratio. . ? . . : ^ Xll, 
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XII. A Magnitude AB is faid to he kfi than amfther 

Magnitude BC^ hy a giv^n 

A B Magnitude AD^ and in ratio^ 

p, ■ . B when the given Magnitude 

AD being added thereto, the 
vfhole DB hath to the other Magnitude BCy a given ratio. 

XIII. A right Htie is faid to he drawn down from a given 
foint^ unte a right line given in Portion, the right line 
being drawn in a given angle. 

XIV. A right line, is faid to he drawn upfront a given 
pointy to a right line given in ^option, the right line he- 
ivg drawn in a given angle. 

XV. A right Une is againft another right line in Pofition^ 
, when it is drawn faraliel thereto, tf>rough a g^ven points 

R R Q P O S I T I O N I. 

TirO Magnitudes A and^ B being given, 
the ratio they have to one another A to 
B is alfo given. 

Demonfiration. For feeing that tke Mag- 

. ^ AB^CD nitude A is given, a we can fia(( one equal 

-^^ * thereto, which let he G. Ag^> fcirafiniich 

as the Magnitude 6 is given, we can alio, find one equal 

to that, and let that be IX ThereJTbre feeing that A is 

K - < equal to Q and B to D^ as A is to C, * fo is B to D^ 

i < and by penhuta^ion, e as A (hall be to B, fo C fliall be 

d 1 ikf. «^ ^' Therefore d the ratio of A to B is given, for. 

- ^* it is the fame ratio as of C to D, as we have found, 

and which oug^ht to be deQonfirated. 

p R o P. ni, 

Jf a given Magnitude A, hath to fofne oihtr Magnitude 
By a given ratio, that other Magnitude B, is alfo given 
in Magnitude. 

Bemonfi. For leeing that A is given, we 
can find one equal thereto, which let be 
C: Andferafinuch as the ratio of A to B» 
. jgf i I I I w alfo given, we can find a one of the 
• •'• A B C D fame. Let it be found, and let the ratio 

be of C to ^t i»Jow feeing that as A is 

to B» fo C is to D ; and by permutation, as A is to 

, C, fo B is to D : But Am equal to C, therefore * B 

^* ^' ihall be alfo equal to D. Therefore c the Magnitude B is 

c X def 8'^^"' feeing that thereto Am hath been found one 

'' ■ ' cquaU to wit, Dk " 




Euclide'; data. 



30X 



PRO p. III. 

If given Magmtttdes AB and BCy are com' A D 
fomdedy that MagmtudeJC, that is con^muh 
ed ofibenty fiaU be alfi given. 

Demertftr, For feeing that AB is given, we B £ 
can find one equal to it, which let be DE. 
Again, feeing that BC is given we can alfb 
find one equal to that, which let be £F« C .F 
Wherefore feeing that JXE is equal to AB, 
and £F is equal to BC, the whole AC a is equal to the n z^axj t 
whole DF. Therefore AC is given, feeing .that DF is 
propofed equal thereto. 

PROP. IV, 

if from a given Magnitudt ABj there beta- . /i^ D 
ken away a given Magmtude AC, the remain- 
ing Magmtnde CB is ai/o given. 

Demon/r. Forafmudi as AB is given, we 
can find one equal thereto, which let be D£. 
Again, feeing that AC is given, we can alfb 
find one equal to it, which let be DF« Seeing B 
then that the Magnitude AB is equal to the 
Magnitude DE, and the Magnitude AC to the Magni'> 
cude pF I the reft CB a fbtU be equal to the reft F£. ^ i^axM 
Whrefere CB is given, for to it there hath been fbuad 
an equal, to wit, F£. 

p R O P. V. 

if a Magnitude AB^ hath a given ratio to A D 
fime pa^ thereof ACy it mil have alfi a give^ 
ratio to she fart remaining CB. 

Demonfir. Let DE be expofed as a given I C I P 
Magnitude, and feeing that the ratio of the 
Magnitude AB, to the Magnitude AC,is given, 
a we can find one of the fame, which let be B £ « 2. def, 
DEtoDF; therefore the ratio of the fame 
DE to DF is given. But DE being given, fb is ^ alfb b i.'prop. 
its part DF ; and confequently, <; the reft F£ : Therefore c 4. prop. 
if feeing that DE and F£ are given, the ratio of the d t*pro(. 
fame D£ to F£ is alfo given. And fi>rafmuch as 
D£ is to DF, as AB is to AC, and by converfion, as 
.DE to FE, fb AB is to CB. iBut the jfatio of D£ to 
FE, is ^iven, as hath been demonfirated ', thei^re the ^^.' ^* 
ratio q( AB to CB is alfo given. 

Scholium* 
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c I. ^(^. 



d i8. 5. 



c 2.^ 



si 6. ffopt 

9 Xtfft/f* 



thciiti*s UATA^ 

. Pwu this k*u e%nd$n$ thsi if a Magftiiidi hsOb U ifome, 
far$ tberetf a given ratioy by divifim^ the ratio ibat 01^ 
fart hath to the odfer, fiMhe sifo given. F&r feeing that 
MS Dfi is to F£, fo is ABtoCB\ ^ fUvifiott, as DFto FE^ 
fo AC to CB. Bstt it hatb beeh demonftrated that the parts 
jpF and MP are given, snd ctnfecpiently ^ir ratio is alfe, 
given: J» like manrnr, therefore^ the ratio ofJCtoCB it 
4w». 
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OP. VI. 



B 



D if two Hagfdjtudes AB and BC, haiiitig to 
ope amther a given ratio, Are porj^trnded, 
the Magmutde ACeomfmnded pft^m^ fbaU aljfo 
£ bate a given ratii to each of them Ai f^nd BC 
benmfi. Let the given Magnitude D£ be 
expoiedy and feeing that the ri^a o£ AB to 
^ BC is given i let uifre be o^de tone an^ tbe» 
, . fame of the laid D£ to £F ; therefore the ijatip' 
of the fame BB to ^ is given ; andtli^refore a the 
Magnitude D£ being |iveo, both the one and the other 
of them D£ and W% u givenu . Wherdbre h the whole 
DP (hall be alfo giy^- ^ Therefore t the tatlp oC the 
fame DP to each of them DB ahd£^, fhall be given. 
And fbrafmuch then zi AB . is to BC, £> it D£ to £F ; 
by compounding; d%s kC is to BC, fb_is DP to. £F: 
Therefore hf converiion, as AC to AB» b n PPto 
D£. Therefore as the whole BF j^ to each of the' other 
Magnitudes BE and F£» fo the whde AC is to each o^ 
the Magnitudes A6 and BC. Therefore e the ratio of 
the fame AC to each of the Mi^ttudef AB and BQ is 
given. 

p R o P. vn. 

^ ^f^ gtven Magnitude AS he divided 

A' ■ ■ ' ' B according to a given ratio AC to CB^ 

^acbfegment AC and CB is given. 

Demonfir, For fepng the ratio of AC^ to CB 19 given,^ 

the ratio of 4 AB to each of them (AG and CB) &, 

alfo given. But AB is given : Therefore b each of the 

fegments AC and CB is alio g^en. :t ^ r 

* #Etop: 



PR, pp. VIII. ' 
itapitudts A and c; vihigh have A D 

i$ tme and ti»pimfi a ffven ratio B^ i^-<^ 
fiall be to dfte aw^het m a given B 
fotio AteCt 



^ I>emmff. Far kt ttie given mag- C £' 

nhude D be ^z^okd^ and fteiog $ * ■■ " - ■■ 
that the ratio (^ A to B is given, 
lee the iame be done of the fai4 D to. £. . Now feeing 
that D ij given, 4 £ is alio given. Again, ieoing thac a 2. frof. 
the ratio of B to C is given^ iec the Sune be dosue pf 
£ to F. But- £ is given^ and therefore F is alfi> giv^n. 
But fifing thac D is given, b the ratio o£ the fiune S (^ i,pM. 
to F is eiven j ^ncf feeing that asAtofii,fbDto£, 
and as B to C, £9 is £ to F ; y\ ratio of equality, f ^ ^i. $• 
as A if tp C, ib is D to F ; buc the ratio of D to F 
is given. Therefore the ratio of A to C is alfi> 
givenJ 

P R O P. IX. 
Jf Pm w mef0 magmtmdes Ay B, A D 

and C, are te we another in a given • ■■ '■ i n - 
ratie^ and that the fame magmtndes B £ 

AiB,and C, have' to ether mag^tudes \u ■ 1 u 1 

jiykf^ft^P^^fftn rati^^e^ akbeugh • O . F 
the^ hie not the fame^ ^x{e. elfier ■ ■ i 

nagnitadej D, £, and F fiaU heaifi 
U ene anether ingiven ratio t^ 

Bemenfir. Forafcnuch as the r$itio of A to B is gi* 
ven, as alio thac of A to.D^ the ratio of D to B (hall . 
be given ; But the ratio of B to £ is alio ^iven-; 
therefore the ratio of the famie D to £ ihall be m liks 
maimer given. Again, feeing that the ratio of B ^o 
C^ given, and alio thac of 9 to £, the ratio of £ 
to C fhii^l be given. . But the ratio of C to F is alfo 
given. Therefore a the ratio of.£ to F fhali be gi- ^ g. «,.^, 
▼en. But ic hath been deoionflrated that the ratio of ' ^^ *' 
D to £ is alio given ; and therefore h the ratio of D |^ g^ ^* 
tpF ihalL be given. Therefore the magnitudes D, JB, •«^ ' 
and F are to one another in given ratio's. 

P R O P, X» 
Ifamagmtude Ab^ he D B 

greater than another*mag' A m , C 

nitnde BCy by a given 
P^^tudti and in ratto^ tie tnagnitude AC e<im founded 

of . 



» 
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ffftatb^ fial! be *alJ6 greater ibam thai fame magmtude^ hy 
a given magmtudey and in ratie; hut if thai comphmu^ 
ed mofftttude be greater than the fame nu^mtude^ hy k 
given magnifudey and in ratio; either ^ remawdet 
jbaU be alfo greater than thatfame^ hy a given tnagnhndi^ 
and in ratio ; or elfi the fame Remainder is given mib 
the foUowing^ /» nvhii^ the vthef mdgtdtnde hath a givek 
¥atio. 

Demonfir, For feeing that AB is greater than BC hy 
a given ujagnitude, and in ratio, let the given mag- 

a II .^^ nitude AD be taken away. .Therefore a thereaibn of 
the remainder DB to BC is given ; and by compoitnd- 

b 6»ff(t» ing, S the .ratio of DC to BC is alfo given. But the 

magnitude AD IS alfb given; therefore AC is- greater 

shan the fame BC by a ' given magnitude^ and in ratio. 

D B E Again, Let the mag- 

A C nitude AC be greater 

than the magnitude BQ 
by a ^ven magnitude, and in ratio : I fiiy, that the 
reft AB} is either greater than the fame BC by a given 
magnitude, and . in ratio ; or that the fame AB, with . 
that which fblloweth, to which BC hath a given 
ratio^ is given. 

Forafmuch as the magnitude AC is gireater than the 
magnitude BC, by a given magnitude, and in ratio^ 
cut off from it the given magnitude : Now the fame 
given magnitude is either lefs than the magnitude ABj 
or greater ; Let it in the firft place be leu, and let it 
be AD. Therafere the ratio of the remainder DC t6 
CB IS given. Wherefore by divi&on, the ratio of 
DB to BC is given. But the magnitude AD is alio 

c 1 ai» drfn given ; therefore the magnitude AB is greater c than 
die magnitude BC by a given magnitude^ and in m- 
tio. Now let the given magnitude *be greater than * 
the magnitude AB, and let AE be put e^ual thereto ; 

4 ii^def therefore d the ratio of the remainder EC t6 CB ii 

e 5.^r^. ^ given ; and by converfion, e the ratio of the fame 
BC to B£, is alfo given. But the fame £B with BA 
is given, for that the whole AE is ^iven : Therefore 
there is given AB, with that whidi fellpws BE, to 
which BC hath a given ratio. 
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PROP. XL 

:if a magmtftde ABoe great' £ 

kf than a magmtude BCy hy A— ^-I— 
a given magnitude, and >^ 
ratioy the fame magmtude My fiaU be alfo greater than 
the magnitude comfounded of them by a given magnitude, 
and in iratio, and ff the fame magnitude be greater than 
the live others tegeiher by a given magmtude, and in ra^ 
tie, thai fame magmtude . fidil be alfo greater than the 
reft By d given magniiudt, and in ^atiif. 

Dtmdkfir, F6r fceiiig that the magnitude AB is greacf 
cr than BC by a given magnitude and in rati6 ; kc 
there be taken from it a given magnitude AD : There- 
fore 4 t6e ratio of the reft DB to DQ is given, and a ii*dtf, 
therefore b the ratio of DC to BD fhall be alio given: b 6. prof. 
Let the fame be done of AD to D£, therefore the ratio • 

of the fam6 AD to D£ is given. But AD is given, 
therefore ^ D£ is al& given, and conie<|uently, ^the reft ex. friff* 
A£, is alfo given. But feeiftg th«t as AD is to DB, fo d 4. fnf. 
iSv DC to BD ; by permfcrratioD, H as AD is to DC, & is e 16. 5. 
D£ to DBi Therefore by compounding, /as AC is to f 18. 5. 
CD, fb is £B tb DB ; and by permutation, ^ ai AC is g 16. 5. 
to HB, fo is DC to DB. But the ratio of DC to DB is 
given : Therefore alfo is AC to £B, and oonfequently, 
that of £B to AC. But i^ hath beeh Jemohftrated that 
A£ is given, therefore h AB is gre^c^than AC by a tiflu ief 
glvtti Magnitude, and in ratio. 

Qut d6# let a^ l^e greater than AC by 4 given Mag- 
nitude, and in ratio : I fay^ that the fame AB is a]ib 
greater than the reft fiC by a given Magnitude^ and in 
ratio. 

For feeing that AB is greater thain ACby^ givea 
Magnitude, and in ratio. Let the given Magnitude 
AB be cut oft therefrom: Therefor^ f the ratio of th^ i Ji.deft 
remainder £B to AC is given,' 4nd confe^uently alio 
(hail be given that of AC to £B. Let the fame be done 
of AD to D£, therefore the ratio of AD to D£ is gi- 
ven; and by conVerfiouj k the ratio of AD to'AB IhaU i^ 4,pr(fm 
be alfo given, and <ionfequently that of A£ to AD. Now 
A£ is given, therefore the whole AD / fhall be alfo 1 1* prep. 
given ; and feeing that as the whole AC is to the whole ' ^* 
£B, fothe part cut off AD, is to the part cutoff £D, 
fo alfb (hall be m the remaitld^i' DO to the remainder DB^ ^ 10. <« 
But the' ratio of AC to£B is given: Therefore alfo 

Ti IhaU 




(hall be giw thtc of DC to DB- Wherefore by divifion, 
nfiM. <. ft the raTk) ofBCtQDBis ghrenj "d confequta^^^ alfo 
tS^^^ ^ (hafl be givai that of DB to BC But it hath been de- 
J?J *f. mon&rJd that AD is given t ^errfore o AB u greater 

thaa the fameBC by a givea Magnitude aad m ratio. ^ 

P R O P. XII. 

j^ tbite are thru magattms 
© My BC, and CD, and that the 
fifi ABi vnth mficond BC^ iv 
muAC.iim^' Jkda>0fecandBC,withjhf third CD, 
Z^, Ml>,he atfi ^venx either the firfi MfiaUhe 
9fmalioaeHMiCD,fr the ene fiall be greater tham the 

^athtr hi a gwen Magmtnde. ' . ^ , ^. . , .^ 
i>J«/if . Forafattch as each of the Magmtudc. AC 
and BD, are given, the given Magnitudes arc enter equal 
lo one another, or uocqwaL Let them be firft equal : 
TherefcfeAC i» -equal toBD; take away the common 

• J.iw. \. Magmmde BC, and theie will remain a AB, equal 

toCD. But fcppofc them toheiincqualasinthu fc- 
coodfignre, and lee BDi>e greater than AC: Let thai 
^^^ ' BE be put equal to AQ 

B C E Now feeing that AC is ji- 

I 11 — T^ yen, BE i« *1& g*^*^* ™^ 

fhe whole BD is alib giveii« 

hAi^ ^ reft ED*&all be fi> alfo; and forafmuch ^ BE i 
If J?i tqualtoAC,takingaweythecommPnMagnittideirBC. 

* '• '^^ '• there will remain AB equal to CE. But ED is given: 

Therelbre CD is greaur than AB by the given Magni- 
CttdeED. „^, 

PROP. xni. 

H If there art three magnitudes AB, 

,1,„ B CD, and B, and that the firfi tf 
F them AB, hath a given rath to the 

4, . .„ D feeond CD ; hat the fecond CD is 
E greater than the third E, by a gi- 

ven magnitude J and in ratio; alfe 
the firft AB, fifoU be greater than the 
4hird n,hya given ny^tude, andin ratio. 

Demenfir. For feeing that CD is greater than E by t 
fiiven Magnitude, and in. ratio; let the given NUgni- 
wdeCFbc taken therefrom: Therefore the ratio of 
the Reft FD to E v.given. And forafinudi as Ac rat» 
of ABto CD is given, let the feme be done of AH to 
CF* Therefore the radp nf the fiune AH » CF is 




i ivpn. But CF is given : Therefore a AH it alfo gi^cn i t i frtf. 
And -ftciog that asr the whole AB is to the wholS CD, 
ip.tjie pare cut oft AH is .to the part cut off CF, and fo 
* alfo the reft HB ii to the reft FD, the ratio of the b 19. 5, 
lapie.HB toFDisd&givcn, But the ratio of i'D to 
% is alfo given : Therefore r the ratio of HB to F is c ^.frvp. 
given, ifint It hath been demonftrated that AH is gi- 
ven : Thereforcif ABis greitct than the laid E by a gi- d i x. 4rfi 
yen Magnicvde, and ini ratiOi. 

. ^ t'K OP. 

tf fofo Ma^if$tdes AB 
imd tC2>^ &s«e to one 4n0' 
'iher 4 pifth rafijf^ aid 
ikfft to eaijb rf ihem there 
ie added a given Magnket&ey 
to <uit^ fiS and PF; eitb^ ihe ^wMe AE and CPj^M'have 
Uone ^nothr a given ratio y or ihe one pall ie greats 
iifan the other hy a pven f^^gHtttaky and in raiio. 

Demnfir. For feeing that each of thdfe Magnitude? 
BE and DF, is givqn^ a tjie rjf^tjp of the fiid BE a i *«>* 
Md PJP h ,alfo given ; and if that tatio be the fame * ^* 
with tSiat of AB to CD, that of the ;^hoIe ^E to the 
whole CF, b ihall be ,t|ie fame ; and thereftrc the ratio k t » ^ 
i)f the^&id AE to CFjs given. *> "• fe 

Now let the ratio of BB to D^ be not th^ fame 
w|th .that of aS to CD, and J6t h be as AB to CD, Co 
BG to DF. Therrfore the ratio ofthe.faidBG to 
DF is given. But the Magnitude DF is given,. there-^ 
fore.^ BG is alfoj^iven; ,and feeing that fhe wholeJBE i * a-^* 
is given, ^the.reff GEfiuillbe alfo given, fiutforafmuch a . \jL 
M Afi is to CD, as BG^s to DI!, e fp alfo is the whole c ? 1' V * 
AG to the wj^ole GF ; and cherefore-tke ratio of the faid * ^' 
AG ^o CFbgi^^j^h: But «he M^nitude GE is gi\^ea: 
therefore /the Magnitude AE Is greater tljin tlife Mag* f n^jif 
nicude CF, by a gii^en Magnitude, and in ratio. * 

' ' P,R,0 P. XV. 
:Tf 4wa Mag^ftdes .4B W EG 

CD, have to one another a given A •' ■ . '1 '' / i v' T ^ 
tatio, and that from each of F 

ihem he taken aevay a given C ■ 1 D 

Magnitude (to mf^ from the 

Magnitttde AB the Magnitude AE^ and from the Magni- 
iude CD the Magnitude CF) the remaining Magnitudes EB 
^ tpi either fialljhave to one another^ a'given ratio^ 

U a Of 




3o8 EvAiDz's DJfA. 

w tU one of them Jb all be greater than th§ other fy a.^ven 
MAgftitude^ and in tatie, 

Dtmopfir. ?Qt fktmg that each Magnitude AE and CF 

is given, the ratio oxAE to CF is given; and if it be 

the fame with that of AB to CD, that of the remainder 

a 19. 5« £B to the remainder FD, a (hall be alfo the fame ; and 

therefore the ratio of the faid EB to FD fhall be iU 

{o given. But if it be not the 
fame, let it be as AB to CD, h 
AC to CF. Now the tatio of 
AB to CP is given, therefore 
alfo that of AC ^to CF (hall he 
given. But CF ia given, there- 
fa t./rf . fore b AG is given* But AE is alfo given, therefore f 
c 4*^f* the reft EG Is given ; and feeing that as AB is to CD, 
£0 the part cut off AG ^ to the part cut off CF, and & 
d^.frop^ alfo is </ the refl GB to the reft FD; the ratio of the 
faid GB to FD is alfo given. Therefore foeing that E<7 
e 1 1, def. u given, EB is greater than FD e by a given Magnitude, 
and in ratio* 

PROP. XVI. 

if two Mapntnks AB and 
CD^ have to one another a given 
ratio, and that from one of ibem^ 
to mtyCDy there he tahn away 
a given Magmttide DJB, and to 
the ether AB there be added a 
given Magmttide BF, the wiok ABpaR be greater than the 
refi CE, bjf a given Adagniittde, and in ratio. 

Demenfir. For feeing that the ratio of AB to CD is 
a 2. ifef. ^ given, let the lame be made of BG to D£ : Therefore a 
the ratio of the faid BG to D£ is given. But D£ is 
b a frep. given therefore b BG is alfo given. JBut BF is alfo given, 
c i^frif. merefore e the whole GF b given. And feeing that as 
AB is to CD, fo the part cut df BG, is to the part cut 
d I9« 5. off DE ; and d fo alfo is the remainder AG to the re- 
mainder CE \ the ratio of the (aid AG to C£ is given : 
But GF is given,, therefore the Magnitude AF is greater 
than the Magnitude C£ by a given Magnitude, and in 
ratfo. 
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PROP. XVIL 

Jfthtre Oft three Magnitmies 
4^9 By and CD, and that the F 

fifi AB be greater thap ^fe- A 1 B 

«Mtt/ B hy a given Magnifide^ -r— E 

and in ratio: And the third G 

CD be alfo greater than ike C 1 P 

famefecend B, by a given Mag" 

nitndey and in rath ; the firfi AB /ball have to the third 

CDy either a given ratioy or elfe the ene fiallhe greater 

than the othef by a given Magnitude^ and in ratio. 

Demonfir. For feeing that AB ia greater than E by « 
given Magnitude, and in ratipi let the Magnitude AF 
he taken away: Therefore the ratio of the remainder 
P£ to £ is given. Again, feeing that CD is greater than 
the faid £ by a given Magnitade, and in ratio, ]ee the 
given Magnitude CG be cut off therefrom ; and the ra- 
tio of the remainder GD to E fhall te given: Therefore 
a the ratio of FB to GD fliall be alfo given. But to a Z.fnf. 
the faid FB and GD are added the given Magnitudea 
AF and CG: Therefore the whole AB and CD b (hall b 14.^; 
cither have to one another a given ratio, or the one 
ihall be greater than the other by a given Magnitude, 
and in ratio. 

XVIIL * . .V 

B 
A—— 1- 



-H 



I 

-1-5- 

F 



G 

-1- 



-K 



PROP. 

If there are three Magnitude $ 
AB^ CDf and EF, and that fhe 
one of them, to wit, CD^ be 
greater than either of the other 
AB or BF, by a given Magm- 
tudoy and in ratio; either the , , 

two efbers AB ondBFy fiall have to one another a given 
ratio. Of the 'one fiall be greatfr than the other by a given 
Magnitude^ and in tafio. , 

Demonfir. Forafipuch as the Magnitude CD is greater 
than the Magnitude AB by a given Magnitude, and in 
ratio, let the given Magnitude DO be taken therefrom : . - 

Therefore the ratio of the remainder CG to AB ii , 
given. Let the fame be made of &D'to BH, therefore 
the ratio of the faid DG to BH is given. But DG is 
given, therefore 4 BH is alfo givtn. And feeing that as . a 2. frof, 
Cg is to-AQ, fo is Gb to BH, b fo alfo is the whole CD b li. 5. 
to the whole AH, the ratio of the find CD to AH (hall 
be alfo given. • , 

UJ Again, 



Ag9ui> feeing that the fiime CD is greater than £F by 
a given Magnitude; and ih ratio; let the Magnitude 
DI be cut off cherefroQ) : Therefore tjie ratio' rf ^ii^ re- 
mainder CI to J^F is given*: Let the^fkcnie be n^de of 01 
tp FK.^ Therefore the reafon of the faid bt to ?K Aatt 
f>e alio given. But Dl is given, therefore FK is Afd^ 
ven. And feeinig that as CI is to EF^ ib h I'D t6 FK; 
P **• 5- fo alio is the wliole <? CD to the wKdle EK; the ratio 
of the faid CD to FK (hall be* given. But* the' rttiiji 
<i ^./w^f bf the fame CD to ARis alfe given : Therefore dt\(t 
ratio of the faid AH to'EK ftiail Be given. And fecibg 
that from the faid AH ai?d' £K, the given Magnitude^ 
f H't^* BH andT FK are cut o^*, the Magnitudes AB and £P k 
are either in a given ratio to one another, or the one b 
greater than tlie other by a given ^aghirude,imd m ratio, 

PROP. XIX. 
G H Jf there Of e three Mag^.. 

A i iJ 1 " B fttdes AB, CD, and B, aii4 

* P that the £rfi 4B be g^atef 

C l^ . i; ■ ■ • ^ ' '. : P than the ficofulCp, by 4 g^ 

£ Hien Magnitude, and in ra- 

* ' .' .. ' ' ". ' ' ' ' ' th; and that ^hefecmdCTX 

he greats than thetfoitd^ 
ty a given Magnitude^ and in ratio; affo thefirji Magnl' 
tude AB fiall he greater than the third E, hjf agiun Mag^ 
nimde, andin ratio. 

^ J>emonfir. For feeing tfctt Cf> is gttai^r than fi By a 

given Magnitude, and in fatio; let the given Magnir 

tude, CF be taken therefroin: Therefore rfe ratio of 

,. the remainder ^D to fi isjiven. AgiTiri, feeing that Aft 

?s greater than the fame CD by a given Slignkude, and 

in ratio: Let' the MiTgniCude AG be t^en therefrom : 

Therefore the ratio oT the remainder bB td CD fs 

giveh : Let tfje fame be made of GH to CF. . 'fKerefore 

the ratio of the faid GH to CF is given. But* CF h 

gjven : Therefore alfo GH is given,' and then AG is alio, 

#^?«^«1?'* gJven, the whole 4iAH fhall 

' ' G H be alfo given. But as^ GB '\% 

A— 1 1-^— rB to CD, fo is GH t^ CF, arid 

^ XS|. 5. ' F „ foallb^ t^e rcm^iinder HB to 

P ■ \l ■ - — 1 ■ .^ • -D the remJiirtdef VY^ : Therefore 

E ' the \ix\o of tlie faid HB to 

. ::■■! — ;-- FD is givert. But tHe ratio of 

the £afrie Fi) to ^ il alfo giVeh : 
qr§erefore the ratio of HB to E is in lib wanner 

I . , , given,- 
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given* aod & is tifo the Mtgnitade AE : Vhofefiure, 

the Magnitude ABf is greater than £ by a given Mag* e if« 4r/^ 

oicudcy and in ratio. 

OTHERWISE. 

CmtfifttBi&n, Let there be 
three Magnitudes AB, C, and 
D, and let AB be greater than 
C by a given Magnitude, and ■ 

in ratio; but let C be alio D 

greater than D, by a given ■ ■■ ■ 

Magnitude, and in ratios 

I Ay, that AB is greater than D by a given Magnitude, 
and in ration 

Demmfir. Forafitiuch as AB is greater than C by a 
given Magnitude, and in ratio, let the givdn Magnir 
tude AE be cut off therefrom : Therefore the ratb of ^ 
the remainder £B to C is given. But the Magnitude C 
is greater than the Magnitude D by a given Magnitude, 
and in ratio; tfaereiinre 4^ EB is greater than D by a <1 ij,pr^. 
given Magnitude, and in ratio : Wherefore let the g^* 
ven N^gnitude £F be cut off therefrom; and the. ratio 
of the remainder FB to D (ball be given. But AF is 
e given. Therefore AB i$ greater than D by a given c 5. «r^« 
Magnitude, and in ratio. 

» R O P. XX. 

If timrt are sow gitfen .EG 

MMgmfudes^ AB and CD^ A ^ 1 ■ 1 — — -B 

4tfui tba$ff$m them tbefe F , 

are taken Magnitudes AB C 1 ■ -D 

and CPy having to one ano^ 

ther a given ratio ; eitSer the remaining Magnit$ides EB 

and FD, fiaH have te ene another givenratios ; or elfe the 

one (ball he greater than the other hy a given Magnitude y 

and im ratio* 

Demenftr, For fireing that both the Magnitudes AB and 
CD, are given, the ratio of the (aid AB to CD is a alio a i. fr^^ 
given; and if it be the fame as of AE to CF, that of the re- 
mainder EB to the remainder FD (hall be b alfo the fame; b 19. $• 
and therefore the ratio of the faid EB to FD (hail be 
alfi) eiven. But if it be not the fame, let it be £> as that 
AE be to CF, as AG to CD. Now the ratio of the 
faid AE to CF is given : Therefore the ratb of the (aid 
AG to CD is given. But CD is given* therefore c AG c J, frofr 

U4 is 



•• 



IS alfo given. But the whole AB is likewiie giTen^ 
i ^•f^* therefore d the remainder BG is given. , And ieebg* that 
as A£ is to CF, fo is AG to CD, and alfo the remainder 
EG CO the remainder IPD^ the ratio gf the faid EG to 
FD is given. But GB is alio given : Therefore the Mag- 
p 1 1, def. nicude £B is greatei" e than the Magnitude BD by a given. 
M^nitude, and in ratio. . ' " . 

PROP. XXL 

G B -tf there are t^oj^gnihtdfisgfr 

A ■' I * "t E wir, jAB a»d CJi\ and io them an 

D :~" added 0thier Magnit/tdes BB and 

C' l 1— — >F DP^ haung to eve amtber a giw^ 

ratio', either the vtfbole AE and 
fll^fiaU fjape to ofte another a given ratioy or e(fe the cm 
fiail he greater tlfap' the ether by a given MHgiutudey and 
in ratio, 

Denunjh, For Jeeing that both the Magnitudes AB 
% i.prop. and CD arp given ; their ratio a is alfo given ; and if 
it be the ftme ratio as of BE to DF, the ratio of the 
whple AB to the whole CF (hall be al(b given ; for it 
' b x»« <• fli^ll be h the fame. But if it be ngt tjie- fame, let it 
be as BE is to DF, fo BG to CD: Therefore the ratio 
of the faid BG to CD is given. But CD is given ; 
9 %• prop- therefore c. alfo BG fliall be giycn. But the whole AB is 
d 4. prof, given ; thereforic alio the </ remainder AG (hall be given. 
And feeing that a$ 3£ is to DF, ib is BG to CD, and 
CI 2.. 5. alfo e th^ whole GE4o the whole CF, the ratio of the 
faid GE to CF (hall be Ukewiie given. But AG is given ; 
therefore thp Magnitude AE k greater than the Magni- 
tude CF by a given Magnitude, and in ratio. - 

B P R O I. XXII. 

A ' r ■ 1 " 'C Jfftwo Magmfudes AB and 

P BQi iatHe to feme other Magni- 

M ■ ■ tnde* D, a given ratio, aifp 

their comfonnd Magnitude AC, 
fiaUhave to the fam^ Magnitude D, a given ratio. ^ 
Demonjh. For feeing that each Mi^bitude AB and 
^ ?./»w^. BC hath> a given ratio to lit, the ratio 4 of AB to 
b 6. prop. * BC is given; and by compounding, h the ratio' dF AC 
to BC is given. But that of BC tp J> is alfp given, 
c ^^prop, therefore rthe ratio of the fai4 AC tp IJih'alJ be like- 
wife given. 

PROP. 



> 







Euci-ipB'i BAtA. 313 

PROP. XXHL 
Jf the whole JB be U the 
nvioh CD in a given r4fHe, . and A< 
^^at the parts AE and iu he te 
the fartfCPatidPD in ^^ O 
ratio* Sy al^* they be > net the 
fame^ the whole (to <vity AB, AE^ ^^^ EB,) fiaU heiel^ 
whok {to wit, CP; GP, and FD,) in giifen rations, 
' Demonfir, fot- iceiog thac AJ& is to CF in a given ra- 
tio> let. the fame be aiade pf AB ta CG; thercibre the 
ratio of the fkid AB to QG is given ; and confequently 
alio thac a of the reft £B to the reft FG. But t)ie ratio a is^ 5. 
of FD to the (ame £3 is alio given : Therefore ch^ ratio 
of FD to FG ^ is lijcewife given ; and therefore e that of b ^*prof. 
FDtoche remainder QD is al^ given. But the ratio 05. /r<^, 
of AB to each of the Majgoitudes Cp and CG is given; 
Therefore d alfo the ratio of CD to CiG is given, and d 9. prof: 
ngain e that of CD to the remainder GD. fifit the ra- e $. prtp. 
cio of FD to DGis given, therefore alfo/t^a( of the fS.fref, 
fame CD to FD, and coaftquently that of g CD to the g $• frof. 
remainder FC; and therefore 
alfo the ratio of CF to FD Ihall £ 

be given, ^ut th(erfitipof£B A - 1 B 

to FD i^ propofed to be given ; F G 

therefore the ratio* of CF to EB C -•!— — 1— -- D 

ihall be given. Again, for thac 

the ratb cf AB to CD is given ; and alfo that of CD 

to each of thofe FC and FD, the ratio of the (ame AB 

CO each of the (aid FC and h BJf^ fhallbe Ifkewiie given, h S.fnf, 

Bup the ratio of the (aid Fp toEBis given: Therefore 

the rfjltio of AB to BE (hall be alfo given, and con(e- 

(|uendy A9 to the remainder f A£. Wherefore by divi- i 5. prop. 

iion i^ the* ratio of A£ to £B (hall be likewifegiven. k^.5.^. * 

But the ratio of EB to FD is given. Therefore aUb 

chat of A£ to FD. In like manner, (eeing that the ra-* 

cio of CD to AB is given ;; iltid that of AB to each of 

his parts AE and EB; alfo th^ ratio of the faid CD 

Co each of t)ie (aid AE and EB, /(hall be given : Where- 1 S,p.pfe 

fere each of the Magnitudes AB, CD, AE^EB, CF,and 

fj). is to each of t)ie others in a given ratio. 



PIIOP^ 



• 



'« 



PROP. XXIV. 
A D If of time figH Um^ A, Bj Mi C^ 

i \ y nrr . ■■I..... f^fmimU J U Bf dS B t9 C, tb^ ftfi 

B E A hath to' O* third Csgwn fotu^ 

*■ ■■■■ " ■ ' t" 'i ' rtmltsififhs'9eutb0fie$9d9dgi^t9 
C F ratio. ' 



' m il J ■■■II ij TMWMi f f. for, let there be eipe- 

led atnoK^er right line D^ aod feeing 

tluK the iratid of A to C is |iven ; let the fitme be midt 

tlil>t9 F^ chercfiire the ratio of D to F i> ^r9eiy« But 

9 14 ^fftifk^ therefore F is aHo given ; becwnt the rwo 

• Ift 7y P^ ^^^'^ Dand F, let therebetakea a amean propotf 

tWal E. Therefore the rcdaogle loade under D and F 

b 17. 6. ^ etjoal i eo the hptxt, of £• But the iiame rtdangle of 

c {• #6^ P *i>d P is f |ivcn : (for all the angles of chat reaanele 

are'giretfi being right angles, and the ratbs that die 

U»i have to one another are a]C> given;) therefoce the 

^jmt cfE is given, ^tad confequently the fame rigM 

' Hue £ p alfb^ given (for one eqnal thereto may be found, 

d 14. a. d ^^g ^^^ ^ reftangle of D and F b given.) Buc Q 

ei./Mfr. isgiven, therefore e the ratio of I>to fiis given, and 

f I, 6. as A if to C, fb D is to F. But as A is to C, /lb the 

%tare of A rs to the redangle of A and C, aad aUb 

as D is to F, fi> the (quare of D is to the redaogJe of 

P and p. llief efiire as the fquare of A i» to the redans 

fie of A and (^ fb the fquare of D is to the redaogle of 
i^and F. Biit the reftangle of iV ^od C is equal to the 
fquare of B, Cft^eingthat A,B, and €, are proportional) 
and that of D and F to thefijuare of E, thererore as the 
fyiare of A is to the ^are of B, fethe tqintt of D is 

fli.6. n» tbe%ttftre of JB: wherefbi^^as Ab toB, foDn 
t.dtfi coB: Bitt the ratio rf Dto B bgbea, therefore h 
liHbthe rat^ of A to Bb given. 

PROP. XXV. 

Jftwo Uf^JBOHd CD, 
gii>m hy t^Mw df imtrfiSf 
th§ fdtft B Iff wbiJf they m- 
ftrfiB one amthmy is gimft 
hy fefition, 

Demopjh. For if it change 
Its place, the one or the other of the lines AB and CD, 
vsould di^nge its pofition : But £> it u that by Suppo- 

fitioR 




J 



Smu Jt (^Muigeth not : Therefor^ i» the pmftB ii ^m z^dtf. 
by piiGtlbBk 

- PB.O'P. XXVI. 

jf th€ ejptf9miiii» A a0d ^ rf^ngbt Av B 

fine ABj aire given in pofithn^ thtUfmm 

tight line AB is given in fcfitien and in magmtndf. 

Demojiftf, For li the fioiiit A rbmaining in its place. 
|th« j^&iottv or the Magnitude of the right line AB {hall 
chti^, the ^int 3. wtil 611 flftlEvhere. But £» it is, 
that by Su^ficiod it <tetfe not w!t alfe where. Therefbre^ 
the lifeline AB isgivan in pofiriotf, and in magni-* 

PROP. 5HCVir. 

jfmieef ^ eytmmet A efa right line A .^B 

ABi ghun ypefitien ttni ptainkndij h0 
jp^eny the otb^ etmmity BfiiM he nUfi givetf. ^ 

Dmienp. Pbr if, the point A remniiitiig in it9 places 
the point B ihall change and (A\ in torn odiefr plMi^* 
dther the pofiti^n of the right lin^ AB, or itt magnitude 
would change ! Bnt To it i» that aceording to the Sn^o- 
fition, neither the one nor the cf^er doih change 
therefore the i^int B i$ given. 

Cenfif. Oh the center A, with . P \ 

tije Pittance ASj defcribe the cir- \ 

oumference BC. ' . \ 

DmeHflr. Therefore ft that cir' a « ^ ^ m ^ 5 ^yj 
eumfirence BC b given by po- *V 1 

fitiori. Put the right line AB i» / 

alfo gi v6n by pofition ; therefore! the HJi 

point 4 B is given. bzs.fr^ 

P R O P. 

^through the gi^en feint Ay 
there b^ drawn a right line 
pABy againfi Mnot^ tight 
tine BCy given in pofition, the 
tight line DAE p drawn, is 
given in pcfitien. 

Demonjir^ For if it be not given, the point A re- 
gaining in its place, the poGtion of the right line DAB 
may change: Let it then change if it be polCble,'and 
KcU eHewhere, I'emaining parallel to BQ and let it be 
{he lineMG: Therefore BC i$ parallel t(c» the fiid line 

FAG, 



/ 



N 
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^ix.def. FAG. But a the £ameBG is alio parallel to DAB : There- 
ib 30! I. fore b DAE is parallel to the faid line FAG, which is 
' abfurd ; feeing they join together, and meet in A: There- 
lore the portion of the right line DAE falU not elfewhere. 
Wherefore the {aid line DAE U givea in poficion. 

PROP. XXIX, 

If to ^ fight line ABy 
given in pcfitiopt and n a 
pifint C given therein, tUn 
be drawn a right fine C2^ 
which fifall make a given 
angle ACD, the line ^awn 
■ ^Cj) is given in fofiiion. 
Demonftr. For if it be not gttreii in pofiti0n, the point 
C remaining in its place, tjne pofition of the line CD 
obferving Uie Magnitude of the angle ACD,wiU fall 
elieiyhere. Let it fall elfewhere then if it be pO^Tible, 
and let it be CB* Therefore the angle ACD n equal tp 
the »ngle ACB, the greater to the le&r, which is ab- 
furd. Therefore the poGtion of the right line CD, {hall 
not &11 elfewhere ', and therefore the wd %e cp is gi- 
ven in poCtion. 

R O P. XXX. 

ff from a given point Ay U 
drawn to a tight Hne BCy given in 
fojition^ a ti^t line AD, making 
a given angle AJOB^ th^t Urn 
drawn AD is given in pofitien* 

Demonftr. For if it be tot given, 

the point A remaining in its 

place, the pofition of the right 

line AD changing, the -Magnitude 

of the angle AD^, wil} change. Let it change then, 

and let it be the right line AE : Therefore the angle 

^ j^ J. s ADB is ccjual to the angle AEB, the greater a to die 

• ' ' leffer, which is abfurd. Therefore the Kofitioo of the 

right line AD doth not change^ and therefore the laid 

line AD is given in pofition, 

OTHE|LWISE. 
Conp. Through the point A let there be c(ra^n the 
lini EAF, paraliel to the right line BC 

Demoftfir, Then feeing that through the given point A, 
find againfl the right line BC, givch in pcStion, there is 

drawn 




« * 
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drawn the - right line £Fy thofe lines £F and BC are 

par allelsk - But on the fame 

lines doth alio fall the right JJ vV 'P 

line AD. Therefore b the *=— r -^ &. j^ ^, 

.angle FAD is equal to the >/^ 

gtveh angle ADB; and » 1 ■ J ^-^ k j 

therefore it is alfi> given. jQf J| IJt 

Wherefore to the right line 

£F given in pofition, and to the given point A therein, 

there is drawn the right line AD, making the given 

anele FAD. Therefore c the faid line AD is given in c 29. frtf. 

pofition. 

^ OTHERWISE. 

Comfif. ]n the line BCE, let there be taken the given 
joint C, and through the lame let there be drawn the 
line CF, parallel to the iaid DA. 

I>em(mfir. Forafmuch as AD and CF are parallels, and 
that on them there doch ^11 the right line BCE, the 
angle FCB is equal d to the given angle ADB ; and d zp. i. 
therefore it is alfe given. And feeing that the right line 
BC is given in portion, and 
that to a given point C therein, 
there is drawn the r%ht line 
FC, making the given angle 
FCB, that fame line FC e is _ « 

given in portion. But through § r y*V^ 




the given point A, oppodte to 

the une FC given ia poGtion, 

there is drawn the line AD. 

Therefore the faid line /AD is '•*■•' ^ ._ ^ fiS.fnf, 

given in poficion. . ^ : 

OTHERWISE. 

Omfir. In the right line 
BC a&me fome point at F, 
and draw AF. 

Demonfif. Forafmuch as 
each point A and F b given, 
the right line AF is given 

g in pofition. But the line / \ g »6« t^* 

BC is alfo given in portion. 
Ther^re * the angle AFD is 
given. But by fuppoficion, 

the angle ADF is given : Therefore DAF (which is the 
refidue h of two right angles) is given ; and feeing h 31, i. 

I that. 




tluc t0 tlie fight littB APgiv^ in fofieicMi, ai4 IP Mi^ 
givea poiac chefein A there is doom Ahetoght tii)jie:SMy 
ii9.fr0p. makinp the givea aogte DAF,t chAt £m» )im J>A'^ 
given in jpoweki* 

ScholiuBi* 
» ^EOtXlDB /i#^ Ure dhU #«w «i^ A'«r/ Ml|^ 
fjmn lib fofii^m^i. ami in^impg ttf we iiiwt&r, jdb iifM^e^ 
gmn nigUi which fim th igituiifiuftf Mfbtf^aH ima$k'_ 



Dmudftftf. FoTAfinudi as the tvo rigltt Unea g^vc9,ipt 
fjoGtioD, 4o indiae r^ looe anochery the ii^rlinitfjon 
o£ thole lines is given. But the angle is the iojpimtn* 
on of the lines : .Tbereftre vths aogk cvhich makes the 
n^ lines given in ipofitiiin^ juitl inofiniogft) i^€Si^ 
tWf is given. 

A00ihef thifsJl0tnti$fl^Mitw. tl* 

Csi^flr. Let there be two jt^H 
lines inolinif^ .to tcac oMthei^ 
tt.AB and'C^, ^v)en in4^tiQa^ 
and in.theiine AB let ithexc .he 
t%ken a given iMoint A> and, m 
BC alio &ne |)oint^ as C ; iand 
let (he right line .AC be doawn. 

JDtmoi^r. Seeing ^that as nvetf 

the point B» its jeachof the points* 

(t i&tftp* / \ A and C is given, K the three 

"~ rijght lin^ AB» iBC> and AC, Aie 

given in iMagniiude* Wheae- 
fere of three dired lines equal unto them, a tiiaagk 
may be conOituted : Let there thei\ be made the <tsi- 
angle FD£| having the Ude FD equal to the (ide*AB, 
the fide FE eqwil to the fide. AC, aod the bafe D£ 
equal to the bafe BC. 

Seeing then the angles compdfed of equal sight lines 
are equal, we have found the angle FDE e^al to ohe 
li^jur angle ABC; and therefene the^iame /angl^-ABCis 
g^ven* 




PK.OP. 



■K 
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Ifftwt u given ffiinf J tUge 
he drawn to a tigjii Une jpvm 
in fopticn MC^ n right line M>^ 
given in m/fgniiude^ that lin$ 
AD fiaU he dfjo given in fo^ti- 
en, 

Oonfir. Trom the center A, 
with the diftance AD, Itt ihe .^^s ^ _;^ ^tw i*- 
•ircle DEF be defoibed. J^TT "TT^ 0^ 

Demonjtr. Porafmuch zi thfiipenttr A i| ^r6B in poC- | 

tion, and the feniidkuxietcir AD in magn^irab, t]>e circle 
D£F a it given in pofoion. But thi jsjght |a? BC is ji 5. Mff^ 
alio given in poEtion : Th^iiefipf e th^ point sA interfeiStion 
T>hh given, and feeing rhat the ppiot K js^tlip^given: b 25. piA. 
e the right line AP i^ givfip in {K^fitiQa. c ^ jMr. 

PROP, xxxu* . 

Xf$mtopmaM fight Urns ftTE W A. 
AB and 6d, ^««f infofitien, "^*^ ■ ■ " ■ 

/ib^r^ Se drawn a rtghi line 
^iViahng the given angles 
B£F and MBB^ the line 
drawn BPfiall be gjmnin ] 
magnkude. \w% *"' Jn ,jL ■ .^* 

Gw/r. For let thca-c ht ^^ ^ ** 
taken in the line CD a given point G, «a4 from 4ba{ 
point Jet be drawn GH parallel to FE. 

Demenfir. ForafiauGh as ihe lines Vf and HG are 
parallels, and that on them doth &II the line CD; a a 29, x« 
the ao^le £FD is equal to the angle FGH. But tlie luigle 
£FD 13 given, therefore the angle FGH is alio )giy60« 
And forafinuch as to the right line CD given/in poutipQ, 
and to the point G given in the &me, there fS dran^n the 
right line GH, making the given angle VG^h the (aid » 29. ^wf. 
line GH is given in pofition. But AB is alio jiiren in 
poiition, therefore c tlw point H b givien. Btfjt |he pofnt 625. frefn 
G is alfo given : Therefore d the Hne GH Is jiyjgn 4fe ^ *^* P^* 
Mi^jtude, and is.«efy^lto %?. Whercffre /^he faid « }^- ^ ; 
Une isgivea in Msigiaitude. * i« ^> 



PROP. 



fi6 
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PROP, xxxra. 

If unto paraUel ri^ lints AB 
andCD^ gji^ien in pofoum^ there be 
drawn a tight line BF given in 
iaa^tnde, that Unt BF fiall mate 
ike given angles BBPandDFB* 

Omfit. For let there be taken 
ia tfie rlfght Hae Afi the point G| 
and through that poiht let there be 
drawn the line GH parallel to £F. 
DeMonfif. Therefore £F is equal 
to the (aid a GH. But £F is given 
in Magnitude, there&re Gl^isalfo 
^ven in Ms^nitude. But the point G is ^^en, and 
therdbr^ if on that point, with the difianee OH, there 
be deicribed a drcle, b that circle (hall be given in po- 
rtion: Let it be then ddcribed^ and let it be HKL, the 
fiid circle HRL is therefofe giVen in pofition. But Che 
line CD ^luch doth cut the drcumferencib KHL in H, 
IS alio given in polition. TherefiMre the fidd point of inCer- 
c &5* frtf* fedion H c is feiven. But the point G is given : There- 
d a6. prtf. fere d the right line GH is giv^n in pdfition. But the f %ht 
t/ch. 30. line CD is alio given in poCtion: XWefbree the angle 
prcf. GHF is given. Sutto that angle/theangleEFD is equal: 

f Ap. I. Therefore the angle £FD is given ; and uiere&re alio the 
angle BEF; for that it is the refidue of the fam of two 
g 19. X. g right angles* 

Otherwise. 



Qmfir. Let there be taken hi the right line CD, the' 
point G, and let GD be put equal to EF, then from the 
center G^ with the diftance GD, let there be defcribedf 
the drcle HDB, and dx«w GB. 

- Demonpf* Forafinnch as the 
center G is given in pofitioo, 
and the iemidiamecer GD \i 
magnitude, the circle BDIf 
h is given in pofiti6n. But tli^ 
line AB is alfi> given in portion : 

a. ■■% ^ --^ 11 Therefore i the point B is given. 

AA ^ But the point G is alio given, 

therefore k the right line GB is 
given i3\ poIition« But the right line CD is alfo given 
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tn pofition: Therefore / the angle BGD h giv'en. 
Wherefore if £F be parallel to £G, the angle £FD in 
ihall be given, and cQnfe^uently alfo the other angle 
B£F. But the righc lines EQ iand £F being not paral- 
lels, let them meet in the point H. . Forafmuch as £B 
is parallel to TGy and £F is equal to GD> that is to fay, 
to BGs alfo FH ii fhall be equal to GH (for £H and BH 
being cut proportionally o by the pirallel'FG, as £F is to 
FH, fb isBG to GH*, and by permucatibn, as £F is to 
BGj fe is FH to GH ;) Therefore ^ the angle HFG is 
equal to the angle HGF, but the (aid angle HGF is eiven 
(for that it is equal q to the given angle BGD:) There- 
fore the angle HFG is alio given. But to that angle the 
angle BEF is equal; and therefore is given, as alfo th^ re^ 
naining angle BFG. 

PROP, xxxiv. 

If from a given point E, there 
he dravm unto parallel right 
iinis JB andCDy given in fcfi- 
tiony a right line fePG, that right 
KneBFGfiallbe divided in a gi- 
^)en ratio {to wit) as EF to FG, 

Confirm fot from the point 
E let there be drawn the line 
EH, perpendicular to the line CD* 

Demonfir. Forafinuch as from the given point E therii 

Is drawn to the line CD the right line EH, making the 

given angle £HG> a the faid line EH is given in pofitioni 

but both the one and the Other lines AB and CD is lilfo 

given in pofition. Therefore h the. points of interfedioii 

K and H, are given. But the point £ is aUb given : 

Therefore c each line EK and KH is given. Wherefore 

*d the ratio of the faid £K to RH is given. But as 

EK is to KH, fo is EF to FGj (for in the triangle GEH 

the line KF being parallel to HG, the files £H and EG 

are cut proportionally :) Therefore the ratio of the iaid EF 

toFG is given. 

H E R W I S E. 
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a io,prop: 

h ii,frofi 

c z6»propi 
I. pop. . 



AT K 



O T 

Omftf^ To the pa- 
rallel right lines given 
in pofitionj AB and 
CD, lee there be drawn 

from the f point £ the . . 

right line FEG : I fay, C H fi; 

Ihat the ratio ofGEto£F is given. 
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3tm§nfi. For from the poist £ let theie be itrM, 
10 CD tbs perpendicular £Hj and produced to the pcAaC 
R ; feeii^ therefore that from the point £ to the ri^t 
line CD, given in po&ion, there is drawn the lineEH^ 

k JO. fr^. maiung the giveh angle £HG) a the faid line EH is 
given in poution. But each line AB and CD i^ alio 

b %$*frtf.. given in pofition: Therefore h each point of interfeffioa 
H and K is given* But the pcnnt £ is alfo given, thcre^ 

c z6. ffop. fere c each Sthe lines £H and IK is given in Magnitude; 

d I. frtfi and jtherefore d the ratio of the fiiid £H to £K is given* 

1 4. 6. But « as £H is to FK fo is £G to £F (for the oppofite 
angka at the point £ being eqoaV ^&cl the lines AB and 
CD parallels, the triangles £HG and £KF are equiangled \ 
and therefore aa £H is to £G, fo is £K to £F ; and bj 
permutation as £H to £K, fo is FG to £F.) Therefore 
the ratio of the faidlines £G to £F is given^ 

PROP. XXXV. 
Xfftom O'givBn paint A^ U a right tine Bd^ ^vel^ ff 
pttfMoni there he drawn a right line AD, which lette dir 
Kfided in £, 191 agiven ratio {tt wit) as AB to BD, and 
that hy the feint of feBion B there be drawn aright Unt 
FEGi cfpoffte t§ tbe^rigbt line BC, giffin in t^fiSeet, tie 
Urn FG drawn fiaU be- given in fofition. 

Coftflr. For from the point A, let there be drawn the 
lioe AH, perpendicular to the line BC. 

Demonftr. For feeing that from the given point A 

there is drawn to BC given in po&ion, the right line 

i Jo. ptop* AH making the given angle AHD, a the fiiid line AH is 

given in pofition. ButBC is alfo given in pofition: \ 
kl^^^« Therefore 6 the point H Is 

A given. But the point A is alio 

C z6 . frof. f^ ^ivcn : Therefore c the line AH 

A IS given in magnitude and in 

dz. 6. £ XJiV 'M poficiom And feeing that d 

as A£ is to £D, fo is AK to 
RHi and that the ratio of AH 
to £D is given, alfo the ratio 
of AK to KH is given ; and hy 
c 6. prep. - mmT _ ^ compounding, e the ratio of 

""^ ^^ AH to AK is given. But AH a 

is given in Magnitude : There^ l| 
f i.prep, fore falfo AK is given in Magnitude. But AK h alib ', 

given in pofition, and the point A is given : Therefora 
gi7, pffip S (^e point K is alfo given^ and ic^ing that by the faid ^ 
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|iven point -R chere is drawn ehe HneFG, oppofiteto the 
kighc line BC given in poficion; the faid Jine FG b^h 
given in poficion. 

PROP. XXXVI. 

if from a given pint A, there be 
dta^vn to a right line BC giifen in po- 
fition^ a right line AB, and to it be 
added a right line AE^ having to the 
fame AD a given ratio^ and that 
through the extremity £ of the mdded 
fine JBy there be drawn a fight line 
fBKy oppofite to the line BC, given in 
pfition^ that fame line PEKfiaU be 
given in pofitien. 

Confir, For from the « point A kt 
there be drawn to the line BC, the perpendicular AL, 
and lee it be prolonged to the point G. , 

Demonfh, ' Forafeiuch as from the given point A, there 
is drawn to the right line BC, given in policion, the 
righ jine GL, which makes the given angle GLD, a that 
line GL is given in poficion. But BC is alfo given in 
poficion, therefore fe the point L is given ; and feeing 
€hat the point A is alfo given, the line e AL is given. 
But forafmuch as the ratio of AE to AD^ is givenj 
and that d as the faid AE is to AD, fo is AG to AL ; 
(hecaufe the triangles ALD'and AGE are equiangled) 
the ratio of AG to AL is alfo given. But AL is given 
in Magnitude : Therefore e AG is giVen in Magnitude. 
But it isaifo given in p6(ition» and the point A is given t 
Therefore / the point G is alfo given. And feeing that 
by the fame given point G there is drawn the line FK, 
c^pofite to the 'right line BC, given in pofition, ^ the 
faid line FK is given in poGtion. 

PROP. XXXVII. 

If unto parallel right lines 
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AB and CDy given in pofifion^ 
there be drawn a right line 
J5F, divided in the point C?, 
in a given ratio^ Qo wit* of 
JBG toGp;i and if through the 
point of feBion G, there be 
drawn oppofite to the right 
lines A3 or CD^ ^iven in pofi- 
tion^ a right Ine HGK, that 
Une drawn fiail be gtun tn pefitioH* 
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OoTifif. For let there be taken in the line AB the giveii 
pftint Ly and from that point let there be drawn the line 
i.N> perpendicular to CD. 

Dtmovfif. Seeing that from the given point L, there is 

drawn to the right line CD, the line LN, makmg the 

a }o.^(^. given angle LND, the faid LN a is given in portion. 

But CD is alio given in poGtion : Therefore the point 

b z$. ffcif. N 6 is given. Biu the point L is alfo given : Therefore 

c 2((. ff^, c the line LN is given ; and feeing that the ratio of FG 

to G£ is given, and chat * as FG is to G£, fo is NM 

to ML, the ratio of the faid NM to ML is given ; and 

d 6. fnf^ by compounding, d the ratio of LN to LM is alfb 

^iven. But LNis given in Magnitude, therefore ML 

e z. frop. IS given in Magnitude. But it is alfp given in pofi- 

tion, and the point L is given : Therefore the point M 

f 27. frcp. /if alfo given. And confidering that through the faid 

point M there is drawn the right line KH, oppofite to 

the right line CD, given in pofition, the faid lineRH 

is alfo given in pofition. 

Scholium. 
* EVCLIDEJiippofeih here^ that as FG is ioGByfoim 
is to ML ; hut iy another it is thus demonfirated* 

The Hues BP and LN are paratiels or not parallels : £<c| 
ihem in the firfi plate he parallels ^ and forafmuch as by 
OwfiruBion the lines £L, Pliy £F, and LN, are parallels, 
BNfiall he a parallelogram ; and therefore the. fide £F is 
equal to the fide LK Again, feeing that MG is parallel to 
NF, andGPto MS, G19 Jball be alfo a parallelogram i and 
therefore the fide GF is equal to the fide MN, uierefore the 
equal fides EF and LNy fball have to the equal fides FG 
g 7» 5» and MNy gone and the fame ratio. Therefore as EB is 
? 1 7. 5. ^<^ FG, fo is LNto MS; and by dividing^ h as GB to GP, 
fo is LMto MK. 

KovD fuppofe that tht 
lines EP and LN are not 
parallels^ but that thef 
meet in the point 0* 
piirafmuch as in the tri" 
Hngle OFN there is drawn 
« • ic *5r — TE: \^^ ??* *^j parallel to FN one of 

and ON are divided propor- 
tionally \ and l^efore as 
PG is to GOy fo is NM to 
MO. Again^ feeing that in the triangle OGM there is 

iravm 
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ifr^wn EL, farallel to tie fide CM, the fides OG and OM 

an diuded proportionally : Wherefire k aa OB is to EG^ fo k l. 6. 

is OL to IMy and hy cempoundingy 1 as OG is to EG^fo is 1 1 8, f . 

OM to LM\hut it hath been demonfirated that as PG is to 

GOy fo is SMto MO; therefore in ratio of equality^ m as m za. 5. 

EG isto GEy fo is Wd to ML. 
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PROP. XXXVIIL 
If unto parallel right lines 
AB and CDy there he drawn a 
right line £F, and that to it 
there be added fome other right 
hne EGy which hath a given 
ratio to ^he fame £F; and if 
through the extremity G of the 
added line EGy there be drawn 
a right line HKy againfi the 
parallels given in pofition AB 
and CDy the line drawn HK fiall be alfo given tnpo- 

Oonftr. For let there be taUn in the line AB, the 
given point N,,and from thence let there ise drawn to- 
CD thej>er^endicular NM, and let it be prolonged to the 
point L 

' Demonfir. Forafmuch as from the given point N there 
is drawn to the right line CD, given in poCtion, the 
right line NM making a given angle NMF, the laid 
angle' NM'Ftf is given in pofition. But the hne CD.j lo.pref^ 
is alfo givtjn in pofition: Therefore A the point M w b i5.pw(^- 
given. But the point N is alfo given : Therefore c the ^ 2,6. prop, 
line NM is given, and for that the ratio of EG to EF 
is given; and that d as EG to EF, fo >« J-N. to ^fd. 37. 
NM, the ratio of LN to NM is alfc given: But NM p^^p^ 
is given, therefore LN 15 e alfo giv£n. But the pomt ^ ^^ p^^p^ 
N IS given ; Therefore /the point L is alfo given. See- f, zy^prop. 
ing, then that by the given point L there is drawn the 
right line HK, oppofice to the line AB given m por- 
tion, g the laid line AK is alfo given in pofition. g jg. prop^ 
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PROP. XXXIX, 

If all the fides of a in49gh 
ABC are gwn in magnitude^ th^ 
ifiangle is given in kind. 

Cfmftr* Fori let there be QxpoH 
fed the right line DG given in 
' poGtion, ending in the point 1) ; 
but being infiAite towards the Or 
ther part G> and therein kt 
be taken BE, equal to AB. 

Demonftf^ Nov feeing thq 
faid AB is given in roagnttudet 
D£ isfo alfo; but the fame J>£ 
is glib given in poCdon, and 
the point D is given : Therefore 
a the point £ ^ given. 

Again^ Let £F be put eqi^ 

toBC; and feeing that BC is 

given in magnitude, £F (hall be fo alio. But the faid 

£F is in like manner given in pofition, and the poiat £ 

t> 27. frcf. is given : Therefore b the point F is given. 

Furthermore, Let FG be taken equal ^o AC. Now 
forafinuch as the laid AC is given in magnitude, FG ii. 
lb alfb. But FG is alfo given in pofition, and the point • 
F is given : Therefore the point G is alfb given. Now 
from the center E, with the difiance ED, let ther^be de- 
fcribed the circle DHK, c and that circle fliall be given 
in pofi^tion. Again, on the center F, and diflatxce FG, 
A6.def. let there be defcribed the circle G}.K. Therefore dl the 
CIS* ^of, (*A>d circle GLK is given in pofition ; and therefore « the 
point of Interfedion K is giv^en. But each of the points 
f^^'Wh Band F is given: Therefore each line/EKj EF, and 
FK, is given in pofition and magnitude. Therefore th^ 
triangle FK is given ^ in kind ; but it is equal and 
alike to the triangle ABC^ and therefore the triangl^ 
ABC is alfo given in kind* 
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Scholium. 
* EUCLIDB fitppqfeth h^re, 
$bat a triangle^ whofe fides art 
given in magmtude and pfi$ionf 
u given in kind; hut the antieni 
Interpreters demonfirate it in a 
manner thus, Forafmucb as the 
right lines KB and £F are given ^ 
g the ratio ivhich thejhave.Ut 
fine another is given. Alfothe 
fight lines EF and FK heing given^ 
$heir ratio is alfo given ; ana 
in like manner^ the ratio of the • 
/aid EK and FK is given. Again^ 
feeing that the fame lines KB 
and EF are given inpofition, h 
the angle KEF is given in 
magnitude : Moreover^ the right lines £F and FK heing 
given in pofition% the angle EFK is given in magnitude^ 
0s is alfo the refidue EKF, and fo in the trian^U EKF ar$ 
all the angles given^ and alfo the ratio^j^ of the fides : ^ 
iberefote i the f aid triangle EKF is given tn hnd. i S 
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If the angles 

ef a. triangle A* 

BC, are gi^n 

in magnitude , 

the trtapgle is 

given in kind, 
Omftr, Let 

there be expo- 
fed the right 

line DE, given in pofition and in magniwde ; and let 

there be conflituted at the point D the angle EDF, 
equal to the angle CBA ; and at the point E the angle 

DEF, equal to the angle BCA ; therefore the third angle 
BAC is equal to the third aqgle DFE. 

Demopft. For each of the angles conflituted in the pointa 
A, B, and Q is given : Therefore each of thofe which 
are pofiied in the points D, F, and E, is alfo given ; 
and feeing that to the right line DE givin in pofition,' 
and' to the point D given therein, there is drawn the , 
right lineDF, which makes the given angle BDF, a zt9;,proJll 
^ X4 " She 
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the line DF is given in pofition ; and for the fame reafoBj^ 

bi5. ffofj, the line £F is given in pofition : Therefore h the ppiiic 

F is given in pofition. But each of the points D and 

c a.0f fr^^^ £ is given : Therefore c each of the lines DF, D£, and. 

' £F, is given i^ magnitude. Wherefore the trian^e 

DF£ is given in kind ; and is alike to the triangle ABC: 

Jherefo^e the trisingle ABC is given in kind. 

i PROP. XLI. 

If a fri angle ABC, hath one angle B AC given, and thai 
the two fides BAand AC, <whfch do conjtifute it, have to 
one another a given ratio, fbe triangle is given in kind. ■ 
Confir. For, l^t there be expofed the right Jine DF gi- 
ven in magnitude and^fition. And thereon, aiid at the 
given point F, let there be conflituced the angle DFB 
equal; to the angle BAG. 

Demonfif. Now the angle B.AC is given : Therefore 

alfb the^ angle DF£ is given, and feeing that to the 

right line 'DF given in pofition, and irom the given 

point F therein is drawn a right line F£, making the 

^X^ffop. given angle DF£, « the faid line F£ is given in pofiti- 

on. But feeing that the ratio of 

AB to AC is given, let the fame 

. be made of DF to FE, then let 

D£ be drawn. Therefore the 

ratio of DF toF£is given. But 

^, jj DFis ^iven : Therefore i FE is 

b 1, ffOf* J* gjyg^ JQ magnitude. But the 

nme F£ is alfb given in pofition, 
and the point F is given. There^ 

c 17' prop. / \ ^^^^ ^ '^^ point E is alfb given. 

''^ ^* ^ ^ But each bf the points D ernd F is 

d i6. trop^ ' ' given : Therefore d each of the 

* '^ right lines DF, FE, and DE is given in pofition and 

c iQ Prop magnitude. Wherefore* the triangle DEF b given in 

- ^r ^ ^* jtincL And feeing that the two triangles ABC and DEF 

have an angle equs^l to an angle, that is to fay, the 

angle BAC to the angle DFE, and the fides which oon- 

C^« 6« f^icute thofe equal angles, proportional; /the triangle 

*'- *' ABC is iilike to the triangle DEF. But the triangle DEF 

is given 11;^ kind; Therefore the triangle ABC is givfd 

^kind« * . - 




^«\ 



0?. 



RtrciiDjsV "DA^A* 



J2i 




t 2.M^. 



PROP. XLIL. 

If tie fides of a triangle ABCi 
'Mre to one amther in given faHo\ 
tie triangle ABC is given in hind. 

Confir. For, let there be^ ex- ^ 
{ofed the right line D, givex\ 
in iliagniti^de» ai^d fteing that 
the ratio of BC to' AC is giveOj 
let the (ame be made of D to ^^ 
Detnqnfir. Now D is ^iven^ 

therefore ^£ is alio given.' A- "^ ;~~ ** ti,tni/ 

gain^ feeing that the ratio of 

AC to AB is given, let the 

fame be made or E to F. Now 

£ is given, therefore ^ F is zlfo 

given. Now of three right liiie^, equal to the 'three 

given right lin^ D, E, and F, (and of which thrce^ 

lines, two of them, im what manner foever they be 

taken, are greater than the other,) let there be con- 

ilituted the triangle GHK, in fuch fort as D may be 

equal to HK ; but E is equal . to KG, and GH equal to 

Fj therefore each of the faid lines HK, KG, and GH,» 

is given in magnitude : Wherefore c the triangle HGK c J 9.^;, 

is given in kind. And feeing that as BC is to CA, fb 

is D to E, and that D is equal to HK, and E to KG, 

is BC is to CA^ fo HK is to KG. Again, feeing that as 

CA is to AB, fo is ^ to F, and that E is equal to KG, 

and F to GH; as CA is to AB, (b is KG .to GH. But 

n hath been demonfirated, that as BC is to CA, £0 

is HK to KG; Therefore in ratio of equality, as 

BC is to AB, fo is HK to GH. Ther? fore d the tri- d < 4: 

angle ABC is alfo given in kind. > •* 
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PROP. XUII- 

If the fides BC and BA, ahq^ 

ene of the acute angles of a. rec^ 

\ tangled triangk wlBC, hatx t^ 

<me another a giwn ratio y that 

triangle is given in kind, 

Conftr.Let there be ezpo&d 
the right line D£ given it^ 
magnitude and pofition» and 
on it let there be'deicribed 
the femicircle DGE : There-; 
fore ^ the femicircle DG£ is 
given in podtion. 

Demonftr. For the line DE 

being given, and divided in 

two equal parts, the center 

of the. faid circle is given in pobtion, and th^ femidia- 

meter in magnitude. And fbrafmuch as the ratio of BG 

to BA is given, let the fame be made of DE to F; 

Therefore the ratio of DE to F is given. But DE i« 

given, therefore F & is alfo given. Now BC is greateic 

than c AB : Therefore £D is <^ alfo greater than F^ 

Xet DG be fitted equal to' F, and let £G be drawn; 

then on the center D, with the diftance DG, let the 

circle GK be defcribed. Now that circle e is given in 

pofitioa, feeing that the center D is given, and the femi- 

diameter DG is alio given in magnitude. But the femhj 

circle DGE is alfo given in pofition: Therefore / the 

point of interfedion G is given. Bur the points D and 

E are alfo given, therefore g each of the right Jinea 

D£, DG, and EG, is given in pofition and magnitude* 

Wherefore h the triangle DGE is given in kind. And 

feeing that the triangles ABC and DGE have an angle 

equal to an angle, to wit, the right angle BAC to the 

right angle i DGE, and the (ides about the angles CBA 

and EDG proportional. But each of the others ACB 

and DEG are lefs than a right angle : Thofe triangles 

ABC and DEG k are alike. But the triangle DGE is 

given in kind: Therefore the triangle AEiC is alfo given 

in kind. 
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PROP. XLIV. ^ 

^ A iriangJe ABC, lath 
4fi9 angk B gij/ftftf 0nd that A^ 
the Rdfis B4 and AC^ abwt 
another angle BAG, have to 
cfis another a given ratio^ 
the iriangk ABC is given in 
kind. 

Confif. Now the given . 
angle B is either acute or ob- 
tuie, (for it was a right angle 

^ the foregoing proportion.} Let it be in the iirft placo 
4cute> and from the point A Ut AD be drawn perpendi- 
cular to BC. 

J>tm<wfif» Therefore the angle ADB is given ;' But the 
tngle Bis alfo given; and therefore the third angle 
J^AD is given : Wherefore a the triangle ABD is given a 40. pref. 
in kind ; and thereforCi^ the ratio of BA to AD is given, b 5. def. 
Put the ratio of the fame BA to AC is alfo given : 
Therefore c the ratio of AD to AC is given, and the c Z.prop. 
angle ADC is a right angle: Wherefore the trianele d d ^l.prcpm 
ACD is given in kind : Therefore e the angle C is given, e J • def. 
But the angle B,is alfo given ; and therefore the other 
angle BAC is given: Therefore / the triangle ABC is f ^Ofrof; 
given in kind. 

Cotifir. Now let the angle ABC be obtufe, and on the 
iide CB prolonged) let there be drawn the perpendicular 
AD. 

Demonftr. Forafoauch as the angle ABC is given, the 
angle ABD, which folbws it, (hall be given. But the 
^gle ADB ii alfo given : Therefore the third angle DAB 
il given. Wherefore g the triangle ABD is given in g4(f'prep. 
kind ; and therefore b the ratio ' h $»def. 

of DA to AB is given. But the 
r^tio of AB to AC is alfo given : 

Therefore i the ratio of DA to A \ 8. pnjf, 

AC is given, and the angle D 
is a riglit angle. Therefore the 
triangle DAC is given in kind, 
and therefore the angle ACB 
V given. But the angle ABC 
is alfo given" Therefore the 
third angle BAC is given, 
Wherefore the triangle ABC is 
£Weni9 kind* 
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PROP. XLY; 

Jf tf ifiangh ABC hath on& 
angle B4C given^ and tluit 
the line compounded €f the |qo» 
fides AB and ACj about the 
/aid given angle BAC, bath U 
the other fide BC a given ratio, 
^he triangle ABCis given in 
h'nd. 

. Confir. For, let the angle 
BAG be divided into two 
equal parts by the line AD, therefore a the angle CAD 
is given. 

Demonfir. Seeing that as AB is to AC, fo h is BD to 

CD ; by compounding, c as the line compounded of 

CAB is to CA> fb is BC co CD, and by permutationj 

• as the line compounded of C^B is to CB, & is CA to^ 

CD. But the ratio of the line compounded of CAB to 

BC, is giveil ; therefore the ratio of CA to CD is alfb 

'd 44.^0^* given, and the angle CAD is given. Therefore i/ the 

triangle ACDis' given in kind, andthere&re the angle 

■ Q is given. But the angle BAG is al& given : There- 

4a frtp, jjj.^ jj^g jjj-j, J j^jjgig g jj gi^g^ . Wherefore e the triangle 

ABC is given in ki^d* 

OTHERWISE. 
Confir, Let BA be prolonged direflly unto the pcnnt D, 
in fuch fort as that AD may be equal to AC, and let CD 
be joined. 

Demonfir. Forafmuch as the ratio of the line com- 
pounded of CAB to CB is given, and that AD is equal 

to AC, the ratio of the whole 

line BD to BC is given. But 

the angle ADC is alfo given, 

fer it is the half of the given 

angle BAC (for that the laid 

angle B AC /is equal- to the 

two internal angles ACD and 

ADC, which are g equal to 

one another, being the fides 

AC and AD are equal:) 

Wherefore the triangle BDC 

h 44. /fv^. hU given in kind, and therefore the angle B is given. 

But the aijgle BAG is alfo given. Therefore the re-ti 

i 4o./ri»^. maining«ngle ACB is given : Wherefore i the triangle 

ABC is given in kind. PROP. 
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PROP. XLVI. 

if a triargle ABC baib one 
'^ngle B givetty and that the line 
CAB compounded of the two fides, 
AC and AB about another angle 
BAC hath to the other fide BC a 
given ratio f the triangle ABC 
is given in kind, 

Confir. For lee the angle BAC 
be divided into two equal parts, 
by tht line AD. 

Demonfir. Therefore (as hath been (hewn in the fore-: 
going Propofition) the compound line CAB is to CB, 
as AB is to BD. But the ratio of the faid compound line 
CAB to.CB is given : Therefore aJfb the ratio of AB to 
BD is given. But the angle B is alfo given : Therefore 
the triangle ABD a is given in kind ; and therefore & a 41: prtfi 
the angle BAD is given. But the angle BAC is double b %. def. 
to that of BAD ; and therefore it is alfo given. Thcre- 
5>re the third angle C is given. Wherefore the triangle 
ABC is g^ven in kind. 

OTHERWISE 
Omfir, Let BA be prolonged direftly, and let AD be 
pot e^ual to AQ and let CD be joined. « 
. Demonfir, Forafomch as the 
ratio of the line compounded of 
CAB to CB is given^ and that 
AD is equal to AC, the ratio 
of BD toBC is given; and the- 
angle B is alfo given : Therefore 
the triangle CDB c is given.in 
kind ; and therefore d the angle 
I> is given : Therefore the angle 
BAC ivhich is double to BE>C, 
is alfo given: Wherefore the 
other angle ACB is given; and therefore the triangle 
ABCisgiveninkind. , 
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fftin in Mindf are SmMd im 
tfiaHgUi given in kind* 

C0ifif* For let cbe right linei 
EB sni BC be dratwa. 

^eimtifif. Forafinuch as tht 
rcftiline figure ABCDE is given 
ia kind, the angle a BA£ is 
giveriy and the racia of the fide 
AB to A£ is alfo given x There^ 
fire h the triangle BA£ is gi^ea 
in kiiHl. Wherefore die angte AB£. is ^ven« But the 
whok angle ABC is alio given : Therefore • dfM remain^ 
ing angle BBC given. But the r^tio of the fide AB 
to the £de B£, and alfb that cf AB to BC is given : 
a 8. t^cf. Therefore d the ratio of BC to fiB is giveti^ and t^e 
e \i.Mf, angle CBEls alfo given: Therefore the triangle BCB 
is givea in kind. % the fame way it may bd dtf*. 
raonftrated that the triangle CD£ ii ^ven in kifid. 
Therefore redtline figures givea ia kind dividothemfelref 
into triangles given in kind. 

P R O P. XLVIIt 

tf mtm and the fam righB 
Une M, are defcriheJl mangles^ 
as ACB and ABD^: gi'uen it^ 
kindy thfe triangles fiaH iavet 
u one amthtf a given ratio^ 
as ACBtoABD. 

Omfir. For from the points A 
and B, let there be drawn at right angles on the line 
AB, the lines A£ and BG, and |rolonged unto the 
points F and H ; through the points C and t), let there 
be drawn the lines ECG and PDH, parallel to AB. 

bemonfif. Forafinuch then as the triangle ABC is 
given in kind, a the ratio of CA to BA is given, and 
the angle CAB is alfo given ; .but the angle BAE is- 
given: Therefore the remaining angle CAE^is alfo 
given; but the angle CAE is given; and there- 
fore the other angle AC^ is alfo given. Wherefore 
b 40. Jfop. h the triangle AEC is given in kind. Now the ratio 
c Z,prop. of EA to AB c is given ; (for d the ratio of EA to ACj 
d 5. def. and that of AC to AB is given ;) and in like manner, 

the 
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the ratio of FA to AB is given. Therefore t the ratio of e 8. frof^ 

BA to AF is given ; but as AE is to AF, (of the paral- f 1.6. 

Iclograin AH to the parallelogram AG ; but ACB is ^ g 41. i 

the half of AH, and ADB the half of AG ; therefore the 

ratio of the triangle ACB to the triangle ADB is given ; 

for it is the fame ratio with that of AH to AG b ; that h i j, j, 

»to fiy, of £Ato AF, which is given. 

PROP. XLIX. 

^ if en im and tie fame 
rtght line AB there are defcri- 
M ai^ tivo reBiline figures 
AECPB and ADB^ given in 
kMy they fiallhave to one 
another a given ratio (to 
^it) AECFB^to ADB. 

Oonfir. For lee the lines 
VA and F£ be drawn : 
.Therefore each of the trian- 
gles ^ ABF, AFE, andfiCF 
IS given in kind. 




Biemonfif. Seeing that on one and the fame right 
iina EF there are defcribed the triangles ECF and EAF 
given in kind i the ratio of ECF to EAF h is given! 
Therefore" by- compounding, c the ratio of AECF to EAF 
w given. But the ratio of the faid EAF to FAB is 
riveh^ d becaufe they are triangles given in kind, de- 
fcribed on one and the fame right line AFj There- 
fere « the ratio of AECF to FAB is given. Where- 
fore by compounding, / the ratio of AECFB to FAB 
IIS given. But the ratio of the fame FAB to ABD g 
IS given: Therefore i&<he ratio of AECFB to ABD is 
•Ifc given* . 



* 47. t^^ 



b 48. propt 
c 6. frop^ 

d 48. frop^ 

e o. pfop^ 
f 6. prop, 
g ^%.prop; 
h Z.prop. 
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P R O R t: _ ' 

If two right lines AB ami 
CDf have to one another a 
* given ratio, and that on 
tbofe lines there be deferred 
reSitine Jignres AEB an4 
dFt>, alike, and alike pcfitedj 
^ mil have to one anothtf 
agivenratiOt 

^ Denmfir. 1> the two 
lines AB and CD, let there 
t>e taken a third proportio- 
nal G: Therefore as AB is to 
CD, ibis CDto G. But the 
-,: ^ . . ^ ratioof ABtoCiDis riven: 
iti t,^ pcrcfore the ratio of CD to G Is alio given: Where- 
hL\2' fore ^the ratio of AB to Gi. given, jftut ^ as AB is to 
b «r. ip. G. ib is AEB to CFD: ThcrefohJ the ratio of the lamf 
^0.6- AEB toCFDispven. -^^^ 

PR OP. lij 

If two right 
lines 4^ and 
CD have to one 
another a gi- 
ven ratio^ and 
that upon thorn 
there be def crih- 
ed any re0i fine 
fytms AEB 
and CPD, gi- 
ven in kind^ 
they^ will have 
to one another a given ratio, {to wit, ^at efJEB to CKD.) 
UPOwftr, For on AB let the reftangled ^ure AH be dci: 
fcribed alike, and alike pofited to D^. 
f Demonfir. Now DF h given in kind : Therefore alio 
AH is given in kind* But AEB ,is alfo given in kind^ 
a 49. ptof» and defcribed on the lame line AB: Therefore a the ratio 
of AEB to AH is given : And feeing that the ratio of 
AB to CD is given, and that on thofe lines are deicribed 
the rediline figures AH and DF alike, and alike pofited^ 
k ^o.prtf* the ratio b of the faid line AH to DF is given. But the 
ratio bf AEB to AH is alfo giveh; Therefore the ratio 
i: S.praf. e of AJiB to DF is given. P R O ?i 
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PROP. 

. if ck a 9i^ lki0 Jiy given 
All magmudgy thetfi he^^be4 
0fyurt AGBygtian wHtd^ that 
'^^«9v ACB hgivim m magnir 
tide^ 

Cmfif. For ontbe fime line 
AB, lee die iquaie AD be de- 
fertbed. Xhere&ce AD is gi- 
ven la kind ^ and in os^gai- 
tude. 

. D§metffiir. Seeing that on 
Ithe nigKc line Afi^ ace de- 
icribed che two reiStiliae £- 
Sures ACB ^and AD, giten in Jcind, 4 the ratio of AQB a 29. 6np; 

So AD it given: Thecefore i AOB U given in inag- b z.Ph/. 
iiitude* t^ . . r T.- 

Sohalium. 
"^ 7f>e antiem iOeipraa' hatb i^ f«^ thai urn;/ 
i^pMteisgkfeninkind; fir thai aU ii^ an^es ther€cfara 
lgi^>en\htifig ^ eifMl and fi^ a»^ :^1H^ 
iBfliie fides am given ; far tb^ fides heing alt^mal^ their ra- 
$io*s are a^o £^ftial Mmover, qvhetfee^if afjua^is ej^ifid, 
ufynare equal ibeireto may ie exbHiud ; andtkenfirt M4 
ffuan isff^ominmoffaksidi^ as aJfi 4aehfid$ tbmtf. 

?^ 0(P. LIH. 
If there are fvot fyms AD ^ 
and eh; given in kind^ and 
ihat one fide BD af the one, 
hath to a'fide m if the pther, 
a given ratio ; the other fides 

fiaHhavealfojtoMheMher fides 
^ven ratitfj. 

hemenfif. For i&eing that 
>the «atb of fiD to f{H is &i- 
-ven, and alibthac a of BD i i ** 

toBA,^theratioofdie4aid Jj * M'tf; 

.i^.tptBH;isgiv^. Butthe ^ b8.fr<#- 

- c J- 
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Jratioofthe fiune.BH.toEFcr-isaffo given: Therefore i/the 51'^ 
fc«ioofAB.toJBF.isgi>^. JnlikeWiM^rV^ ^ ^•'^ 

cf the.«di«: Oles .^o n^e 4)t)iel: fides otte^ixen; 



t 






32l 



EuclideV DA'tA. 



■ . 






a 



i«pf. 19 

sow 6. 



PROP. LIV. 

Jfiw jfe«wi A midB 
given in kmdf have t^^ne 
amiber a given fatio^ alfo 
their fUks fiall be to we 
another in a given ratio. 

Qmftf, l^t either the 
figure A is alike and alike 
poficed CO B, or is not: 
Lee it in the firft place bt 
alike, and alike poficed; 
and let there be takea the 
line G, a ^hird proportional to the lines CD and £F. 

J^emwfir. As CD is to G^ ^r fo is A to B. Buc the 

ratio of A to B is given ; therefore My the ratio of CD 

to G is given. And feeing that CD, £F> and G, aie 

b 24. frop. proportional, b alfb the ratio of CD to £F is given. Bvt 

€ 5 1. fr^. A and B are given in kind : Therefore c the other fides 

(hall have ^iven ratio's to the other fides* 

Now let the figuit^ A be not alAce to the figure 1^ 
and let there he defcribed on EF the figure EH, alil^ 
and alike poCted to A : Therefore the fi^^ure EH is given 
in kind ; but the figure B u alio given in kind ; There- 
i 49. frtf* fore d the ratio of B to £H is given ; and therefore the 
9 8. frtf. ratio of A to the fame £H e is alfo given : But A is alike 
to£H:, Therefore (by what n abovefatd) the ratio of 
CD to £F is given ; and in like manner the ratb of the 
other fides to the other fides is given. 

OTHERWISE. 

Qmjh. Let theie be expofed 
the given line GH: Now ei» 
ther the figure A isalike to the 
figufeB, or not. Let it in the 
firft place be alike, and let it 
be as CD it to £P, fo b GH 
to LK ; then on GH and LK 
let the figures M and H ^ <i^ 
fcribed alike, and alike pofited 
to the faid A and B, which 
figures M and N (hall be coat 
fequently given in kind. 

Demonfir. Therefore (eeing 
is to £F, fb is QH to L£. and chat on 

thpft 
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thofe lines C6, £F, GH, and LR, are defcribed the 
^gu*-es A, B, M,and Ny alike add alike policed ;/as A f 22. 6. 

u CO B, , ib IS M to JH. But the ratio of A to B is given : 

Therefore , the r^io of M to N is given. But ^ M is g $z. frtff\ 
given, oonfidering that it, is a figure given in kind, de- 
Kribed on a right line given in magnitude \ therefore N 
is alio given. 

. Cm^f\ 1. No\V, on LK. let the fqtiare O bedefcribed': 
Therefore i^ the figure O is given in kind. hfch, 51. 

.. Demwfif. z. Wherefore the ratio of O to N is given, pn^. 
But U is given : Therefore. O is given ; and confequently 
^alfoKL. ButGH is given: Therefore ^ the ratio oi {fib. 51, 
pH to I^L is given. But. as OH is to LR, fo is CD to prof, 
5F. i Therefore the ratjo, of CD to EF is given; and V.\i,prop. 
therefore the figures A and B being ^iven in kind, /the 1 5 laptop. 
other fides of the fame figures fhall alfb have to the other 
£des given ratio*s. But if the figures be not alike, the 
latter part of the dembnflration here above mud be ob- 
ferved. 

PROP. LV. 
If 4.fpac0 Ahf gjvenin kind'^ 
and in magnhnde, the fides 
thereof fi all be given in mag* 
tntude* 

. Conflf. For, let the right, 
line BC, given in poficion 

and in magnitude^ be .expo- 

fed ; and thereon let there be ^ "F 1& d 

deicrihed th^ fpace D, alike 

and alike pofited to A ; therefore the faid fpace D is 
given in kind- /' 

I>em<mfif> For that it i? defcribed orf the line BC, 
jjiven in magnitude, it is alfo a given in magnitude, a ^%,ptop, 
But the figure Ais ^Ifo given t Therefore ^ the ratip oi, b I. prop. 
A to D* is given. But thofe figures A and D are given 
in kind: Therefore c the ratio of the line EF to the c $4- prop, 
line BQ is giyen. But BCis given: Therefoi'e d EF d ^drf. ' 
is alfo given. 3ut the ratio of the fame EF to FG is given: 
Therefore ,e FG is given. And by the ftme , ways of e i./j^^i 
reafoning it may be den^onUrated that eaeh. of the other 
(ides are.given io magnitude • 
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W I SB. . 

Onfir. Let the ipM 
GHIKL be ^veASii kind 
tnd in maj^itude^ I &f 
chat the hdes thereof «rt 
given in magBitude. Fif 
Oft the right line GH lee 
there be deicribed the 
l^areGM; therefore /GM 
ia given in kind. 

Vemnifir. But the fpact 
GHIKL 13 alio giv«h ia 
kbd : Therefore g the ny 
tio of the &me fpace GK to 
GM is given. But GK » 
given in magnitude : There- 
ore h GM 13 alfo given in 



magnitude ; and feeiog that GM is the iquare otthe tine 
ifdf. 5 Ik GH, f that line GH b given in magnitude. Wherefore 

a ABA A ^ 4 ^ a a? . ^ ^ _ W^r ^1 T^ V^T 
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in like manner^ each of the other Hnet IH, IK, KL} 

andLGi is given. 

PROP. LVI. 

If two efuiangted parHlkkgfiwu 
J and Bf have to one an^ither a 
^ven f4thy US me fide CD ^fiU 
firfi A, is to one fide VGy^ thefiS' 
cond B; Jo the oOfer fide 6b^ efthi 
feamd B, is to that to «Afd& DH He 
vther fide tfthe firfi J, hath the 
given ratio that the fahtM^am 
A hath to the fardlkbgtam B. 
tmffif. For let HD be prolonged 
dlreaiy to 1, u> that us CD is to FG, fo HD may be to 
DL; and finiih the parallelogram DR. 

Demonfir. Seeing that as CD is to FG^ £> BD 
is to DL9 and a that CD is equal to KL ; as LK it 
to FG, fo is GE to DL} and thus the fides about 
the e^ual angles DLK and £GF are reciprocally 
proportional! Wherefore & DK is equal to B ; and there- 
fore feeing the ratio of A to B is given, and that B is 
equal to DK, the ratio of A to DK it given. But as c 
A is to DK (that is to B) ib is HD to DL : therefore 
the ratio of {iD to DL is alio given : and feeing that as 
CD is to FG. £> G£ is to DL. and (hac the right line 

— A ' m 
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HD hath to DL a given ratio; to wit, that whiA the 
^c© A hath to the fpace B ; as CD i« to FG^ foGB 
js to that to which HDhath the given latioihat the 
fpace A hath to the fpace B, that is to ^fay, the raijia ^ 

l|iD CO DU 

PROP. LVIL 
If a given f^ AD be afplM i^ a given fifi^bm A^ 
p$ agimangJeCAB, $hihreaMCAef OeaffkeMmk 

giwn* -•Mil r 

^ Congf. For on AB, let there be defcnbed the toare ^ 

AF ; therefore a the fiune A|f 13 given : Let the Iwes ^fcb. 5*^ 
IpA, FBy and CD, be prolonged to the pomtsG and «. ^. 

Demonftf. Seeing therefore that each W AD and AF 
is given, their raUo is alfo given. But b AD is equal b 36, 1, 
to AH: Therefore the ratio of AF to AH « given; 
Wherefore the ratio of EA to AG is giv<jn.* ^For ^ K u ci. 4. 
the fame with that ofAFtoAH](; 
IfutEA i» equal toAB; therefore 
the ratio of AB to ^G is. given. 
Now feeing that the angle CAB is 
given, and the angle GAB alifo gi- 
ten, the icefidue CAG is given. 
Buttheangl^ CGAis alfo given, G Q JS^ \ 

being a right angle ; Therefore the V 

remaining angle ACG is given. Whcre^re the tariaag^ 
4 CAG is given in kind : Therefore the ratio of CA 50 l/p.prtfi 
AG is given. But the ratio of AB to the fame AG 19 alfo 
given : Therefor^ the ratio of CA to AB is given ; an4. 
3ie faid AB is given : Wherefore CA is alfo §iv^iu 

If a gix;en 
fface ABy be ap^ 
plied to a, given; 
^right Une AC^ 
voantifig by a 
fgHte DB, gi^, 
%fen in kind^ the 
Ifreadtfis of the, 
4efeffs are ^- 
ven. ' 

Cepfir^ For let. AC be divided in two equal parts in. 
the point F: Therefore as well AF as FC is given* On. 
the faid line FQ let there be defcribed the reftangled 
£gure FG alike and alike pofited to Qg, Therefore FG; 
ij^iven in kind. X3 Vempnfifit 
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Demonff* S«cing the figure FG is dcfcribcd on the rigbt 

a $1. propAme VC given in magnitude, the faid redilineFG ha 

' tilfo given in mlftgnitude. But FG is equal to AB and 

h ?6. K IL; (for A AI and FEieing equal, and € FB and PO 

c 43. I. alfo equal, the Gnomon ICL is equal to AB i and there- 

. fore their added figurife IL common to both, FG fhall be 

tqualto ABandIL:) Therefore the figures AB a^d IL 

together are given in magnitude. But AB is given in 

d J{,pfop, magnitude: Therefore d the remaining figure IL is alio 

e 14. 6. given in magnitude. But it is alfo given in land, feeing 

i^'S.pop. it is alike to DE: Therefore /the fides of the fame IL 

g H- J- are given: Wherefore IB isgiveq; and feeing that it 

h 4. prop, is equal g to FD, the fame FD is alfo given. But FC is 

i i.def. given; therefore the remainder DC Bis given; andi 

Jt i. prtp. in a given ratio to BO, and therefore k BD is given, 

PROP. LIX. 

If 4 gfff^ 

/pace AB he of- 

plied acc&rdtng 

to a given ri^ 

line AC^ exceed" 

ing it hy' afr 

gure CB ' given 

in kind 3^ the 

breadths of the 

excejfes CE and 

CF'ar^gfiven. ' 

Conjff, fot Qg being divided into nvb equal parts in 

G, Jet there be.defcribed on GE the redtline figure GH, 

^like and alike poficed to CBf 

J)empnJ!r^ Now feeing thit CB is alike to G^, thofc 

figures 'C 6 and GH * are about one. and W fame diame- 

rer» and GH is given in kind, as is CB. But it isde- 

I l^^fr^p' fcribcd on the given Hn^ QE: Therefore « the fame 

' GH is alfo given in magnitude. But AB is' given : 

Therefore AB and GH arc given in magnitude. Now 

J^hofe- figures AB and GH, arecqual to LI, (for AG, LE, 

and £1, being equal, the Gnomon GFH is eqtial to AB; 

and therefore adding GH 'common to both, IX fhall be 

equal to AB and GH ;) therefore LI is given in magni- 

h 24. 6^ tude ; but it is alfo givjen in kind, fince it is 6 alike to 

|fe i^*prop, CB. Thei^efore c tfie fides of the faid LI are given, 

. I 4'pr^pf feeing it is equal to GE : Therefore d the remainder CF 

I - 




iigiirea, and in agiven latioa Co CE. Wheie&re fc\.J^. 
CtijgiveQ. {.i.fnf- 

Scholium. 

* EVCLIDE fi^fia 
btrt ttatCB aed GU an 
aitui cut and the fame Ha- 
meUTy but wefiaU Aui dt- 
menfirait it: Lit CB and 
CH h Wo aJilu faralUlii- 
grams Ji/po/ed ai abovt, that 
u t» fay, that the eqmti 
^"gteijatu tugelhtr in E, iht 
fit CB nutti dinSIf with 
lis homekgMti fide EH, and 

tbe.fiiitBE,hiiieTrifpondttttfi^Ee; and let the Samttff 
fE be dranm, I Jay that thifaid diamtttr F£ fnbngtd, mtl 
tafi tbrangh the paimK; that iiu fay, the paraBeicgramt 
CH tud CB, tenfifi aheut ent and the fame diameter. Rr 
if it be demed, the diarniter £P being pnduetd, will faff 
jdeve the feint K, or l»hw it. Let it in Aeprfi flaet 
fafi atotie it, and let it cut GK, frglongidin thefoint M, 
and tbrot^h the fetut M let there be drawn MS, farallel 
to KB, wbieb fiaS meit EH, frohnged in tht pant 1^ and 
FB inO, 

Demenfir, Porafmuch ai the parftllelogrami GN and 
CB ore with the parallelogram LO about one and die 
&me diameter, they »reg alike to one another. Where- g 14, 6) 
fbre u FC is to CE, lb ii EG to GM. In like manner, 
feeing the parallelogramt CB and GK are alike, at FC 
u to CB, lb ii EG to GK: Therefore 6 ai EG ij to h 11. l] 
CM, fo is EG to GK. Wherefore > GM and GK ire i 9. j. 
equal, a part to the whole, which is abfurd; By the 
fame way of reafbning it may be demoafiraied, that 
the diameter prolonged will not fall below the point 
K: Therefore the parallelograQuCB and GEcooGft about 
one and the fame diameter. 
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If a pardBil^gMm 
4B, giUn in kind and, 
iH magrdtudty be Mtg^' 
turned Of 4i^mjbedbf 

¥r€4dths pf tb€ SMimi 
imfiftingcf U>€ iiiUs 
CB ami £fQ) otB giv^. 
tkunwfifi Fbr leeiiig 
tlm A£ is glveoi »nd^ 



tM GikOmon CFD alfo gjveiii the whole ptrailelo*- 
ffM ^ is Mveri : But it is alio giveft iri kind^ fhcwg 
9 {5«|n||^ Kbalik^to BA ; Therefore d the Sdcs of the ftoe B^ 
are given ; and therefore each of the Hoes BB aikd BG k 
^vett. Bat each of cfae lines fiC ^nd SD is giv^i there- 
fore ^itph of th<l remaifting Ji^iea GJB iM BG k alfir ^ 

Cbnfifi Now Jet the 
(ara}}eb^am BP, ^i- 
vifn ki kind and i/i 
Inignkiide^ be dimi- 
iiilSed bf the gitcil 
Gdbiiioft €FB: lOjr 
that each of the lint^ 
G£ aiid DG h giyea. 
pm^fit. Forfeeitti 
that BF it given, an* 
thife GrioBbcfn GFD gyren, the remaining /gure AB ii: 
alio given. Biti it. » alfp giircii in Ictnd, icciiilg it ii 
I iK.f^. jOJke tb $F : tfiefcfci'e h the fid^ of tfhe= faid AB ard 
given, irid ther^re ^*ch of the litfes ^ sttid BD ii 
givieh : Bnt eich of the lines B£ and BG is giveii ^ 
Tfierefere alft each of the rcmiiiiing li^ei Cfi tnd- 
PC isgiyem ■ ■ ■ • 
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. PROP, L». 

(i^fin affgk MP, n^ $bM$ $H 

fMalkhgfMfn CD #« gh^ h 
kind. 

Cm^. For through the point B| 
let fiU be drawn |4rltllel t6 
CB, aiNlthA)ugh the point £ let 
£H to dfanirn parallel to CB^^ 
Ittd kc fiC and HB be prolonged 
Id the poiM9 R and G. 

i)eMt^r, Porafbuch as the angle BCE i$ ^ven^ 
and the #icio of EC to C^, 4 xht parallelogram C3l zi.dtfi 
is gtnu '^ in kind. But the figure ABCE is alio gtfea 
ia kkid^ aiid is defcribed on th4 ikme line BC« as 
lite ^allele^am GH given In kii^d is : Therefore & the b 49, fnK 
ti^<^ dlthe figure ABCE to ihi |^ralU^pMH» CH*ia 
giwii. Bittby fuppoGc ion the ratid of tl£ iaid- figure 
ABCB W the parallelogram CD is aUb given ; and 
eu ii i tcfoXixx CGj ihMfpi^ d fA» iaii^ df CH %(^ 
OQ Is gfven. VSdrcfiM ih» mio •# dM NveBC t* 

Ae line CK is given ; ffbr f as CH is III Cd, ft ll BC 

to^ CK.) But tb^ ratio 6f £Cito Gil ii ilft gireA : t\mt- 

fore/che ratse^ 6f the faid Gft M Gfc is ffftf^ Add ftiM f 8. fr^p. 

lAgUtttthe Ailgie BGB H glt#A> ^ the fiMBWibg 

iiigle BCK ; is gittfn. Bat the angle B^ ii pi%|b6d 

^11^ aAd ther^ftpte the reoMliliog ingii F(3L isgi^^« 

Alft the ahgle CRF ii giteif) fti: tlMb it ii equ*l to 

thtf angte iCK i Aerefere the dtlier M|lt CFK b gi^ 

ij^ein r Wh^fbre I the iriangle J'Clt U gi^eif In kln<t ; i 40. fwp, 

and therafore the Iradd of FC tb Clt & |i^ea. Ihrt 






giM.6^. 
h 19, I. 



ttl« riti&of GB td t1^ fsfBie G& ift al^ given i The^e- 
hre A die Ado 6f i^g to CB i^ ^^ft } aiiif the Ingle 
9GF Ii «ilfi>glveii% Wherefeire the fiifail#logi<Ai|| CD 

Scholiunv 
* Akibo* ithffftamfift that a paraJkhgram tiat hatk 
one angiegiwfi, and the ratio tf the fides about the fame. 
j^A Mik »id.^ is p^ in ly^^ as Buclide dotb here de^ 
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Omh; f6 it is pOmAfimt&H ih^^ *« ^^^ wterpretef 

doihtlmdm0nfifau.it* , , ^^^ . 

Suing that in the parallekgram CH 0^ apgk BCB u 
mven,th$aniJeCBHisalfo given, firtbe fight hmBG 
foBiZ^ntbe t^aUeh BH and CB.Mh make the tw 
intemalangles en the famaf^ equal to two right ^ngies. 
4ndthetrfere feeing that the at^le BCB is given, the ether 
mi»Us are given ; andfe^ng that thp ratie of BCta CBts 
given, and that BH ts equal to CE, and EH to BC, the 
ratio ff the fides to one another is alfi given. 

PROP. Lxn. 

Tftwo right 
6nesABdWdCD, 
have to one amh 
ther a given ra- 
tioy and tffat 
on one of them 
AB, thefe he do- 
fcfibed a fgim 
JBBj given in 
kindi hut em the 
othefCDyafaral- 
Uhgrammie^aee 
Of in0pven angle DCPy and that the figure ABB hath 
$0 the p^raUekgram DP a given foHo^ thepars^l^am 

pPisgiv0iinUnd. 
Qfv/f . Ppr 00 the line AB let there be defcribed the 

pirallek^aip AH, ulikeind alike pofited to W. 

ffemonfir. Seeii^ that the mio of AB to CD is givent 

and that on |ho& lines are deftribed the rediJjne j^gurea 
a ^v.t^p. AH and FP, alike and alike pofited, a the ratio of AH 

to FD if given. Rut the ratio of FD to AEB is alfo 
b 8 prop, given ; Therefore i the ratip of AH to AEB is givcii^ 

But the angle ABH is. alio given, being equal to the 

angle FCD, and fo the figure AEB ia given in kind ; 

andtoAB one of the fides thereof, the parallelo^raoi 

AH is applied in a given angle ABH, and the rado of 

the fai4 fig^l« AEB to the, laid paraUdqgram AH is gi- 
C 61. WAi ven: Therefore e the parallelogram AH is giyeo in kind;. 

and therefore FD which is alike thereto, is alio given 

in kind. 
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PR^OP. LXIIL 

ff a triangle ABC 
he given in kindy the 
fquofe BEj CDy and 
"CPy which is defcrihed 
en each of the fide'Sy 
fi all have a given ta^ 
tie to the triangle 
ABC 

Demonjh, For iec- 
ing thit on one and 
the fame right line 
BC, there are de- 
fcribed the two rcftj- 
line figures ^C and 
tD, given in kind, 

'a the ratb of the t OD 

.time ABC to CD is given j and thcrcfort the ratio of 
the fquares BE and CF, tb the triangle ABC is alfo 
given • 
• ' PROP, LXJV. 

Xf a triangle ABCy hath an 
ehufe angle ABCgiven, thatjpace 
%y Hjohici the fide. ACfahtending 
the cht^fe angle ABC^ is more in 
power than the fides AB and BC, 
t)bai ' comprehend the /aid ar^Uy 
fiali have agiiten ratio to thepru- 
an^ ABC* 

' Confiry Let the line CB W 
prolonged diredly, and from 
the point A let the perpendicular 
' AD be dravirn : I fay that the fpace by which the fquare 
of the line AC doth exceed the fquares of the lines AB 
and fiC, that is to ^y^ a the double of the redangle a it,,t, 
contained uhdeii' CjB and BD, ihall have a given ratio 
to the triangle ABC. - 

Demonfir. for fieing that the angle ABC is given, 
the angle ABD is alK> given'; but the angle ADB 
is alfo given; 'cberefore ' th^ other angle BAD is 
given : Wherefbr^ ' b the triangle ABD is given in b 40. prep^ 
kind ; therefore i the ratio or AD to DB is given, c 3. £f. 
But as AD to DB,' fo d the' redangle of AD and BC is d u^. 
to the redangle of BC and BD. - But the ratio of AD to 
]3D is given: Therefor^ alio is the ratio of the re^angle 
• • ■•'• " ■• of 
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pf ADan4 BC to the reaanglc of BC andBD mc^^^ 
Wherefore the ratio of the double of the fiid re^bui^le 
BC and BD to the reaancle of AD and fC h alfo givea. 
But the faid rcftangle of AD and BC hath alfc a givea 
ratio to the triangle ABC (to wit, double ratio ; ftar 
the rcftangle is e double to the triangle) therefore the 
ratio of the double o{ the redangle of BC and BD / to 
the triangle ABC is given. But the fame double of 
the reftangie of CB and l^D is that ipace by which the 
fquare of the line AC dotk exceed the iquares of the lines 
AB and BC : Therefore the fame f^ace hath ^ givea i;a- 
tio to the triangle ABC* n 

i 

PROP. LXV. 

Jfa triaffgle JMCj hniff (m% 

acute angle ADB giverty that, 

j^auy iy which the fidefuhtend' 

ing the faid acute angle is Ufi. 

inpewer than the fides ccmprez 

lending the fame acute angU^ 

^ fiall have a givjst^ f*tip tathc 

^ triangle. 

Cenflf, Fron? the point A let there be drawn the liae 

KD, perpendicular to BC: I fay, tEat ipace by which| 

the fquare of the line AB is lefs than th^ fquares of the 

lines AC and CB> that is to iky, 4, the double of the 

redanoie of BC*and CD, hath, a givQA ratio iq. the 

triangle ABC. 

Demenfir. Fot feeing that the anele C is giyeo, and, 
the angle ADC alio given,, the Qtner anglie^ DAC k 
h 40. tfop. S'^^° • Wherefore the triangle h ADC is g/ivm Ul kind;. 
'^ and therefore the.ratip of AD to DC is given, and con-' 
fequently al& c tjiat of the re^angleof ^Cand CD to 
thercftangleofBC and AD ; Tffeerefore the ratipofthe 
double of the reftangle of BG'and CD to the rectangle o£ 
Be and AD is given. But the ratio of the lame re$- 
angle of BC and AD to tKe triangle ABC i^^given (fei- 
4/ the redangleis double to the triangle :) Therefore «* 
the ratio of the dpuble of the reftangi^ of EC and 
CD to the triangle ABC is given. And feeing that 
the fame double of the redangle pf BQ and CD is chat 
whereby the fquare of the line AB is lefi than the i^uares, 
of the lines AC and BC, that {pace by which the fquare 
of the line AB is lefs than the fquares of the lines AC and 
BC, (hall have a given ratio to the triangle ABC 
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PROP. LXVI. 
if a triaf^k ACB^ haih cm 
^iingU B gwenj ike reBangk 
modi tftbeUtus JB ottdBC* 
vnaatning the fame angU^paU 
f>4n>e a given raHo to ibe trh' 

Qmfir. For from tke pdac 
A lee AD be drawn jperpendi- 
leular to CB. 

Demenfif. Therefiire fie* 
ingxhac the angle B is given, and aUb the angle ADfi ; 
the other angle BAD is likew^Te given. Wherefore the ^ 

triangle ADB a is given in kind ; and confequently the t /fi.preft 
ratio of AB to AD is given. But as AB is to AD, ^ b i. 6. 
lb the redangle of AC and CB is to the redangle of CB 
«nd AD : Therefore the ratio of the redangle of AC and 
CB tb the redangle of CB and AD is given. But the 
ratio of the faid redanj^ of CB and AD to the triangle 
ACB is alfi) given; (&r that it is double ratio, the red- 
angle being double -c to the triangle:) Therefore d .the <!4^'^^* 
ratio of the redangle of AC andT CB to the triangle ^ ^*P^^ 
ABD is ^ivcn. 

PROP. Lxvn. 

ff a ttiaiH^U ABC hatb me 
eutj^ BACgivWt that /pace 6y 
^hich thefyuare of the line com" 
fonmUdtf the two fides BAand 
My that contain the fame given 
etf^le BAC doth exceed tbefynafe 
tof the other fide^ fiall have a 
given ratio to the triangle ABC. 

Omfh. For let BA bepro- 
longed in fuch fort as that AD 
may be equal to AC, then 
having drawn DCE infinitely, from the ooint B let BE 
be drawn paOrallei to AC, meeting the (aid Dfi in the 
^int E. 

Denmfir, Forafrauch as AD is equal to AC, vf DB ^ a 4. 6. Sf 
tqual CO BE ; (for the two triangles ADC and BDE care 144 f 4 
alike) and from the tqp B is drawn to the bale D£, the 
right line Be : Therefore'^ theredangle ofDCaodi2% 
^ith the fquare of BC, is equal to the fqaacfih«fefil>j tbac 

.the 
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, tiie ftme BD is oomfKmnded of BA and AC; cherefbro 
cbe (quare of the oomj^iind of AB aad AC is greater than 
the fquarc c^BQ of the rcdangU of DC and CE. 
Now I fkf that the re^angie of DC i^d CB hath' k 

gVcn ratio to the triangle ABC :' Porafinuch' as the angle 
AC is giycn^ the angle DAtD ft alfo given. But each 
of the angles ADC and ACt) is ^ven, it being the half 
k 4a /r^* of the angle BAC which is given. Therefore b the trf-^ 
angle ADC is given in kin:d; and therefore the' ratio of 
c 50. ^^* DA to DC is given. Therefoi'e c the Hiib of thfe fquare 
of the (aid DA to the fijuare of DC is alfo given. And 
d X* 6. feeing that as BA is to AD, d 

j% fiy is EC to CD; and alfo as 

e 1. 6. X BA IS to AD, e fo' is the red- 

angle of BA and AD to the 
iquare of AD ; and as EC is to 
f I. tf» J ^ \{ f CD, /fo alio is the reftangle of 

£C and CD to thd fquare of 
CD ; by j^rmucacion,' as thi 
rectangle of BA and AD is to 
the redangle of EC and CD, 
lb is the fquare of AD to the 
fquare of DC. But the ratio of 
the fiiid fquare of AD to the fquare of DO is giv^ : 
ITiere&re the ratio of the rcdtangle of BA and AD to 
dieredangle of EC and CD is alio given. But AD is 
equal to AC.: Therefore the ratio' of the rcAangleofBA 
and AC to the redangle of EC and CD i^s given. But 
the ratio of the redangle of BA and AC to the triangle' 

i6S.frcp»ABC g h given, becaufe the angle BAC h' given i 
9,]fhf* Therefore b the ratio of the redangle EC and CD id 
the triangle ABC is given. But the redangle of EC and 
CD is that whereof the fquare of the line compbiinded" 
of BA and AC is greater than the fquare of BC : There- 
fere that {pace by which the fquare of chc line com- 
pounded of BA and AC is greater than the fquare of BC,^ 
0uill have a given ratio to the triangle ABC' 

Scholium. 
* BtTCLIDE fuppcfeth in this ptace^ that tuhen in ait 
Jfifceks tfiai^le a tight line is dranvn from the top to the 
hife^the fquare rf that iine^ with thereHangle contained 
under the ferments of the bafes, is equal to the fquare <f 
miher cf the ether legs^ which the antient interpreter dofB 

Cmfif. 



Euclid sV DA^A. 



m^ 



perpendicular to BD^ 




Oii/r. Lee ABC be an Ifbfceles crianglf ^ WWc legi 
Mtt AB and . AC ', apd^from the cop A lee AD be drawn 
CO the bafe BC: I fay, that the ftjuare of AD with th« 
redangle of BD and X)C, is equal to the fquare of either 
of the legs AB or AC 

D§mfiitfit» Now the line AD is 
or not : Let it in the firft place 
be perpendicular : Therefore it ^ 
will cut the bafe BC into two 
equal pans in the point D ; and 
therefore the redangle 09ntained 
under BD and DC is equal to the 
fquare of the faid BD, and ad- 
ding to them the common fquare 
of ADy the redangle of BD and 
DC with the fquare of AD> ihall 
be equal to the Iquares of DB and 
AD. But ro thofe fquares of AD 
and DB s the fquare of AB is equal: ThereJEsre th« } 47^ i, 
(quare of AB is equal to the re&angle of BD and DC^ ^ * * 
and the fquare of AD together. 

Now fuppofe AD not to be perpendicular, but that 
from the point A there doth (all on BC the perpcndicu* 
lar AB, that being ib, BC fhall be cut into two parta 
equally in the point £, and unequally in D. .Wherefore 
the redangle of BD and DQ with the fquare of DE, i k {• 2. 
is equal to the fqu^e of B£ ; and adding the common 
fquare of AE, t]ie redangle of BD and DC, with the 
iquares of DE and AE, fhall be equal to the Iquares of 
BE and AE. But / the fquare of AD is equal to the two 1 47* I. 
iquares of DE and AE: Therefore the redangle of BD 
and DC, with the fquare of AD, is equal to w fquarea 
of BE and AE. But to thefe fquares of BE and A£ 
the fquare of AB is equal: Theretbre the fquare of AD, 
with the redangle of BD and DC, is equal to the fquare 
of AB. 

OTHERWISE. 

Cmjh, Having done, as in the foregoing Demonfira- 
tion, from the point A, let AF be drawn perpendicukr 
to CD, and let AE be drawn. 

Vimonfir, Forafmuch as the angle BAC is given, the 
half thereof ACF fhall be alfo given. But tK« angle 
AFC is given ; and therefore the triangle AFC is |iven 
in kind : Therefore the ratio of AF to FC is givan. 
fiut the ratio 9f CD to the fame FC is alio given, feeing 

that 
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p Z.f^. dwt ODit doubkto PC : Thcrefere «i die rttio^ CQ 
to AP it ftvcn; MMid cherdbire aUb she rado ^ <iie 
ffeftaagk of €D and fiC^ to tlief«daagk of AF aa4 
EQis-girM^^ftr fc is diteftnie ratio lir ai chat of €D 

toAF.) 6u€ the fttio«t 
Ae iv^ingle of AF and 
t^to diecriaiigle ACE is 
jgivcni feeiog it iadQubie 
n 41* tft ] ^^^ , • to the tmt triaagk. 

Thereim die nitio rf 
Hie rc&iogle of CB and 
op to the eriangicf ACE 
Is alfi> givea. »ut the 
tfkn^k ACE is equal to 
p J7* t. ^ 1/ ^^'^v^ '^^ enaogk ABC fy they 

"^ l^iog bodi oonffiiuced oo 

«iie and die Ame bi^ 
. AQ and between the 

q t» Mb fine iiasiHds AC and B£« Therefore f the mtio of die 
feAa»gk of C£ a|id€D lodie tariapgfe iffiC « given. 
But the {ud redangk of GE andCD is die fpacp4>y*whicl 
tiie£]Mre of the line eompounded^lf Afi and AC, u 
gfiaier dun «the«ifliiare of BC t Therefore that ipaoe bj 
awtMchdielquare-ardie line omnqpoooded off ABand AC 
isgreatar than eke %uaic«f fiC» -hadi^ given ratio ^ 
die triangle «BC. 

Fbrthe-giv^ ai^k 

A is either a right, a- 

€Ute, or -abtule angk : 

l^ec it in the £fft^ao6 

be fuppoftd ^ :ii^ 

angk : Thernfefe the 

-iquare -of the. line 

compounded of^BACf 

^is greater than the 

%uare <tf AC., by 

cwice<the redangk ^ 

, fiA and AC; (Ming 

ir 47. 1. ?f^ *♦ the ^ait bf -BC is equal to die fquares ot 

Sa/?" • ^^* and the Iquare of die line eorapounded of 

* J#' a. «AC i,u«qualto diofe two iquares of BA and AC, and 

»ice:the reaao€k ^f the ftid^BA and AC Wherefore 

die Mjip of doaWe die redangieof BA and AC to dio 

* le ABC is;giTen» oinfifs 
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, Gbj9^n Now let the angle C be fuppofed tcute^ and 
fi-om the poinc A let there De drawn on CB the perpen- 
dicular AD, . . 

Demotifir. Forafmuch as dhe triangle CAB is. an Oxi * 
'gonium triangle, and the perpendicular AD being drawn, , 
the fquare of CA and CB are equal t to the iquare of AB 1 1}« }• 
With twice the redangle of CB and CD ; aiding thet^- 
Ibre the commoa double 
reaangle of CA and CB^ 
the iquares of CA and CB^ 
with the double te&angle 
of the faid CA and CB, 

that is to fay, W the alone / J \ \^a ^; 

£)uare of the line com- x i x 

jpounded of ACB^ are cc^ual 
to the (quare of AB^ with 
tihe double of the redangle 
of Ci) aad CB, and over 

and above the double of the reiflan^le of AC and Cl^ 
that is to (ay, the double of the redan ele contained under 
the compound line of ACD atid CB (tor the redangle of 
ACb and CB is jir e^ual to the redangles of AC and ^ '• t^ 
CB, a'nd of CD and CB :) Therefore the fquare of the 
line obm^unded of ACB is greater than the fquare of 
AC, by double the redangle of ACD and CB. And 
feeing that the angle ACB is given ^ and the angle BDA 
alio given, the other angle CAD is given'; Therefore y f^o^frcjj^;' 
the triangle CAD is given in kind, and therefore the * 
tatio , of CD to CA is given, and Qy conlequenee the 
ratio of the line compounded of ACDtoCA zis alio a 6.frpf^ 
jgiven» Wherefore the ratio of the redangleof thoie 
lines compounded of ACD and CB a to the re^ngle a z* 6* 
of AC and CB is alfi) given. But the ratio of the faid 
redangle of AC and Cjp to the triangle CAB b is given, b 66. /f«^ 
ieeing the atigle C is given i therefore the ratio of 
double the redangle of the line compounded of ACD and 
^B to the triangle <QAB it given* 
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Laftly, kt the «ngk BAG 
^ be fuppofed to be obm(e, aad 
having prolonged BAf Grom 
the ppioc (^> kt the perpen- 
dicular CE be drawn on the 
faid line BA prolonged \ and 
letAF beprc^^ed to bee- 
qual to A£< 

DemoHjif. Forafmuch as the angle BAG is obtu(e, and 
the perpendicular GE being drawn^ the iquares c>f AB 
and AG) and the double orthe rej^ngle under BA and 
e It. a. j^£^ or AF, are all alike equal c to the i^uare of BG, 
and adding the common double reftang^e ot BA and AQ 
the iquafes of the faid AB and AG, with the double <^ 
Che redangle of the fame AB and AG, that is to fay^ 
i,i» ^« ^theiquare of the line compounded of BAG and the 
double of the r'edangle of BA and AF are tc^^er e- 
qual to the fquare of BG, with the double of the red- 
tngk of BA aad AC Let the common double of the refi- 
•agle of BA aad AF be taken away, aad there will rtr 
main the fquare of the Une compounded o(BAG> equal 
to the fquare of BG, with the redangle of AB aad GF; 
e u a. (for the redangle of AB and AG is equal e tb the tw^ 
reOaogles of AB and AE, and of AB and GF :) riier»- 
fcre the fquare of the line compounded of BAG is greater 
than the quare of BG by the double of the 4re£Uuigle 
of AB and GF. And forafmuch aa the angle BAG if 
f 1 5« ir, ^veaj the angle GAE/ia given. But the angle ASC 
iaalfi> given; therefore the other angle AGE ii given: 
C4Q.^n0^ Wherefore g the triangle AGE ia given in kikid, «ad 
therefore the ratio of GA to AE, that ia to fay, to >AF 
^ 5* ^* ^ giveo. Therefore b the raciq of the faid GA to FG is 
i alio given. But the ratio of the fame GA to GE ii 

^f^ P^'^ > ^l^v^fo^ * ^^ ^^^ of CE to GF is alfo giveA» 
Wherefore the ratio of the re^aaglc of EC and AB t9 
' ' the redangleof FG aad AB is given ; (for the redansie 

k a. 6* is to the redtangle ib aa GE is co GP^ and alfo that of Si 
redangle of AG and AB to the redangle of EG and 
1 8. pfifp. AB. Therefore / the ratio of the redangle of FG'and AB 
to the redangle of AG and AB is given* But the ratio 
Bi66. fr(f. of the redangle of AG and AB to the triangle ABG m 
is given: Therefore alfo the ratio of the double of the 
redangle of FG and AB, to the triangle ABG is given. 
But the fiimc double of the re^ngle of FG and AB, is 

^ rttt whereby the iquare of the line compounded of BAG 

• 

IS 



fiiicLiDi'i TiAllA. 



39S 




it greater than the fquarc of fiC> wherefore that fpace 
bj whkh the i^areof the line compounded of BAG is 
greater than the iguare of BC; hath a given ratio to the 
triangle ABC 

OTHERWISE. 

Coiiflr, Let the line BA be prolonged to the point D, in 
iuch fore as ADjnav be equal co AC, and let CD be drawn. 

btnmflf, l^oratinuch as the angle BAG is given ^ each 
of the angles ADC and ACD, which is the half thereof, 
Ihali be alio given ; and therefore the other angle DAG 
Is alio given x Therefore n the triangle ACD is given in „ J-. s,lJi 
kind. Wherefore the ratib of AC to CD is. given. Aiid ^^•'^™* 
forafmuch as 
^heangleADC 
is given ; L|t 
each of the 
ingles D£C 
and AFC be 
aaadefeq^ialto 
the faid ADC : 
Therefore fee- 
jag that the 

angle BDC k e^al to the angle DEC, and the angle 
BBfi is conuAon to the triangles DBE and DBC, the 
6ther angle' BDE is equal to the other angle BCD; 
and therefore the triangle BDE is equiangled to 
the triangle BDC. Therefore as EB is to BD, fo is o 4, H^ 
BD to CB : Wherefore the redangle of EB and CB, that 
is to fay, ^the reftangle of EC and CB, f with the p Si; 2: 
Iq^are of CBi is equal, r to tlw fquare of BO, that is q 5. ^* 
to fay, ro the f<Jusre of the tine compounded of BAG; r 17* <^* 
for tAD rs equal to AG ; and therefore the re^angle of EC 
and CB with the fquare of CB, that isto fay, the fquare 
6f the line compounded of BAG is greater than the fquare 
of the redangle of BC and C£ : I fay therefore that the 
ratio of the fatd redangle of BC and CE to the triangle 
ABC is given. 'Porafmuch*as the angle BDE is equsl to 
the angle BCD, and the angle ADC equal to the angle 
ACD, the other angle CDE is equal to the other angle 
ACB:. But the angle DEC is alfo equal to the angle 
AFC; therefore the remaining angle CAP ts equal to the 
remaining anglf DCE* Wherefore- the triangle AFC is 
equiangled to* the triangle DCE ; and therefore s as CA g - . ^ 
IS to AF* fo is CD to CE ; and by permutation, as AC 
is to CD, ib b AF to CE. But the ratio of AC to CD 

Z a is 




356 Eve hi vt^s D A J A. 

is given : llierefore alfo the racb of AF to C£ is givea^ 
From the point A lee AH be drawn perpendicular to BC : 
Forafmuch as the angle AFC b given, and the angle 
AHF alfo given, the third angle PAF is given: 
C 40. ffof. Wherefore t (he triangle AHF is given in kind ; and 

byconfequence 
;]) the ratio of 

"IjX^ AF to. AH is 

given. Bat 
the ratio of 
AF to C£ is 
alfb given : 
^%,ffop. ^ j^ __j_ V^ ^\ X ^ Therefore u 

the ratio of AH 

tpCE is given; 

and therefore th^ ratio of the reAangle of AH and BC 

X I. 6. X to the re^ogle of BC and C£ is alfb given. But 

the ratio of the rectangle of AH and BC> to the trianele 

y 41. 1. ^^ is likewife given ; (^for the redangle y n double 

to the triangle) and the re<^ngle of BC and CE is chat 

whereby the fquare of the line compounded of BAG h 

. greater than the iquare of BC Therefore that fpace ' by 

which the fquare of the line compounded of BAC is 

greater than the fquare of BC has a given ratio to the 

triangle ADC 

Scholium, 
-t- Ti&e antitnt Interpreter pret^ding to fiew the em' 
fituHion of the atigle DEB equal to the angle jIDCy faitb 
that on the line BD and in the point D, the angle BDB 
ought to be made equal to the angU BCD^ and that the tigH 
Jines BCand DE he drawn until they interfeB in E, infucb 
fort as hefuppofeth the angle BCD^ to be giveUfbut it is fw/« 
The fame Interpreter afterwards fiews how there 
may univerfally from a given point be drawn a fight 
line^ given in pojition to a right linoy making an 
angle equal to a given angle. But we will alfo HjoB 
)this wayy feeing we have elfewhere fbewn another more 
brief and eafy. For example^ if wt would front the 
point D draw to the line BC given in pojition a right line^ 
making an angle equal to a given angle ADQy As is here 
required, wi have no more to do but to ajjume tlfe point X 
in the f aid line BCy and there make the triangle CKL equal 
to the given angle ADC : If the line kL doth meet with 
the point D, it (ball be the line required. But tfit^meet not 
With it, from the point D let there be drawn the line DH 
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^aralkl to the faid KL^ cutting BC frolqnged in B^ and 

^he angle DECfiall he equal ,to the given angle ADCy fir 

pi the pwo parallel litfeSf LKandDEy there doth faU the 

line BE ; and therefore the angle DEC z // equal to the 2 29. u 

^ngle LKC^ which hath been made equal to the given 

angle ADC; and hy confequeifce tbepime angle DEC is aljo 

^qualtoADC. 

PROP. LX VIIT. 

if two parallelograms AB and CD have to one another 
4jt given ratio^ and that a fide hath alfoa given ratio to a 
fide^ the other fide fialf have ithewife a given ratio to the 
other fid^. 

Cqnfir, Let the ratipof BE to PD be givca: I fay 
the ratio qi K% to FCis alfb given. For to the right 
line £B let there be applied the parallelogram EHf, equal 
^o the parallelogram CD^ and conflicuted in fuch fort 
as A^ and EG may make one right line : f Therefore 
KB and BH will alfb make one 4-jght line. 

Demonfir. Foras- 
much as the ratio 
of AB to CD ia, 
given, and that EH 
IS equal to^ the faid 
CD; the ratio of 4^ 
AB to £11 is given; 
and therefore the 
ratio of A£ to EG 
IS alio given. See- 
ing therefore that 
£H is equal and equiangled to CD, as £ £B is to FD, b |^, 5^ 
£> is FC to EG. But the rat|o of EB to FD is given : 
Therefore alfo the ratio of FC to EG is given. But 
the ratio of A£ to the fame EG is alfo given : XW^^^ 
d^e ratip of! A£, tQ^,FC is given. 

Scholiun. 
t £irCiIDJ3 havvfg pofifedAE and^ direBly in onB ' 
ti^t lind, prefen$ly conclndeth that KB and BHfiallalJb 
make a right line ; but ^efiall denionfirate it thus* Seeing 
tf?e lines AM and EO are pofited direBly ^ the angles AEB 
and BEG c are equal ti^, t^p right angles ; and feeing- c 1 2^ i^ 
that AB is a Parallelogram^ the lines AK and EB are 
pMralUls, en ^mcb the hne AE d^th fall ; and therefore 
Jhe two internal angles A and BEA i are alfe equal to d 19^.%- 

Z.I tWQ, 
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me figlt anglei, and taking aivaj tht tmmm mgk SEJ,, 
ibtre will remain the angle A, tquhl U the ang'< ^P^ } 
and tenfi'jntntlj their tfpcfite anglei EBK andUaretlfi 
»q»<tl to ope another. Jgain, feeing that flG it aftrat- 
lelogram, the two I'net S£ and HG art parallels, en wtwb 
BH iab fa(l; and Aerefore the (wo internet angUi fl 
«nrfEfl«d art ejual to two right angUi. But it fc«* 
been demmfiraied that H is equal to EBK : Therefore tt« 
twa angles EflJC and EflH are atfa equal ta (wo right 
aaglei ; and thttefire e the two lines KB and BHd* theet 
diftdly affording tt £UCLlt)E. 

■OTHERWISE. 
Cmjh, Let the given righi liM K be eipofiil, and 
fteing that the r«io of A to B is given, let the fame be 
made of K to t; ihercfiwc the ratio of K to L is alB 
given. ' 

■ Deoionfr. But K ij given ; therefore /L it allb given. 
Again, feeing that the ratio of CD to EF \a ffvtn, let 
the fame be made of K to M : Therefore the ratio of R 
to M ii given, ^ut K it given, therefore g M is «ifo ■ 
given ; and therefore 
the ratio of I. to M 
is given. Now feeing 
that A is equiaagled 
to B, j& the ratio of 
the laid A to B it 
compounded of thxi 
of the lides, that is 
to fay, of CD to EP; 
and of CG to EH. But 
alio the ratio of K to 
L is compounded of 
K to M, and of M to L ; therefore the ratio compounded 
rfCDtoEP, andofCG to EH, is the fame with that 
which IS compounJed of K to M, and of M to L (the 
ratio of K to L being the ^me as of A to B :) Btit 
the ratio of CD (o EF is the fame as of K to M : Thert 
fore the other ratio of CG to EH it alfothe iame as of 
^I to L. ^ut the faid ratio of M to L is given : There- 
fore alfo the ratio of CG toEHtsgivcD. ■ 
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PROP. LXIX, 

tffVDO ftfitafle' 

hgrams^ CB and 
■■■ ■ ^ £ir, hanh^ the' 
armies D and F 
giwn^ and thai a 
fide bath alfo a 
given ratio to, s 
fide I in like man- 
net the other fide 
fiali haxfe m given ratio' to the other fide. 

Con fir. Let the ratio of feo to FH be alio given : I 
fay that the ratio of AB to EP it given. P6r ifCB be 
equiangled to HE, it is mariifeft by the precedent Pro- 
pofition ; but if it be not equiangled thereto, let the 
right line DB be condicuted, and in the given point 
B therein, let the angle DBK be made equal to the angle 
EFH, and finilh the parallelogram DK. 

Demoftfir. Forafmuch as each of the angles BKL 
and BAK is gWen, f '^® ^^^^^ *"?^® ^®A " S*v^» • 
Wherefejc the triangle a ABK is given in kind ; and a 4©- 1^^* 
idiexefbre the ratio of AB to BK is given. But the 
ratio of CB to EH is fuppofed to be given, and * CB •> iS*t^^ 
is equal to DK ; therefore the ratio of DK to £H is 
given ; and feeing that DK is equiangled to EH, and 
Sie ratio of the faid DKto EH is given, as alfo that 
ofDB to FH, rthe ratio of BK to FE is given. But c6^,prtp. 
the ratio of the faid BK to B A is alfo given : There- 
fcrc d the ratio of AB to FE is given. i ^9* !• 

Scholium. 

f BVCLTDBfitppofethhere^ that a parallefogram having 
4ne angle given, all the other angles are alfo given, and 
jti mU the antient Interpreters as either s, do give the rea^ 
fins <vhy, the angle F being given, the other angle E (ball 
ifB alfo gipen, it being the remainder of two right angles^ 
for that on the farallel lines tO and FH there doth fall the 
tine £F, which makes e the tdo internal angles {of the ^ zg,j. 
fame part) F and G, eqnal to two right angles. But 
tothofe angles (the ofpcfite angles G and H are equal, ( ^^^i; 
and ^ere fore they are alfo given. 

From whence it follows that the angles BDC and F 
being given by fiippofitiqn, all the other angles of the ^wo • 
faratleUgrami CB Ttnd £H, are alfo given : Therefore the 
• Z 4 angle 
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angU DBK having been made equal to the angU F, the. 
tingle K fiall be equal to the angle Bf andffven as thai 
is : But the angle BAL, which is ofpofite to the given angli 
BDCy is alfo given ; and therefore BAK^ which is ike re^ 
mainder of two right an^l^h fi^H be aljp given ; i'n fucb 
fort as in tie trfangle /l£Jt, the two armies BAK and 
BKA are given, as BXICLIDB doth declare in this place. 

PROP. LXX. 

Xfrf two parallelograms AB and JgH, the fides about 
the equal angles y or about the unequal angles (yet never' 
thelefs given angles) have to one another a given ratio, 
to wit XaC to £F, and CB'to FH) alfo the fame paralle- 
lograms AB^ and EH fiall have to one another a given 
ratio, 

Confh* For let A? be prolonge4 to EH, and on the 
right Jioe C$ let the parallelogram CM be applied equal 
Co the parallelogram £H, in fuch fort as AC may be 
dirca to CN ; that is to lay, that AC and CN make 
poe right line ; and by confequehce DB ihaii be a dl- 
redly with BM. - 

Demovfir. Forafinuch then as CM is equiangled and 
equal to £H, the fides about the equal angles ihall be 
reciprocally £» ^ropprtional; Wherefore as BC is to HF, 

IbisFEtoNC. 




JS ak 




But the ratio of 
BCtoJ^Fi^gi- 
ven : 

Therefore the 
ratio of F£ to 
NC is alfo gi- 
ven* Bat uxe 
ratio of AC tdf 
the fame EF is 
given ; Therefore c the ratio of AC to NC is alfo given. 
Wherefore ^e ratio of AB td CM is given ; (for it is 
the fame i as of AC to CN.) But CM iz equal to EH t 
Therefore the ratio of AB 130 EH is given. 

Qfnfir, Now fuppofe AB not to be equiangled to EH, 
and on tlie right line CB, and in the given point C 
therein : Let there be confiitiited the angle BCK, equal 
to the given angle F, a^d fo finilh the parallelogram 

Demonjlr. Forafinuch as the angle ACB is civen, 
»nd the angle BCK alio given, the remaining angle 
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AQL is given: Therefore the triangle ACK e is give^ e 40*/n#« 
in kmd : and therefore i^he ratio of AC to CK is given^: 
But the ratio of AC to £F is alfb given : Therefore th^ 
/atio of CK to £F is given. But the ratio of BC to HF 
is alfb given, and the angle BCK is equal to the angle 
F; therefore (by the firu {>art of chis projpoficion) the 
ratio of CL to £H is given. But to the faid CL, AB if 
equal: Therefore the ratio of AB to £H is given. 

PROP. LXXI, 

Ifef t^a ipat^ 
gJes ABC and DEPy 
the fidet abatH the 
tptai angles A and 
J>, €f elfft ahoift the 
unequal angles (y,et 
uevertheJe/s given 
angles) have to pne 
Another a given ra^ 
$io (to ^t, ABtoDEandAC to DP) the fame inangles 
fiali have alfo to one another a given ratio ABC to DBF. 

Cofifr, Let the parallelograms AG and DH be finifhed. 

IMoiifir^ Seeing tha^ i^e two parallelograms AG and 
DH, ha^e the fides about the equal angles A and D, or 
elfe about the unequal angles (nevefthelefs given} in 
t given ratio to one another, the ratio ii of the paral- a 70, prof i 
lelogram AG to the parallelogram DH is given. But the 
triangle ABC is the half of the parallelogram AG b and b l^prof. 
the triangle DBF th^ half of the parallelogram DH. 
t*herefore the ratio oClhe triangle ABC to the triangle 
DBF is given. - * - 

P R O P- LXXII, 





Jf eftw triangles ABC and I>BP^ the hafis BC and £F, 
m in a given ratio, BC to BP, and that from the angles 
A^n4D^ there he dra'^n to thofe hafis th^ right lines AQ 

•' ■ - ^ and 
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ami^ff, making the efuaLanghs JOCand 0!bP, 0$^ 
miequal (yet nevertheiefs given) vMtk Jtaiihamio me 
another given ratio's JG to DHf thofe irUngks ABC and 
DBPfiaU batfc alfo a given ratio to om another^ u mi^ 
JBC to DBP^ 

Conjh. For let the paraUeb^mt KC and LP be fi- 
tiiflied. 

Demonfir. Forafmuch as the aagka AGO aad DHP 

are equal, or unequal (yet given) and that the angle 

a £p. I, AGC a is equal to the angle KBC^ and alfo the angle 

DHF equal to the angle L£F, the angks at the points B 

and E are equal, or elfe unequal (yet giveO)) and becaafe 

the ratio of AG to DH is given, and AG is equal to K&i 

and DH is equal to L£, therefore the ratio of KB to 

LB is given* But the ratio of BC to £F is aUb gfveii) 

, and the angles at the points B and £ are equal, or t\U 

b 7o, frop» unequal (yet given r) Therefore b the ratip of tfat 

parallelogram KC to the parallelogram LF is given ; uA 

therefore the ratio of the triangle ABC to the triaogto 

^ 4M> D£P is given, feeing thofe tnangles are the one hiif 

of the parallebgrams. 
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If of ino 
faraUHogrami 
ABandBG^thi 
Jides abeeit tb9 
oqnal angies 
C and P, 09 
ttfe lAouO tha 
eme^inalangUs 
(but nevoftht" 



Ufs given) are in fuck fort to one anothfr, that as the fide 
CB ofthefirfiy is to the fide FG of the fecond; fi the other 
fide EFofthe fecondj is to feme other right line CN. But 
that the other fide AC, hath alfo to the Jame right Une CN 
a given ratio, thofe parallelograms mil have alfo to one a- 
nother a given ratio AB to EG. 

Confir. For in the firft place, let the parallelogram 
AB be equiangled to £G, and having placed CN direftly 
to AC: Let the parallelogram CM be finifhed. 

Demonfir. Forafouch then as CB or NM its equal, is 
to FG. fo is EF CO CN, and that the angles N and F 
are equal (for N is equal to the angle ACB, which n 
put equal to F) the parallelograms CM and BQ^ are 

* equal : 



fffiA ; But af AC to CN, fo & tbeparaUelograin AB ii b !• 6^ 
to th9 parallelograoi CM or £G: Tnerefbre Teeing that 
tKe ratio of AC to CN is given, the ratio of AB co £G . 
p alio given. 

Cofifir. a. Now fuppoie the parallelogram AB not to ^ 

be e<)t]iangle(l to the parallelogram £G> and let there ^bl( 
bonfticuttd at the given point C in the line CB, the angle 
BCK, equal to the angle £PG, and £> finifli the paralle- 
logram CL , 

Dem§nfif, i. Seeing that each of the angles ACB and 
KCB Is given, the remaining angle ACK i% alio given. 
But c the angle CAk is given, as alio the remaining an- c/ril. 6^ 

fie AKC : Therefore d the triangle ACK is jgiven in fr^. 
indi >n<l therefore the ratio ot AC to CK u given, d 40.pftf. 
But the ratio of the fiime AC to CN is alio given : 
therefore g the ratio of CK to CN is given. And leeing e 8. frtf. 
that as CB is to FG ; fb is EP to the right line CN, to 
ivhich the other fide KC hath a given ratio, and that the 
angle BCK is equal to the angle F, the ratio of the 
paJTallelogram CL to the parallelogram £G is given (by 
the firft part of this propofition) but the parallebgram 
CL is equal to the parallelogram AB : Therefore the 
ratio o^ tne parallelogram AB to the parallelogram EG is 
given. 

PRO P. LXXIV. 
ififwoparaJkh^ams (^as in the former J^tire) Ah and 
BGy in equal an^s Cand F, 9r elfe'in unequal angles {yet 
heverfhek/s given angles) have a given ratio to one another^ 
as one fide CB of the firjl fiall be U one fide VQ of the fe€md^ 
fo the other fide BF of the fecondy fiall be to that to the 
^hicb the other fidf AC of the firfi hath a given ratie* 
(See the foregoing Scheme.) 

Confir. For either AB is equiangled or not ; (uppoic it 
in the firft place to be equiangled, and to the right line 
BC let there be applied the parallelogram CM, equal 
to the parallelqgram £G> and £> pofited, as that AC and 
CN may be dired: Therefore alA and BM (hall be zfch..6i. 
alfo dired (that is, as one right line.) frof. 

Bemonfir. Seeing that the ratio of AB to EG is gi- 
ven, and that CM is equal to EG, the ratio of AB to 
CM is alio given ; and therefore the ratio of AC to CN 
is given (feeing AB is to CM, & as AC is to CN ;) and b i.6. 
for chat CM is equal and equiangled to EG, the fides 
about the equal angles of the parallelograms CM and EG, 
^are reciprocally proportional; and therefore asCBis c 14. d« 

to 
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to FG3 £> is £F to CN. But the ratio of AC to Of 
is given : Therefore as CB is to FG^ fb is £F to that to 
wUchAChath a given ratio. 

Omfr. £• Now fuppofe AB not to be eqiuangled to 
EG^ and in the given point -C of the line CB^ let there 
be conftituted the angle BCR equal to the angle EFGJ 
and finifh the parallelogram CL. 

lUmcnfif. !• Seeing then that the ratio of AB to EG is 

d 56. I. diven, and d that AB is equal to CL, alio the ratio of 

CL to EG is given^ and the angle ^CK is equal to the 

e/^.69. angle F, and therefore CL e is equiangled to EG: 

fftf* Therefore (by the firft part of thb proportion) as CB b 

to FGy lb is &P to that Xf> the which CK hath a given 

ratio. But the ratio o£ J\C to CR is given ; (as appears 

by what hath been demonftrated in the latter part of th(^ 

precedent proportion.) Therefore as CB is to FG, to n 

£F to that to which AC hath a given ratio. 

PROP. LXXV. 

If tW0 iriangUi 
ABC and 2>£F^ tn 
equal angles Aawi 
D) or nljc umquiX 
(jet neveHhekfs gi- 
ven) have to em. 
another agivinrar 
tioy as the fide A9 
tf the'fifi, feall hi 
to the fide Z)£ ef tlefecend^ fo the ether fide DF ef the 
ficond, fiall he to that right line to the vjbUh the other, 
fide AC of the firfi hath a given ratio/ 

Confirm For Jet the parallelograms AG^ and.DH; be fr 
niflied. 

lyenumpf, ForaCnuch as the ratio of the triangle 
'ABC to the triangle DEF is given, alfo the ratio of 
the parallelogram AG to the parallelogram DH isgi; 
ven.. ^ .■■••-• 

Seeing therefore that the two parallelograms AG and 
DH in equal angles, or unequal angles (neverthelefs gi- 
# 74» t^^* yen) have to one another a given ratio ; as 4 A^ is to 
^ DE, fo is DF to that to which AC hath a given ratio. 




F IL O P. 



EucLiDE'i D A T J. 



36s 




PROP. LXXVI. 

If ficm the top A tfa triangk 
i^jC, given in kind^ there he drawn 
to the baje BPy a perpendicular line 
AD^ that line ADfiall have to the 
iafe BC a given fatio. 

Demonfir, For feeing that the 
triangle A$C ia given in kind^ 
the ratio of AB to BC is given ; 
$nd the angle B is alio given. 
But the angle ADB is given ; 
therefore the other angle BAD 

is given. Wherefore a the triangfe ABD is given in a 40. fr4* 
kind ; and therefore the ratio of AB to AD b given. 
But the ratio of AB to BC is given: Therefore 6 the b ^^propi 
ratio o^ AD to BC is given. 

« 

t> R O P. LXXVIL 

iftvfofgures ABC and DBF, given in kindy have to 
ione another a given ratioy ihe ratio alfo fiatt he given of 
which you pUafe of the fides of one of the figures^ to which 
you pleafe of the fides cf the other ^ure. 

Confirm For on the 
right lines BC and 
EF, let there be dc- 
fcribed the fquares 
BG and £H. 

Demonfir. Forat 
much as on one and 
the fame right line 
Be, are defcribed 
two figures ABC and 
hG given in kind, 
d the ratio of the faid 
ABC to BG is given* 
In like manner the 
ratio of DBF to EH is given ; and feeing that the ratio 
of ABC to DEF is given, and alfo that of the fame fi- 
gure ABiC to BG ; and again the ratio of DEF to EH: 
b the ratio of BG to EH is given ; and therefore the b 2. prop, 
fyiio of BC to £F is alfo given. 
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PROP, ixxvra. 

gttre ABC^ Mb 
agtvem rati* to 
fime reBan^ 

tiat owe fide BO 
ha^a given fir 
HefoonefideT^ 
ibe reStangleif- 
gme DP is ghm 
inhniL 

C&npt. Fored 
the right line BG 
leethefquareBU 
be defcribed, and 
to the right line D£^ let the pandJelcgram DK be ap- 
plied equal to BH,, in ikh.a mannefi as that GD and 
1)1 may be placed direftly, « and bj eoniequeace FE 
and £K alfo dtreftly. 

Demenfir. Therefore feeing thar on one and the fiote 

right line EC are defiribed the two reftiUne figures ABC 

b 49. fffff. and BH, given in kind, h the ratio of ABC to BH is 

given. But the ratio of the faid ABC to DP is alio gi- 

e 8. fnf. ven : Therefore c the ratio of BH to DP ii dren. But 

BH is equal to DK: Therefore the ratio <tf DK to DP 

is alfi> given. And feeing that BH is e<yial and equiaif** 

gled taDK, both the one and the other being redangles^ 

d 14. 6. d the (ides of thofe figures are reciprocally proportional; 

and as BC is to D£> fo is DI to CH» But hy fuppofi- 

tion, the ratio of BC to DE is giVen ; therefore alfo the 

ratio of DI to CH is given ; but the ratio of DI to DO 

is alfo given : (for DI is to DO e as DK to DP :) 

Therefore /the ratio of DG to CI? is given. But Cfl 

is equal to BC, feeing that BH is a fquare ; therefore 

the ratio of the fame BC to DG is given : But the 

ratio of the fame BC to D£ is alfo given : therefore the 

ratio of DE to DG is given^ and the angle at D is a right 

g j^K 6 1 • angle : Therefore ^ DP is given in kind. 
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PROP, LXXIX. 

' if iivo triangles ABC afid EFG, have an angle B equal 
to an angle F. And from the equal angles B and F there be 
deavin feffendicnlars ED and FH, to the hafes AC nand 

ECt; 



£G ; and that as ih hafe AC ofihejfrfi triMf^U ABC, m 
U the p$rpendicHl0r BD, fa alfo the hafe EG ef the other 
triangle BPG, is te the perpendicular FJST, theje tfiangk$ 
ABC and MFQ are ejniangM, 
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Cenftr. For about the triangle £FG let there be de- 
{cribed the circle £FLG, then on the right * line £G, 
and in the point £ given therein, let there oe made the 
angle GEL, equal to the angle C, and let FL. and LG 
be drawn, and the perpendicular LM. 

Demenfir. Seeing^ then that the angle GEL is equal 
to the angle C, and the angle ELG is equal to the angle 
£FG> et they being in on^ and the fame fegment of the a 21. j. 
cirde i the third angle EGL is equal to the third angle 
A* ^Wherefore the irianele ABC is alike to the trian- 
^EJLG, and the perpendiculars BD and LM are drawn : 
Therefore f as AC istoBD, fo is EG to LM; but by 
fiippofition as AC is to BD ; fo is EG to FH : Therefore 
i LM is equal to FH. But the faid LM is c parallel to \^ - ^; 
FH: Therefore <^FL is alio parallel to EG; and there- c 28. \; 
fore the angle FLE e is equal to the angle LEG. But ^ ^ / j* 
the angle C is alio equal to the faid angle LEG, and the ^ ^n.i.* 
angle FLE to the angle FGE /.* Therefore alfo the angle f 21.' x. 
Cia eoual to the an^le FGE, But by fuppoficion the 
aogle ABC is equal to the angle EFG: Therefore * the 
third angk BAC is equal to the third angle F£G : 
Wherefore the triangle ABC is equiangled to (he tiian- 
gle EFG. 

Scholium. 

t »t» that as AC is to BD, fo EG is ieLM, it is If 
fmr thus dtmopftrated^ Ferafmuch as the angle C ts^ 
equai te the angle GEty and the angle BDC to the angle 
Wfit 0Mcb being a right angle, the other angle CBD is 

equai 
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g . 4 6. }ftiual to the other angle ELM:' Hferefore g as Bb is ^ 
Af£, fits CD to DB. Again^ feeing the angle ASiC is e^at 
fe :the angle UlC, and ithe angle CBD to the angU BLdH^ 
ibe remaining angle ABD is equal to the refhaihing angh 
MLG; hit the angle ADB is alfo equal to the angle LMG ; 
and therefore the third angle A is equal to the third angle 

n 4. 6, LGM: 'before h as AD is to DBy fo is GMto ML. Bit 
it hath heen ifemot^ftrfted^ that as CD is to DBy fo ts EA 

« 14. $. U MU\ rHerefdte i as At is to BD, fo is EG to LJii. 

^ i^R OP. LXXX.^ 

Ifm triangle ABC hath one angle A^^ven, and that *fe 

reBangle tontained under thejides AB andACy camprifif^ 

the given angle Ay hath js given ratio to thefquate of the 

other fide BCy the triangle ABC ii given in kind. 

Cenfir. For from the |>omts A and B, kftliere be 

drawn the perpendiculars AD and, BE. 

Demonftr. Fonilmucli as the Ingle BAE ft given, 

and alio the angle AEB, the triangle ABE is given id 

ft 40. ^flf . ^ y^^^ i *ttd therefore the ratio of AB to BE is given t 

TKcrfefore the ratio of the rciftangle of AB arid AC tt 

the leaangle of BE and AC is alfo given (for it is thi 

b !• 6. fame ratio 1 as of AB to BE.) 

But the redangle of AC and 

BE is ec|ual to the reftangle ol 

BC atid AD ; for that each of 

c 41. 1. - ^ \ ^^ thbfe redangles is e doul>Ie to 

** the triangle ABC. Therefore 

the ratio of the redangle of 

AB and AC to the ref^angle of 

BCandADisalfogiveh. But 

the ratio of the, redangle of 

AB atid AC to the fquare of 

J Q* ** * fee is given: Therefore #aUb the ratio of the reftan- 
d ^. prof, gj^ ^f ^^ ^^^ ^^ ^^ jg^ f^^^^ ^f g^ ^ gj^^^ . ^^j 

therefore the ratio of the right line BC tti^he right Ibe 

^ I ^ AD is given, (For that e the redangle is tilHhe fquare 

as AD to BC.) Now let the right .jSp FD, given in po- 

Gxiotx and magnitude, be expofect j^titti thereon let there 

be defcribed the fegiti^nti^ a circle^iD ; capable of aa 

angle equal to the angle A* Ahd feeing the faid angle 

- A is given, alfo the angle in the fegment FLD fliall be 

f 0. def, given ; and therefore / the fame fegment b giveft id 

pofition. From the point D let there be ere^ed at right 

g 4. */ angles on the line FD, the line DH, which g is given 

• * id 
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in poGcion : Let ic 'be fb 
made, that as BCis to AD, 
fb FD may be to DH ; and 
feeing that the ratio of BC 
to AD is given, alio that of 
FD to DH is given. But 
FD is given : Therefore b 
DH is given in magnitiide. 
Butic is alio given inpo&ion, 
and the point D is given : 

Therefore the point H is r alio given. Now through 
the point H let there be drawn HI, parallel to FD, and 
that line HI ihall be given in k pofition. But the feg- 
ment of the circle FID is alfo given in poGtion* There- 
fore / the point I is given. Let the r^ht lines IF and 
ID be drawn, and the perpendicular l£ : Therefore IE 
is given in pofition. But the point I is given, as alio 
each of the points F and D: Therefore i» each of the 
lines FD^ FI, and ID is given in pofition and magni- 
tude: Wherefore the triangle FID is given in kind; 
and feeing that as BC is to AE, fo is FD to DH, and 
p that to DH, IE is equal ; s^ BC is to AE, fo is FD 
to IE, and the angle A is equal to the angle FID : 
Therefore jp the triangle ABC is equiangled to the tri- 
angle FID. But FID is ^ven in kmd : There&ire alfo 
the triangle ABC hi given in kind. 

OTHERWISE. 

Confir. Let the triangle ABC, whoffc angle A is gi- 
ven, and the ratio of the redangle contained under AB 
and AC, to the fquare cf BC, be given ; I fay thac 
the triangle ABC is giv^n in' kind. 

DejjMpb. For feeiag the' angle A is given, thatfpaoe 
by wlddji^Ke fquare of the line compounded of BAC is 
greater than the 
J^uareofBb, 9 hath 
a given ratio to the 
triangle ABC Now 
let tluit ipace be D : 
.Therefore the ratio 
of D to the triangle 
'ABC is given. But 
the ratio of the tri- 
angle ABC to the 
remngle of AB and AC; i$ given'; r ffpiag th^ auigle A r 66.ytf$ 

. Aa ^ ^ ^ if 
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% 8. ffoj. is given : Therefore / the ratio of the Ipace D to tht 

reftangle x)f AB and AC is given. But the ratb of 

the reaangle of AB and AC to the fquare of BC is alfo 

given : Therefore s the ratio of the £pace D to thefquare 

t 6 prof* of BC is given. Wherefore by .compounding, t the 

ratio of the fpace D, with the fquare of BC to the 

faid fquare of BC is given : Therefore the ratio of the 

fquare of the line compounded of BAC, to the fquare of 

BC is given ; (for that the fpace D with the fquare of 

BC is equal to the fquare of the line compounded of 

tifch. ^2. BAC;) and therefore « the ratio of the faid line com- 

ftof. pounded of BAC to BC is given. But the angle A is 

% 4<5. frop, alio given : Therefore Jr the triangle ABC is given ift 

kind. 

PROP. LXXXL 

Ifrf three fight lines Ay B, and C, 
proportiofial to three other fropornonal 
right lines pj JB, andp, the extremes 
A andDy Cand Py are in aghoenta^ 
tio (jo mty as A to Dy and C to FJ 
alfo the meansy Band £ fiallbe ina 
given ratioy and rf one extreme hath a 
given ratio to an ettremey and the mean to the meany the 
other tvili have alfo a given ratio to the othef^ 
Demonfif. Forafmuch as the ratiQof A toD, and of 
^ 7^ t^ C to F is given, the reftangle of A and D 4 flwU have 
a given ratio to the reftanele of C and F. But the 
• 17.0. redangle of A. and D is equaft to the fquare of B ; and 
the redangle of C and F to the fquare of £. Therefore 
the ratio of the iqua»e of B to the fquare of E is giwn ; 
$fih. 5 1. and therefore c the ratio o( the line B to the lisK £ is^ 
frtf. alfo given. 

Again, let the ratio of A to D, and B to E, be given: 
I fay that the ratio of C to F is alfo given. For feeing 
that the ratio of A to D, and of B to £ is given, al£ 
4 ^o.pr^. the ratio of the fquare of B d to the fquare of E is gi- 
ven. But the fquire of B is equal to the redangle ofA 
and C, and the fquare of £ to the redangle of D and F: 
Therefore the ratio of the redangle otA and C to tht 
redangle of D and F is given. But the ratio of a Gdt 
t 6Z*prop» A to a (ide D is given: Therefore e the ratio of tile' 
<¥hcr fide C to the other. fid« F is alfo given. 
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PROP. LXXXII. 

if then he fmr right lines A^ByCy and 
D, ftffportional,. as the frft A Jball be to 
that line to vohich the fecond B hath a 
given ratio, fi the third C fiall be to 
that to which the fourth D hath a gi- 
ven ratio, . 

Conjir, Let £ be the line to whidi B bath a given 
ratiO) and lee it be fo as that B chy be to £^ as D 
is to F. 

DemonJIr. Now the ratio of B to £ is given, titcrefore 
alio the ratio of D to F is given. And feeing that as 
A IS to B, fb IS C to D. And again, as B is to £, fb 
is D to F, by ratio of equality, as A is to £, fo is C to 
F. But £ is that line to which B hach a given ratio^ 
^nd F that to which D alfb hath a given ratio : There^ 
fore asftA h to that to which B hath a given ratio, ib C 
if £0 that to which D hath a given ratio. 

PROP. LXXXIII. A 

If four r^ht lines Jy By C, and D^^ 
mre in fuchfort to one another y that of 
any three of them Ay By C, and a fourth 
By taken proportional, to which that line 
I>y which remains of the four lines, hath 
A given ratio, it fiall be as the fourth D is 
to the third C, fo thefecond B fiall be to 
that to which the firfi A hath a given 
ratio. 
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. Demonjbr* Forafmuch as A is to B, as C is to £, the 
reftangle contained under A and £ #1 is equal to the n i6. ^, 
re&angle contained under B and C; and feeing that the 
ratio of D to £ is given, alio ihall be given the ratio of 
the re^angle of A and^ to the redangle of A and £ 
(for h it is the fame ratio as of D to £.) But the redangle b i, 6, 
of A and B is equal to the redangle of B and C. There- 
fore the ratio of the re^angle of A and D to the .redan- 
gle of B and C is given. Wherefore <: a» D is to C^ lb c ^6. ftef. 
is fi to chat to which A hath a given ratio. 
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PROP. LXXXIV. 

If tti'o right Ihes AB and 
Ah ton^ehending a given 
fpace AP in a given avgk 
BAE^ and thai the one AB 
be greater than the other 
AEby a given line CBy ^Ifi 
each of the lines AB and AB 
is given. 

Demonfir. For feeing that 

AB is greater than AE by 

the given line CB, the remainder AC is equal to AE: 

fulfil the parallelogram AD. Therefore feeing that 

A£ is equal to AC, the ratio of AE to AC is g^ven^ 

%fch, 6 1, and the angle A is alfb given : Therefore a AD is given 

P^of. in kind. Wherefore the given fpace AF is applied 

to the given right line CB, exceeding it by the givea 

b 19. prof, figure AD given in Icind ; and therefore h the breadth 

oi the ezcefi is given. Therefore AC is given. But 

CB u alfo given : Therefore the v(^hole AB is given. 

But AE is alfo given: .Therefore each of the righc 

lines AB and A£ is given, 

PROP. LXXXV. 
^11 if two right lines AC and CD^ 

docomfrehend a given fpace AD in 
a given angle ACD^ the line com- 
founded of thofe lines AC and CD 
is giveni ^V^ each <ff thofe Hms 
AC and CD u gitfeK . 

<kmfir. For let AC be prolonged 

to the point B, and let CB be put 

equal to CD, then through the point B let BF be 

^drawn parallel to CD, and fo finifh the parallelogram 

CF, 

Demopfir. Seeing then thae CB is equal to CD, and 

the angle DCB n given ; for that angle that follows 

%fcb. 6u is the givetf angle j and therefore a the parallelogram 

/»/. DB is given in kind: and again, feeing that the line 

compounded of ACD iz given, and CB is equal to 

CD, alfo AB ii given. And thus to the right line AB 

there is applied the given fpace AD, deficient by the 

^ $8. prof, figure DB given in kind ; and therefore h the breadths 

of the defeitf are alfo given ; '^hcf^fore th^ right linea 

" I ' pc 
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DC and CB are given. But the compounded line 

ACD is alfo given : Thereibre c each of the lines AC c 4. frop. 

and CD is given. 

PROP. LXXXVI. 

If two right lines AB and BCy 

do comprehend a given /pace 

ifC, in a givep angle ABC^ th0 

fquare of the me BC, is greater 

than the fyMtre of the other 

AB, by a given /pace (yet in d C M ■ 

given ratioy) alfo each of tho/e '^ 

lines AB and BCfiall be given, 

Demonftr, For feeing chac the fquare of BC is greater 
than the fquare of AB by a given fpace (yet in a cer* 
tain ratio:) Let the given fpace be taken away, that 
is to fay, the rectangle concained under CB snd Bfi : 
Therefore a the ratio of the remainder, b which is the a ii. defi 
re^angle contained under BC and C£ to the fquare h z, z. 
of AB is .given. And fbraflnuch as the redangle 
t under AB and BC is given, and alfo that of CB and 
BE, their e ratio is given. But as the redangle under C i . pr^p» 
ABand BCisto the redangle under CB and £B> /^ fb d i.6. 
AB is to BE ; amd therefore the ratio of AB to BE is 
glv^en: Wherefore e the ratio of the fquare of AB to e ^o.ffop* 
t^hefquareof BE is alio given. But the ratio of the 
l^uare of AB to the re^angle under BC and iCE is gi- 
ven : Therefore/ alfo the ratio of the reftangle under f 8. prop. 
BC and CE to the fquare of BE is given. Wherefore 
the ratio of four times the redangle under BC and C£ 
to the fquare of BE is given; and by compounding, g g6» /rt^. 
the ratio of four times the redangle under BC and CE^i 
with the fquare of BE to the fquare of BE is gtven^ 
But four times the redangle of BC and CE, with, th^ 
fquare of BE, h is the fquare of the compound line h 8^ ^. 
BCE : Therefore the ratio of the fquare of the con^pound 
line BCE to the fquare of BE is given : Wherefore i the i 54' propm 
ratio of the line compounded ofBCandCEtp BE is \ 
given, and by compounding, k the ratio of the com- k 6»prop^ 
pound of the lines BC, CE, and BE, that is to {ay^^ 
the double of BC to BE is given ; ind therefore the 
ratio of the only line BC to BE is a]|k given. But as 
BC is to BE, / (6 the redangle undlLBC ai>,d BE is 1 i. i* 
to the fquare of BE: Therefore the ratio of the red- 
angle under pC and BE to the fquar^ of^E is given. 
'* A a } . 3u» 
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m Xnpo^. But die redangje of BC and BE is given : Therefore m 
the fquare of BE is aHb^given, aad confequeatly the 
line BE is given. Whererore BC '\% dfb given, feeing 
that the ratio of BE to BC is given. But the fpate 

n 57.^n^. AC is given, and alio the angle B: Therefore n AB 
is given. Wherefore each of the lines AB and BC is 
given. 

Scholium* 

f Infttad of faying in this place [what is under, Q^cJ] 
<ve have nfed tms vmd reBangle^ it being manijefi by 
fvhat follows that fucb voas the intention of EUCLIDE^ 
feeing he makes itfe in the faid Demonflration of tbefecvnd 
and eigltb pro^'ejition of the fecond ^ment; anda/fi 
that the fpace or parallelogram given being not reBangled, 
it may be reduced therete, making on BC, and in the gi* 
v^ point Bf a right angle CBAy fo as that there voillb* 
ttsjo parallelograms confiituted on one and lie fame' bafi 
BCy and between the fame paraikisy as in the 6^tb fropa' 
fition^ by means ^berecf this condnfion is drawn* 

Note, This ferves aUb for the next Prop, * 



PROP. LXXXVII. 



D 



£ 



' If two rightiines AB and BC, 
do comprehend a given fpace JC^ 
in a given angle B, tbe fptar§ 
of the one BC is greater than 
Q thefqnate of tie ether AB^ by a 
given f^ace\ alfoeach efthofi 
lines AB and BCfiall be given. 
Demonflr, For feeing that 
the fqiiare of BC is greater than the fquare of AB by a 
given fpace: Let the given fpace be taken away, and 
let the redangle be contained under BC and BE : There- 
fore the remainder a which is the redangle of BC and 
CE, is equal to the fquare of AB. And feeing that the 
redangle of BC and BE is given, and alfb the fpace or 
redangle AC, the ratio of the faid redangle of BC and 
^uC. BE to AC is given. But as b the redangle of BC and 
BE is to the redangle of AB and BC, fo is BE to AB : 
Therefore the ratio of BE to AB is given, and therefore 
c \o*$r9p^ c the ratio of the fquare of the faid D£ to the fquare 
of AB is alfo given. But to that fquare of AB the 
redangle of BC and CE is equal : Therefore the ratio of 
(be faid redan^k of BC and CB to the fquare of V& 

il 
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k given; and therefore the ratio of the quadruple of 
the faid redangle of BC and C£ to the fquare of BE 
isalfb given; and by compounding, d the ratio of four d 6. ^n^ 
times the rectangle of BC and CE, with the fquare of BE 
to the laid fquare of BE is given. But four times the red- 
angle of BC andCE, with the fquare of BE; e is the fquare e 3, a. 
of the compound line BCE : Therefore the ratio of the 
fquare of that compound line BCE to the fquare of BE is 
tfib given ; and therefore the ratio /of the compound line f $^. pnp,^ 
BCE to Be is given. Wherefore by compounding g g 5. ^^^ 
the ratio of the faid compound line BCE and £B» that is - 
to fayi twice BC to BB is alfo given ; therefore the 
ratio of the only line BC to BE id given. But the 
ratio of the fame BE to AB is alfo given : Therefore 
b the ratio of AB to BC is given. And feeing that the h S. priX 
ratio ofBC to BE is given, and that as the iaid BC is 
to BE> fb the fquare of BC i to the redangle of BC i i. 6. 
and BE| the ratio of the fquare of BC to the reftangle 
of BC and BE U alfo given. But the faid redangle of 
BC and BE is given^ it beiqg that which was |aken 
awiy, and which was given. Therefore the fquare of 
BC k isgiven, and therefore the line BC is given. But k, z,pnfk 
the ratio of the fame BC to BA is given^ therefore 
AB is alfbgiven« 

PROP. Lxxxvm. 

jf in a circle ABC, gi- 
n/en in magnitudey there 
he drawn a right line AC9 
which fiall take away a 
fegment JBC^ which doth 
comprehend a gitten an- 
gle ABC^ that line AC it 
given in magnitude. 

Ccf^r. For let D be 
the center of the circle; 
and let the diameter 
thereof ADB be drawn, and let EC be joined. 

J^monfih. The angle ACE is given, ftr a\t ia a right a 31. }^» / 
angle. But the angle AEC is alfb given, and there- 
fere the other angle CAE is given. Wherefore the tri-* 
an^le ACE h is given in kind ; and therefore the b 40. fref^ 
ratio of EA to AC is given. But AE ia given in 
n^agnlcude, feeing that thv* circle ABC is given in mag« 
mitud^. Therefore ^ AC is aUbgivea io magnitude, a i.frdL 
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PROP. LXXXIX. 

If in a circle ABC^ given in magnitude^ there le drawn 
4 right line AC^ given in magnitude^ that line AC wili 
take aivay a^fegment ABC, comftehending a given angle, 

Confir, For having taken the point D for the center 

of the circle, let the diameter AP£ be drawn, as aUb 

the right line EC. ' ' 

Demcnjlr» Forafmuch as each of the right lines AE 

a I. prep, and AC are given, the ratio of the line A£to AC « is 

given ; and the angle AC£ is a right angle: Therefore 

h^l,pr9p.b the triangle AC£ is given in kind, and therefore 

the angle A£C is given. 

P R O P. XC 
Jfin the circumference of a circle ABC, given in popthn 
and in magnitude^ there be taken a given point B, and 
that from the point B to the circumference rf the circle ABC, 
a right line BAC be infleBed fo As to make a given angle 
BAG^ the ether extremitj C efthe infieBed line fiall be 
given, 

Confir, For let the center of the circle be D, and let 
the right lines BD and BC be drawn. 

Demonjlr, Forafmuch as each 
point B and D is given, the light 
line BD, a is given in pofition ; 
and feeiiig that the angle BAC 
. is given, the angle BDC is alio 
given. Wherefore to the right 
line BD, given in pofition, and 
in the point D given therein, 
there is drawn the right line 
CD ; which makes the given 
angle BDC ; and therefore b the 
line DC is given in poGtion. 



(I i6.prop^ 
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But the circle ABC is given in pofition and magnitude : 
c6,def. Therefore r the right line DC is given in pofition a^d 
d ;.7.pr0p. ^^ magnitude. But the point D is given : Therefore d 

the point C u alfo giveq. 
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PROP. XC3. 

tf fr<m a given t^nf Cy 
there be dravm a right line 
CAy which fiali touch a 
circle AB^ given in pofifien, 
that line CA is given inpo* 
fition and in magnitude. 

Confir. For having taken 
the point D' for the center 
of the circle, let the right 
lines DA and DC be drawn. 

Demonjlr. Forafmuch as 
each point C and D is given, the right line CD a is gi- a zCpref^ 
ven in poficion and in magnitude. But the angle CAD 
h is a right angle ; and therefore the femicircle defcribed b 18. $• 
on CD (hall pafs through the point A : Let it then pals 
through that point, and let the femicircle be DAC : For- 
afmuch as the fame D AC c is given in po(ition, and alio c 6. def. 
the circle ABE, d the point A is given. But the ^ i^.frtf. 
point C is alio given : Therefore e the right line AC e 2<J. frof» 
is given in pontion and in mslgnitude. 

PROP. XCII. * 

If without a circle 
ABCy given in pojition, 
there big taken feme point • 
D, and from that given 
point there be drawn a 
right line DB, cutting the 
circle f the re&angle com" 
prifed under the whole 
line BDf and the part DCy 
between the point Dy and 
ike convexity rf the dr^ 
cumference ACy fiall he given. 

Conftr. For from the point D let the right line DA 
be drawn, which Ihall touch Che circle in the point A. 

Demonfir. Therefore DA 4 is given in pofition and a 01. pnf. 
magnitude; and therefore the fquare of the faid DA is b Kz.prop. 
b given. But the faid Iquarc of DA is equal c to the c l6 3. 
re^angle of BD and DC : Therefore the faid rcdanple 
o( BD and DC isalfo given. 
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OTHERWISE. 

'Cmfif4 LctEbcthe 
ccotcr of th€ ckckg 
and through thtfaiQ« 
eencer lee chcre^ b« 
drt wn from the ppwD 
the fight line IXA, 

Denmfif. Forafinuch 
as each point D and E 
is given, the right line 
DE is d given in po* 
iition and in magni- 



tude. But ihc circle ABC is given in poGtion and ia 
P »5./rlf. magnitude : Therefore each point A and F e is given, 
and the point D is alio given ; and therefore each 
line AD and FD is given. Wherefore the reftangla 
^f the lines AD and VF is alfo given. But the faid 
rcftangle of AD and DF is equal to the re^iangle of DB 
and DC : TImefore the reoangle of DB and DC it 
given* 

PROP. xcm. 

Jf in a circle given inpo^ 
fition theme be taken a given, 
point A, and through thai 
point A there be drawn d 
right line BC to the circle^ 
the reBangle comprifed undet^ 
thefegments of the fame^ Ifne 
BCfiail begiven* 

Confir. For Jet D be ta- 
ken for the center of the cir- 
cle, and having drawn the 
right line AD prolong it to 
the points £ and F. 
Demonftr, Forafinuch as each point A and D is gWeo, 
a i6, prop, the right line AD a is given in pofition. But the circle 
fi£C is alfo given in pofition : Therefore each poant £ 
and F is alfo given in pofition, and the point A is gi^ 
JJ. g. vcn. Wherefore each line b AE and AF is given t 
Therefore the redangle of the lame line^ AE and AF is 
given, and is ^ual to the redangle b of AB and AC* 
Therefore the iaid redangle of AB and AC is given. 
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, PROP. XCIV. 

If in a tifch J^C^ given in 
magmtudey there be drawn a 
Yight line BCf ^vhich doth take 
0way afegment which doth com-' 
frekend a given an^e BAC^ and 
that the /aid angle in thefegment 
is cut into two equal parts^ the 
line compounded oj the right lines 
BA and AC, which comfrehend 
the gi^n angle BACfiall have a 
given ratio to the line AD, which 

doth divide that angle into two equal parts; and the 
reBangie contained under the line compounded of thofe lines 
BA and AC, comprehending the given angle BJCy and that 
part ED of the interfering line which is below the fegment 
between . the bafe BG and the circumference^ fiall be 
given, 

Conjir, Lee BD be drawn. 

Demenfir. Forafmuch as ia the circle ABC given in 
magnitude, there is drawn the right linc'BC, which 
(akes away the fegment BAG, comprehending the given 
angle BAG, that line BC /sis given ; and therefore BD * 88. /i^ 
is alio given: Therefore the ratio of BC toBD b h^ vprop. 
given. And feeing that the given angle BAC is cue 
an cwo equal parts by the right line i^D, as c BA ^ }• 6. 
is to CA, Co is B£ to C£ ; and by compounding, as 
BAC is to CA, ib is BC to C£ ; and by permutation, 
as BAC is to BC, fo is CA to C£. And feeing thac 
the angle BA£ *is equal to the angle CA£, and the 
Single AC£ d to the angle BD£, the other angle A£C ^ ^i« }• 
.is equal 'to the other angle ABD ; and therefore the 
triangle AC£ is equiangled to the triangle ABD : 
'f'herefore e as AC is to CE, fo is AD to BD. Buc'C4«^ 
as CA is to CE, fb the line compounded of BA and 
AC is to BC : Therefore as the compound lin^ BAC 
istoBC, fbis AD toBD; and by permutation, as the 
compound line BAG is to AD, fo is BC to BD. But 
the ratio of BC to BD is given : Therefore the ratio of 
the compound line^ BAC to AD is alfo given. Moreo- 
ver, I fay that the redangle under the compound line 
^AC and £D is given. For feeing that the triangle 
A£C is equiangljed to the triangle BD£, (for the angle 
AC^ d is equal to the angle BD£, and the angle A£C 

^ /to 



380 



g 16. 6, 



h 32. !• 



i 5- !• 



k It, 5. 



1 21. J. 

m 26. ^. 



Euclid t*s D ^ T A. 

f to the an^le BED) »s BD is to D£, fi> is AC to C£. 
But as AC IS to CE, ib is alio the compound line BAG 
to BC: Therefore as the compound Jine BAC is toBC, 
€0 is 9D to D£, Wherefore the redangle of the com- 
pound line Bag and D£ g is eoual to the redangle 
of BC and BD. But the reaangle of BC and BD it 
given, (for that thofe lines BC and BD are given .*} 
Therefore th; rectangle under the oompound line BAG 
knd £D is alio given. 

OTHERWISE. 

Confir. Let CA be 
£ prolonged to the point 
£, and let A£ be put 
equal to BA, and let 
3£ and BD be joined. 
JDepionfr, Forafinuch 
as the angle BAG is 
double to each of the 
angles GAD and A£B 
(for the angle BAG is 
cut into two eoual parts 
by the line AD, and 
equal b to the two anr 
gles ABE and A£B, 
which I are equal) the 
angle ABE b equal to 
the angle GAD, that is 
to iay, k to the angle 
GBD; adding therefore the oommon angle ABC, the 
whole angle ABD ihall be equal to tlie whofe angle 
FBE. But the angle ACB is k equal to the ang^ 
ADB : Therefore the third angle A£B is 'equal to 
the third angle BAD; and therefore tlie triangle 
CEB is equiangled to the triangle ABD : Wherefore 
as GE is to CB, fo is AD to BD. But the right line 
GE is compounded of the two lines GA and AB: There- 
fore as the compound line BAG is to GB, fb is AD to 
BD ; and by permutation, as the compound line BAG 
is to AD, ib is GB to BD. But the ratio of GB to 
BD is given, feeing that each of thofe lines is given: 
ThcrefoVe the ratio of the compound line BAG to AD 
is al& given. And feeing that the triangle GEB is 
equiangled to the triangle FBD (for the angle AFC is 
fqii^l / to the angle BFD^ and the angle ECB m to 

the 
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the angle ABB) as £C is to CB, fo is BD to DF. Buc 
£C is equaito the compound line BAG : Therefore as 
the compound line BAG is to GB, fb is BD to DP. 
Wherefores the redangle of the compound line BAG n i6.6m 
and DF is equal to the redang]e of GB and BD. Buc 
the redangleof GB and BD is given, finee each of the 
lines GB and BD is given : Therefore the redangle of 
the compound line BAG and DF is given. 

OTHERWISE. 




« 

Conftf. Let AG be prolonged to F, and let GF be put 
equal to AB) and lee the right lines. BD and Df* be 
drawn. 

Demonftf. Forafmuch as BA is equal to GF, and o BD o 1<^>Z9*3. 
to DG, the two &^^ AB and BD are equal to the two i 

fides GD and DF, each to his oorrefponding fide, .and the 
angle ABD is equal to the angle DGF, p feeing that the P 2^* ?• 
feur fided figure ABDG is within the circle: Therefore 
thebaic AD is^ equal tothe bafeDF, and the angle <) 4* '• 
DAB CO the angle DFC Buc the angle BAD is given, 
being the half of the g\ven an^le BAG, therefore the 
angle DFG is fb alio. But DAF is alfb given; There* 
fore the triangle ADF is given in kind. Wherefore 
the ratio of FA to AD is given. Buc AF is the com- 
pound of BA and AG, for that GF is equal to AB: 
Therefore the ratio of the compound line BAG to AD 
is given : The fame demonflration will ierve to fhew 
that the redangle contained under the compound Ijiae 
BAC and ]ED is given alio. 
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PROP. xcv. 

$er MC of s circU • 
ABC given in pofi- 
frofij there be taken 
a given point D, 
and from that point 
D there hi dravma 
tight line DAy U 
the circumference of 
the circle^ And if 
from the feQi§n of 
^ faid line there 
he dmwn a right 
line AEy perpendi^ 
enlar thereto^ and through the pint 1^ tvhere that perfendh 
eular doth meet with the drcutrrference^ there be drawn a 
parallel £F» to the frft line drawn AD, that point F in 
which the paraUel meets with the diameter y is given ; and 
the reBangle contained under the paraUel lines AD and Efi 
is alfo given. 

Cetipr, Let the right line £F be prolonged to the poinc 
G^ and let the right line AG be drawn. 

Denunfir. Forafmuch as thd angle AEG is a righe 

angle, the right line AG b the diameter of the circle. 

But BO is ai& the diameter : Therefore the point H if 

the center of the circle. Now the point D is given } 

a i6. fit)^* and therefore a the line DH is given in magnitude. But 

feeing chat AD is parallel to £G, and AH equal to GH ; 

b z6. pfoip. h DH is equal to FH, and AD to FG: (for the angles 

c 15. I. AHD^and FHG^ are equal, and DAHand FGH dex^ 

d i6. I. alfo e^ual.) But the line DH is given : Therefore FH is 

alfo given. But each of thole lines DH and HF is alfo 

. given in pofition, and the point H is given : Therefore 

tZ7. ^fvp. e the point F is alfo given. •And feeing that in the 

circle ABC given in pofitton, is taken the given 

point F, and throu^ the fame is drawn the right line 

f 9}.^. -EFG; the rcftangle under EF and FG / is ^ven. But 

FG is equal to AD. Therefore the redangle comprehend« 

ed under AD and £F is given. * Which was to be kp^ 

ifUnfiraud. 
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Brief Treatise 



(Added hy F.LUSS J S) 



OF, 



Regular Solids. 



REgular Solids are laid to be oomppfed and ma*d 
when each of them is transformed into othe^ 
Solids^ keeping flill the form, number and in- 
clination of the bafes^ which they before had to one 
another ; fbme of which yet are transformed into mix^d 
&>lids, and other fbme into (Tmple. Into mix*d^ as « 
Dodecaedron and an Icofaedron, which are transform^* 
•d or altered, if you divide their fides into two equal 
parrs, and take away the iblid angles fubtended hf 
plane fuperficial figures, made by the lines coupling 
thofe middle ledions ; for the Solid remaining after th« 
Caking away of thofe ^lid angles, is called an loofidoder 
^^fdrotu If you divide the |ide^ of a Qiib^ and of aa 

P^drop 
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OdoedroQ into two equal puts, and couple the tkCdons^ 
the (olid angles fubtended by the plane fiiperficies made 
by the ooupUng lines, being taken away, there (ball be 
len a'Solid, which is called an Exodpedron* So that 
1x)th of a Dodecaedron, and alio of an Icofiiedion, the 
Solid which it made flull be called an Icofidodecaedron ; 
and likewiie the Solid made of a Cube, and alfb of an 
Odbedron, ihall be called an Exo£bedron. But the 
other Solid^ to wit, a Pvramis or Tetraedron, is tran^ 
formed into a fimple Solid i for if you divide into two 
equal parts each ot the fides of the F^ramB, triangles de- 
fcribed of the lines which couple the fedions, and fub- 
tending and taking away the fplid angles of the Pyramis, 
sre equal and luce unto the equilateral trian^es left in 
each c^the bales, of all which triangles is produced aa 
Ofioedron, to wi^ a fimple, and not a compofed Solid. 
For the Odoodroo hath feor bales, like in number, form, 
and mutual inclination with the bafts of the Pyramis, 
and hath the other four bafes with like ficuation oppo- 
fite and parallel to die former. Wherefol'e the applica- 
tion of the Pyramis taken twice, maketh a fimple Odo- 
edron, as the other Solids n^e a mix'd compound 
SoUd. 
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REGULAR SOLIDS! 
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AnExoBoedron is a foUd fgure contaived cf fit equal 
/quarts^ and eight ejuihteral and equal triangles. 
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Ab UQfMkcaedifom is afilidfigwr$ contamd trndef U/nive 
eqmiaterai^ eqtMlf and equiattgled PentagMS^ and 
twenty equal and eqmUuerai ffiangkt. 

For che better underfiaadiog of the two former Defi- 
nitioos, tnd alio of the two Pfopoficions following, I 
have here fit two f^ure^ which if you firft de- 
fcribe upon pafie-lxMird, or fuch like matter, and then 
cut them %nd fold them accordingly, thev will repreient 
unto you the perfeftfbrmsof an £xo£toearon^ and of an 
Ioofidodecaedn)n* 

rROBLEMI. "* 

9b if/M&f an eqmlgterti and eqniafgkd EtoSeedren, 
and u centam h in a given fi/btn^ and tofnve that the 
dt^meter efOefiheireisduMUthefideefdw/aidBxcSe- 

CM^. Siippoie a Sphere whoie ditmeter let be AB, 
•ad •bout dw diameter AB let there bedeicribedjiiquare 




> * *• * • «» «B<J, npon the Sfute let there be defcribed a Cube », 
H5.IJ. w*«h let be CDEFQ.TVR} and let the diameter thereof 

be 
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be QBiy ^i the center S. Divide the fides of the Cu!>e 
iiiK) two equal part^ in the points G, H, I, K, L> M^ N, 
O) P» Q^c, and couple the middlt fedions by the right 
jines IN, NO, OP, PI, and fuch like, which fubtend 
the angles of the iquares or bafes of the Cube; and they 
are equal c, and oontun right angles, as the angle NIP. c 4. r« 
For the angle NID, which is at the bafe of die Ilbfceles 
triangle NDI, is the half of aright angle, and fo like- 
wife is the oppofite ai^le RIP* Wherefore che re(idue 
NIP is a right angl^ and £6 the reft. Wherefore NIPO 
ii a fquare. And for the fame reafbn ihail che refl NMLK, 
KGHI, Q^c, in(crtbed in the bafes of the Cube, be 
iquares, and they fluUl be fix in nwnberi according to the 
liumber^tbe bales of the Cube. Again, forafmuch as* 
t^e triiagle RIN fubtendeth the iblid angle D of the 
CMbe, And likewife the triangle RGL the iblid angle 
(^, and £> the reft which fubtend the right fblid angles 
qf the Cube;, aod tllefe triangles are equal and equilateral 
(Co wk) hdog^oMMie of equal fides, and they are the \h 
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mits or)>ordef s of die (quares, jutA thefquares the liaiits or 
borders of them; u hath beea before proved. Where- 
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fore LMNOPHGK is tn ^xc^ocdron by the definbiony 
And IS equilaceral) for it is contained by e()ual (ubteadant 
lines; ic is alfo equiangled, for every &lid angle thereof 
is contained under Wo fuperficial angles of two f^uarea^ 
and two fuperficial angles of two equilateral triangles. 

Demovfir, Forafinuch aa the oppofite (ides and dia* 
meters or the bafes of the Cube are parallels, the plane 
extended by the right lines QT and VR, ihall bie a 
parallelogram. And for that alfo in that plane lieth OR, 
the diameter of the Cube, and in the fame plane dub 
is the line MH, which dividech the iaid plan^ into two 
equal parts, and alio cbuplcth the oppo&e angleaof the 
£xodoedron : this line MH therefore dividerh the diame* 

dtff. }4. 1, ter into two equal parts ^ ; and alio dividHh it felf 

e 4* I. in the fame point, which let be S, into two equal parts e. 
And by (he fame reafbn may we prove that the reft of the 
jincs which couple the oppofice angles of the Exodoedrout 
do in S the center of the Cube, divide one another into 
two equal parts, for eacliof the angles of the £xodoe- 
dron are fet in each of the bafes of the Cube. Wherefore 
making the center the point S, with the diftance SH or 
SM de£:nbe a Sphere, and it ihall touch every one of 
the angles eauidi0ant from the point S. 

And fipraimuchas AB the diameter oftheiphere given, 
is put equal to the diameter of the baie of the cube, to 
wit. to the line RT, and the fame line RT is equal 

£}}. I. to the line MH^ which line MH eouplingthe oppofite 
angles of the Exodoedron, is drawn by the center. 
Wherefore it is the diameter of the Sphere given which 
containeth the Exodoedron. 

LaAly, fbrafinuch as in the triangle RFT, the line PO 
doth cut the iides into two equal parts, it ihall cue 
them proportionally with the bafes> to wit, as FR is 

gz.6. - to FP, fb fhall RT be to FO g. But FR is double to 
FP by fuppofition: Wherefore RT, or the diameter HM, 
is alfo double to the line PO, the fide of the Exodoe- 
dron. Wherefore we have defcribed, S^^. Which was 
required to be done. . 

. P R O B L E M II. 
T9.i€jcni% 0n equilateral and eqmapgkd Icofidodicae' 
dfcn^ and ig comprehend it in afpbere giffenj and tefrove 
that the diameter being divided in extream and fnean fro* 
pertien^ maketb ther greatir fegment doubk t^the fide ef 
the Icefidedecaedroffm 

/ Onfir* 
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Qmftr. Suppofe that the diameter of th« fphere given 
tc NL, a divide the line NL, in extream and mean a 50. 6. 
proportion in the point I, and the greater fegment there- 
of let be NI, and upon the line NI defcribie a Cube * ; b, i 5« * ?• 
and about this Cube let there be circumfcribed a Dode- 
caedron c ; and let the fame be ABCDEFHKMO, and c. 17. i J, 
divide each of the (ides into two equal parts in the points 
Q, R, S, t, V, X, Y, Z, P, g, ^, G, &»r. and couple 
the iedtons with right lines, which ihall fubrend the 
angles of the Pentagons, as the lines PG, GV, VQ, QY, 
YR, RQ> VT, TX, XV, and fo the reft. 

DemoSfif^ Forafmuch as thefe lines fubtend equal an- 

ties of the Pentagons, and thble equal angles are contained 
y equal fides, to wit, by the hatf of the fides of the Pen- 
tagons; therefore thofe fubtending lines are equal d. «• 4* '• 
Wherefore the triangles GQy, YQR, and VXT, and 
the reft, which take away foltd angles of the Dodecac*^ 
dfbn, lire equilateraL 
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AgaiQ) ferafinuch aa in every Pentagon are defcribed 
five equi^l right lines, coupling the middle feftions of the 
gdes, as are the lines qv, VT, TS, SR, and RQ, 
tliey dcicribe a Pentagon in the plane of the Pentagon of 
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Um Dodected/on. Aad tke faid Pencagoa 11 oontained 
in a circle, to wit, whofe center is the center of a Fenta* 
gon of the Dodccaedron. For the lines drawn firom that 
center to the angles of this fientagon are e]ual| fer that 
e i&. 4* ^^y ^^ perpendiculars upon the bafes cut t% Wherefete 
fii. 4* the Pentagon QIISTV) is equiangled^ And bjr the fiuoe 
resfbn may the reft of the Pentagons deicribed in the ba- 
fes of the Dodecaedrdn, be proved equal and like. 

Wherefore thofe Pentagons are twelve in number: 
And fbrafmuch as the equal and like triangles do fub- 
tend and take away twenty iblid angles of the Dodccae- 
dron;* therefore the iaid triangles ihall be cwsnty in 
liuinber. Wherefore we have defcribed an Icoudodeca* 
cdion by the definition, which Ipofidodecaedron is equi* 
lateral; for that all the Gdesof the triangles are equal 
and common with the Pentagons; and it is ^lib equian* 
filed. For each of the fblid angles is made of two fuper* 
ncial angles of an equilateral Pentagon, and of two fiir 
perficial angles of an equilateral tnangle. 

How let us prove that it is contained in the given 
iphere whofe diameter is NL. Forafmuch as perpendi- 
culars drawn from the centers of the Dodccaedron, to 
the middle fedions of his fides, are the halfs of the lines 
which couple the oppoJSte middle fedioni of the fides of 
et.c^«of ^^V^'^^^xon g\ which lines alfb h^p in the center 
17.' i \. 4.^^^^ ^^^ another into two equal parts. Therefore 
h iim. ^^^^ ^^ drawn from that point to the angles of the 
Icofidodecaedron (which are fet in thofe middle fedions) 
are equal ; which lines are thirty in number, according 
CO the number of the fides of the Dodccaedron,^ for each 
of the angles of the Icofidodecaedron are fet in the middle 
fedions of each of the ^t» of the Dodecaedron. Where- 
fore making the center of the Dodeciaedron, and the fpace, 
any one of the line^ drawn from the center to the middle 
^ fedions, defcribe a fphere, and it (hall pafs through all 
the angles of the Icofidodecaedron, and (hall contain 
It. • ' ^ ^ ' 

And forafmuch as thediameter of this (olid, is that 
right line whofe greater fegment is the fide of the Cube 
infcribed in the Dodecaedron »*, whicli fide is NI by fup- 
polition. Wherefore that folid is contained in the Iphexe 
^ivcn, whofe diameter is put to be the line NL. 
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Now let us prove that the great fegment of the diame- * 
ter is double to QV the fide of the (olid. Forafinuch as 
the (ides of the triangle ABB ate in the points Q.aod V 
divided into' two equal parts, the lines QV and BE are 
parallels k. Wherefore as AE is to A V, fo is EB to VQ k m. jp. j, 
/. But the line AE isMouble to the line AV« Wherefore 1 2. 6. 
the line BE is double to the line Qy m. Now the line m 4. 6. 
BE is equal to NI> or to the fide of the Cube n \ which n a tior. of 
line NI is the greater fegment of the diameter NL. 1 7. i j^ 
Wherefore the greater fegment of the diameter given is 
double to the fide of the Icofidodecaedron infcribed in the 
given fphere. Wherefore we have defcribed^ 8^. Which 
was required to be done. 

iiDrERTJiSBJWEKr. 
«To the underftanding of the nature of this Icofidode- 
caedrpn) you mud well conceive the palfions and pro* 
prieties of boththefe iblids, of whofe bafes it confifieth, 
to wit, of the Icofaedron and of the Dodecaedron. And 
tltho* in it the bafeS are placed oppofitely, yet have they 
to one another one and the fame inclination. By rea'lbn 
wherepf there lie hidden in it the actions and paffiooa 
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of the other regular Solids. And I would have thoug^f 
It not imperflnent to the purpofe to have fet forth chit 
inlcripcions and circumfcriptious of this Solid, if want of 
time had not Kindred. But co the end the Reader may 
the better attain to the uhderftanding thereof, I havehece 
following briefly fet forth, how it may in or afbout evety 
one of the five regular Solids be infcribed or circumfcri- 
bed ; by the help whereof he may, with fmaiH travel, or 
rather none at all, having well potfed and'c6nfidered the 
Demonftrations appertaining to the forefaid five regular 
Solids, demonfirate both the infcriptionofthe'iaid Solids 
in it, and the Infcription of it in the (aid Solids. 

Of the Infcfiftions and Cifcumfcfiptiws ef an Icofi<M»c4' 

• ■ . ' edron* 

An Ico()dodeeaedron may contain the other five regu- 
lar bodies. For it will receive the angles bf a Dodecae- 
dron in the centers of the triangles which fubtend the 
fi)lid angles of the Dodecaedron, which (olid angles are 
f wentv in number, and are placed in the fame order in 
which the iblid angles of the I}bdecaedfon, tiken away, 
or fubtended by them, are. And for that reafbn it {hall 
^ l-eceive a Cube and a Pyramis cpn^ained in the Dodeca- 
edron, when U the angles of the one are &c in the an- 
gles of the orhef. 

' Aii Icofidodecaedron receiveth an Oftoedrpn, in th^ 
angles cutting the (ix oppodte feftions of th0 Dodecae* 
dron, even as if it were a firtiple Dodecaedron, 

And it containeth an Icofiiedron, placing the twelvQ 
angles of thelepfa^dron in'the fatoe centers of the twelve 
Pentagons.' ' • ' • • 

It may alfb by the (ame reafbn be infcribed in each of 
^he five regular Bodies, to wit, in a Fyramb, if you place 
four triangular bafeS concentncal with four bafes of the 
Pyramis, after the fame manner tha^ you infcribed an Ico- 
faedron in a Pyramis \ fb likewife may it be infcribed in 
^n eyedrop > if vou make eight b?fes thereof concen- 
trical with the eight bafes of the Odbedroii. It (hall al- 
fb be infcribed in a Cube, if you place th^ angles whifh 
receive the Odoedrbh in ic, in the centers of the baf^s oC* 
the Cube. Again, you ft^all infcribe it in an Icofae^rOn^ 
when the triangles cbdipalTed in of the Pentagon bafa^j 
are concentrical with 'the triahgles which' (bake a fblii 
%j^^t of ch^Icofaedroo, ;. ' 
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Lafily, it ihall be io&ribed in a Dodecaedroni if you 
place each of tlie angles diereof in the middle fedions of 
- the fides of the Dodecaedrbn, according to the order of 
the conflrudion thereof.' / 

The oppoiite plain fuperfides alfb of this (olid are pa- 
rallels. For the oppofite {olid angles are fubtended of pa- 
rallel plain fuperiicies^ as well in the angles of the Dode* 
caedron fubtended by triangleS| as in the angles of the 
Icofaedron fubtended of Pentagons, which thing may 
eafily be demonflrated. Moreover, in this Iblid are in- 
finite properties and paflions, ipringing from the (blids ' ^ 
whereof it iscompofed. 

Wherefore it is manifefl, that a Dodecaedron and an 
Icofaedron mixed, are transforttied into oiie and the 
felf fame iblid of an loofidodecaedron. A Cube alio and 
an O^edron are mixed and altered into another fblid, 
to wit, into one and the iame Exodoedron. But a Py- 
ramid is transformed into a fimple and perfeA iblid, to 
wi^, i^io an Odoedron. ^ 

; Ifwe will frame thefe two iblidsjjoinedi tpgettier into 
one folid, this only muft we obierye. 

In the Pentagon of a Dodecaedron infcribe a like 
Pentagon, and let its angle be iet i% the middle iediona 
of the Pentagon circumicribed, and then upon the iaid ^ 
pentagon infcribed, let there be iet a iblid angle of an Ico- 
faedron, and ib obferve. the iame order in each of the 
baies of the Dodecaedron, and the iblid angles of the Ico- 
ffiedron, iet upon theie Pentagons, ihall produce a iblid 
coiijlifiing of the whole Dodecaedron, and whole Icofa- 
f drpn. In like iort, if in every bafe of the Icofaedron, 
the fides being divided into two equal parts, be infcribed 
an equilateral triangle, and upon each of thoie equilate-' 
ral triangles be iet a iblid angle of a Dodecaedron, t|iere 
fliall be produced the iame iblid confiding of the whole 
Icofaedron, and of the whole Dodecaedron. 

And after the iame order, if in the baies of a Cube be 
infcribed fquares fubten'ding the iblid angles of an OAoe- 
dron, or in the baies of an Odoedron be inicribed equi- 
lateral triangles fubtending the iblid angles of a Cube, 
tjifre ihall be produced a iblid confiftin? of either of the 
whole iblids, to wit, of the whole Gibe, and of the 
whole Odbedron. ' - 

^ut eqmlateral triangles inicribed in the baies of a 
Pyramis, having their angles iet in the middle iedions 
of this ^des of the Pyramis, and the iblid angles of a Py- 
ramis, 
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rtmisy fit upon the.faid eguiUteral triangles, diere fliall 
be produced a fi>lid contining of two equal and like 
pyramids. 

And now if in thefe fblids thus oompoied, you take 
away the iblid angle, there 'fliall be reKored again the 
firft eompoi^d folids, to^wit, the fblid angles taken 
away from a Dodecaedron and an Icofaedron compofed 
into one, there fliall be left an Icofidodecaedron, the 
fblid angles taken away fiom a Cube and an Odtoe/roii 
compofed into one (olid, there (hall be left an Exodoe- 
dron. Moreover, the iblid angles taken away from two 
l^ramids compofed into one fblid, there fhail be left an 
Ofioedron« 

i)ftU natun of a trilaterdl tmd e^lateral fytamiu 

t. A trilateral equilateral Pyramis is divided into ' 
two equal pares, by three equ^l fquares, which in the 
center of the ^ramis cut one anocher into two equai 
parts, and perpendieularly^ and whofe angles are let in 
thje middle fedtions of the fides of the Pvramis. « 

a. From a Pyramis are taken away tour Pyramids like 

^ vnto the whole, vHiich utterly take away the fides 

of the Pyramis, and that which is left is an Odoedron^ 

infcribed in the Pyramis, in which ail the fblids inicri- 

bed in the Pyramis are contained. 

;. A perpendicular drawn from the angle of the Pyra* 
itais to the bale, is double to the diameter of the Cube 
infiribed in it. 

4. And a right line coupling the middle fedions of 
the oppolice £des of the Pyramis n triple to the fide of 
the fame Cube. 

$. The fide alio of a Pyramb is triple to the ditoxe- 
ter of the bafe of the Cube. 

.(^. Wherefore the fame fide of the Pyramis is in power 
double to the right line which coupleth the middle Udioa 
of the oppofite Mtu 

7. And it n in power fefquialter to the perpendicular , 
which is drawn from the angle to the bafe. 

8. Wherefere the perpendicular is in power fefquiter- 
tia to the line which coupleth the middle feftions of the 
oppofite fides. 

9. A Pyramis and an Ofbedron infcribed in it, afib 
an Icofaedron infcribed in the fame Odoedron, do con* 
tain one and the fame fphere. 

i Of 
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' of ib€ mum9 ef ^ CApnANr, 

X. Four peraendiculars of an OfioedroH* ^va in ibtft 
l>afes thereof nrom two oppofiu ^^J^^ dittMt ftad Ofto^ 
idroiiy and coupled together by thofi fiwr baits, defetbe 
a Rhombus, or Diamond figure \ ona of whole diam^ 
ters is in power double to the other diameter* 

a. For it hath the fame proportion that the diameter of 
the Odoedroo hath to the £de of the Odoedron, 

g. An Odoedron and an IcQ&edron infc r ib e d in it^ 
do contain one and the fame iphere. 

4. The diameter of the iblid of the OAoedxon is in 
power feiquiaker to the diameter of the circle which 
containeth the bafe, and is in power duple fuperbiparti- 
ens tercias (chat is, as ^ to J,) to the perpendicular or 
fide of the foreiaid Rhombus ; and moreover is in length 
trij^ to the line which coupleth the centers of the next 
bafts. ^ 

J. The angIe*of the inclination of the bafea of the Odq- 
edron^ doch, with the angle oi the inclination of the ba* 
&% of the Pyramis, make angles equal to two right 
♦nglcs. 

0/ thi naUtn ^a Cuhf. . 

I. The diameter of a Cube is in power felquialcer to 
the diameter of his bafe. 

z^ And is in power triple to his fide* 

3. And unto the line which coupleth the centers of the 
next bafts, it is in power fextuple* 

4* Again, the fide of the Cube) is to the ^de of the 
.Icofaedron inicribed in it, aa the whdic is to the greater 
fegment* 

5. Unto the fide of the Dodecaedroni it is aa che whoie 
is to the lefler fegment. 

6. Onto the fide of rhit Odoedron it is in power 

duple* 

7. Unto the fide of the Pyramis ic is in power fub- 

duple. 

8. Again, the Cube is triple to the Pyramis, but to the 
Cube the Dodecacdron is in a manner double. Wherefore 
che fame Dodecaedron is in a manner fcxtuple to the 
^id Pyramis. 

Of 
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Of the fiatMn rfibt tcofafdfon. 

t* Five triangles '6f an Icofaedronj do make a folij' 
«agley the bafes of which triangles malce a Pentagoa. tf 
therefore from the oppofice baus of-the Icofaedton be 
taken the .other Pentagon by them defcribed, thefe Penta- 
gons ihall in fuch fort cut the diameter o£ the Icofaednm 
which ooupkthllie ferelaid oppofite angles, that that part 
which b contained between the planes of thefo two Pen- 
ti^ons fiuU be the greater fegment, and the refidue which 
is drawn from the plane to the angle, fhall be the lefler 
fegment. 

X. If the oppofite ancles of two bales joined together, 
be coupled by a right line, the greater fegment of that 
right line u the fide of the Icofaddron. 

}. A line drawn from the center of the Icofaedron to 
the angles^ is in power quintuple to half that line which 
is taken between the Pen|^gons, or of the half of that 
line which is drawn from the center of the circle which 
oontaineth the forefaid Pentagon, which two lines are 
therefore equal. 

4« The fide of the Icofaedron containeth in power 
either of them, and alfo the Icfler fegment, to wit, 
the line which falletMfrom the folid angle to the 
Pentagon. 

5* The diameter of the Icofaedron containeth in power 
the whole line, which coupleth the oppofice angles of the 
bafes joined together, and the greater fegment thereof, 
to wit, the Mt of the Icofaedron. 

6» The diameter alfo is in power quintuple to the 
line which was taken between the Pentagons, or to the 
line Mfihich is drawn from the center to the circumference 
of the circle which containeth the Pentagon compofed of 
the fides of the Icofaedron. 

7. The dimetient Containeth in power the right line 
which coupleth the centers of the oppofite bafea of the 
Icofaedron, and the diameter of the circle which contain* 
eth the bafe. 

8. Again, the faid dimetient containeth in power the 
diameter of the circle which containeth the Pentagon, 

. and alfo the line which is drawn from the center of the 

iaaecirel^ tp the circumference: that is, it is mtintuple 
to the line drawn from the center to the circumfo- 
fCAce. 

• • 9. The 



REGULAR SOLIDS, 497 

9. The Hne which coupleth the centers of the oppofite 
bales containeth ia power the line whidi coupleth the 
centers of the next bafes^ and alfb the relt of that line of 
which the fide of the Cube infcribed in the Icofaedron 
is the greater fegoient. 

lo* l*he Ime which ooupleth the middle (edions of the 
' oppofite fides, is triple to the fide of the podecaedroa ■ 
infi:ribed in it. 

II* Wherefi)re> if the fide of the'l0(aedron and the 
greater fegment thereof be made one line, the third part 
of the whole is the fide of the Dodecaedron iniaibed ia 
the Icoiaedron. 

Of the DQdicaedfon* 

I. The diameter of a]Dodecaedron containeth in power 
the fide of the Dodecaedron, and alfo that right line to 
. which the fide of the Dodepaedron is the hStt fegmenr» 
and the fide of the Cube infcribed in it is the greater 
ferment, which line is that which fubcendeth the angle 
oithe inclination of the bafes, contained under two per- 
pendicnlars of the bafes of the Dodecaedron. 

£. If there be taken two bales of the Dodecaedron, 
diftantfrom one another by the length of one of the fides, 
a right line coupling their centers being divided in ex- 
treme and mean proportion, maketh the greater fegment; 
the right line which coupleth the centers of the next 
bafes. 

3* If by the centers of five bafes fet upon one ba(e, 
be drawn a plain fuperficies, and by the centers of the 
' bales which are fet upon the oppofite bafc, be drawn alfb a 
plain fuperficies, and then be drawn a right line, .coupling 
the centers of the oppofite bafes, that right line is fb cut, 
that each of his parts fet without the plain fuperficies, 
is the greater fegment of that part which is contained 
between the planes. 

4* The fide of the Dodecaedron is the greater feg^ 
ment of the line which fubtendeth the angle of the 
Pentagon. 

$• A perpendicular line drawn from the center of the 
Dodecaedron to one of the bafes, is in power quintuple 
to^half the line which is between the planes. 

6, And therefore the whole line which coupleth the ^ 

centers of the oppofite bafes, is in power quintuple to 
the whole line which is between the faid pJanes. 

7. The 
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V» The line wflidi fUbceadeih tke angle cf tke baie of 
die DodecMdKMi) together wkh the Sde of the bafi^ 
are in power cpantiiple co the line which u drawn from 
die ceater of checircie wludi containeth the bafe, tt) the 
aicumference. 

S. A 6Aiao of a ipheve oontaiatng thcee bafes of the 
DedeeaeAreo, tafceth a chvd part of the diameter of the 
(aid iphere. 

9« The fide ol'the Dodeeaedroft and the line wliidi 
fttoftdeth dieai^ of thePeatapon, are equal to the 
right fine whidi ooupleeh die nriddle ftfiiooa of di^ 
£te fidei of the Dodccaedron. 
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ARCHIMEDES, 

Concerning the Sphere and Cylinder, 
inveftigated by the M^hd tf iniin^ 
fiblts^ and briefly deuionftrated by the 
Reverend and Learned Dr. Isaac 
Barrow. 



THE mtm DefigQ of if^Mmlbi iakiiiyf^i^tfff 
the Sphere a^ CjfHmdif^ k to fcfidfc tkdfk fcur 
Problem!. 
I. Tofiid the frtpeniiit eftkejifmlkks rf sj^here te 
arf determinate drck ; or tefitd a etrm eftudt»Ae.Jif$9' 
fciesefaghenffbere. 

X, To fid the propartiep efihe Ji^mfaiH ef e^nif figmmtt 
efaffberete ae^ detertnined mreU ; ettejhd'ik eMit-HpnJ 
to ^fuferfides ef anf i^J^gnei fegmmtt. 

S, Tiffiid the preportien ef the fikmi^ kjijf {wtfitt 
foUd content) to anj determinate Corn ^<lf Under i or to 
fi§i a One or Cylinder oftkthet 0§if»m^kme. 

4'7> 
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4. T^JMfhe pMparfiwif afigmeiUtrfaJ^ibireU aiiy 
di$ermituite Cone or Cjfliwkr; or to fid a Com or Q^limier 
tqual to a givon fegment. 

Thefe four Problenu Jfcbimmies fiotecatt* feptntely, 
tind hp down Theorems immediacely fubieivitnt to their 
&iucion; but we reduce them to two: For lince ani 
Hemifj^here it the fbgment of a Iphere^ and the method 
of finding out iti relations, in reipefi to thefuper&ies 
and iblid content) is compithended in the general me- 
thod of invefligating the proportion of the foments : 
And from the ^perncies and &lid content of an HemiP 
phere already feundi the double of them^ (that is the 
fuperficies and content of the whole iph'ere) is at the 
fame time given* And indeed 'tis fuperfluous and fo^ 
reign from the Laws of good Method, to inveft^te 
their rektions diftindly and Separately ; fe that if it were 
not a crime, I might oa this account blame even Af^ 
chivudts himfelf. 

The whole matter the^fb^e is-reduc^J to tUeie two 
Problems. 

i« flffindtheprcfortionoftbefufetfiUsofaityfigmeMi^ 
ofajphore to a determinate circle ; or tefid a circteefnai 
toihefuferficieiof a given foment. , . 

%. to find the frefortion of the folsdity ofanffegment of 
4^i&eM to any determinate Cone or O/Under ; or to find a 
Cone Pr OfHndir equal to an ajfy^'dfegment ofa/ptere* 

i (hall reiblve thefe Problems by another muph eafier 
sind fhorter method : In which the order being invertedj 
firft, I (hall (eek the folidity of a fegmto^t, zM fromr 
thence deduce its fuperficies ; a thing which is in my 
judgment well worth obferving,and perform 'd (as I knoW 
ofj by none. 

Firft therefore, for finding the (bVidity of i fegment, 
I (hall lay down two, copimonly known and received, 
SuppoCdons, viz* 

f • Thai a feries of magnitudes proceeding in Arithmetical 
ffogreffion^ from nothing (inclufive) or ivbofe common differ 
fence is equal to the leafi magnitude j isfubduple of as many 
quantities equal to thegreateft: (i. e. fubduple of the fro- 
dmB of the greatefi term and number if terms :) So chat 
if theyicm of the terms be called Zy the greatefi term g^ 
and ditnttmber of terms n^ thta will 

ng 
-^ors.«t=s«;f, 

a 

Tht 



¥he truth of this Pfopodtion will eafily appear by «x- 
f reiCogthe feries t^ice^ and invening the order ; 

o^ a, la, 3a, 4i. 
4a, 3^5 tzy a, o. 

For fo the di£Ference always being e^ual ro the UiR 
Quantity, 'twiH be evident that each two oorrefpondent 
terms taket together are equal to the greaceA term ; aod! 
tlfo^ that the feries taken twice is equal to the gt^eateft 
terni repeated as many times as there are ttrais, i.e. 
the laft term drawn into the humbtr of terms. 

We have in a triangle a very clear and eafy example 
eif this moft ufeful Froj^fltibn, which is prov*d hence, 
to be half a parallelogtatn having tht fame altitudey and 
fianding on the fame bafe. 

Suppofethe iiltittrde A£ of the 
triangle A£Z to bd divided into 
prts indefinitely ndany and foiall, 
AB, BC, CD, D£, and pai'allels 
BZ, GZ, DZ, EZ, drawn thro' the 
points of Divifion; all thefe pro- 
ceed from nothing in an Arithmeti- 
cal progrefTion, and confequently 
the fum of them all, (that is, the 
triangle ABZ) is fubduple of th6 
gfeateft £Z dran^n into the altitude A£, by which the 
{um of the terms is exprefs'd, that is fubduple of the 
Parallelogram £Y, whole bafe is EZ, and aMtude AE. 

But the illuf^ratioii of the Rule will conduce more to 
our de(igh by inferring hence, 7i>at a cihle ii equal to 
half of the tddius drawn into the circUmfeteice^ after this 
manner. Conceive a circle to confifl df as many con- 
centric Peripheries as there are points or equal parts in- 
definitely many and fmall in the radfus. Thefe Periphe- 
ries,, as well as their radii, proceed from the center 
of nothing in an Arithmecicai progreffion; and therefore 
their fum, that is, the whole circle is equal to half the 
gfeateft (or extreme circumference) drawn in'io thW 
numbef of termsj that is, the radhis. 
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- After the fiime manner we may fuppofc thfi t^^ AEZ 
to confift of tL$ many concentric Arcs BZ^ CZ, DZj, ^^ 

as there are points (or equal 
parts iadefiaitely (ball) in the 
radius A£, which Arcs, as 
their radii, proceeding from a 
point or nothing in an Arith- 
metical progreflMO, the fe^of; 
aifo will be equal to half th^ 
radius drawn into the ex^ 
treme Arc iZ. Which niay. 
be made evident aUb after, 
this manner: Let us fuppole 
the right line £Y to be perpendicular to the. radiur 
AE, draw the rieht line AY, and from the points. 
B, C, D, of diviuoa in the radius, dran^ BY, CY, 
DY, parallel to £Y, and terminated at AY. Becaufe 
EY: DY (r: rM A£: rsdi. AD) :: Ar^. £Z: An^ 
DZ»and'£Y=?£Z, then wiU DYs=: ArcDZ; and. 
in like manner wUl CY == CZ, and BY = BZ. 
Whence the triangle AEY Will be sto the fedor. 

AExEY/AExEZ\ 
AE4 that !«,-—— ( J =; fcaor AEZ, By, 

thb means, we .calleA that celebrated Theorem, qS Anhip, 
nrf if/, that circU is efuai to a triafigk wffofi hafi is , 
mm/ to ih, titfim^ and ^hintdo eqjufll tq the, pefip^erf^ 
tf the chtcto I and that without a(iy infcription or 
circumicription of figures, by only fuppofog that, the. 
A^rea or Superficies of the circle oon£fis or infinitely 
many concentric Peripheries. Which m^iM. (f IndUwr 
fil^f (now firfi of all known to me) feems no iefi 
evident (nay more evident) aad perha|» Jeis fallacious 
than that wherein planes are fuppoied.to confift of. j^* 
rallel right lines, and ibiids of parallel planes; a^. 
hereafter fhall be evident, when we (hall coUed, by 
this method, the proportions of fpheric and cylindric 
fu|)erficies to one another, by knowing the iblid* con- 
cept; and on the other hand, the iblid .content, by 
knowing the fuperficies, with admirable;. fapiljity, and. 
moft fiill fatis&dion in thofe things whi(^ are rigidly 
gathered by pure Geomary. 

Ut 



ief'us fitpptfeaferies of quaniities io frdcied from 6. 
(inclufitte) inadupficate Afiihmetk fropcrfiifTJy that fi,. 
o, I, 4> 9, i6, &C. the /(fudtes tf ndmbirs ma ftmph 
Arithmetic progre£toti^ o, i, i, ^ 4» ^^r ^f ^'^ . 
triple cf this feries will alwafs exceed the gredffjt term 
muhipUed by the number of terms ', but the number of 
ietms increafingy the proportion continually approxmattt;, 
till at ^laft. It comes to an equality^ whin the number of 
iitrhs is ifuteafed in infiaicuiD, 

3 X o+i+4=* 5. JML_]L 
3X4=ia. 12, 4 
J X 0+ 1+44-9=4*« 4i_ 7 
4X$fc=:36. 36 6 

5 X I <S=8o. 80"" 8 
3 Xo+-i+44-9-f-*^+2'S=i65. l^l_l} 

As for example, if the terms are two, the triple of the 
tctins will be to the greatttt term drawn inro the number 
of terms as 3 ro i ; if there be three terms as 5 to 4 i 
iffciir, as 7 to 6 ; if five, as 9 to 8^,' and fo contlnuially : 
S^ that the antecedents of thefe proj^rtions alwa^'s mu- 
tually exceed 6ne another by the numbcf i j and fd ever^ 
ailtecedent its confc^ucnt by i. Whence it is evidenC"- 
that by how thuch the greater the number 6f teems is^ 
by (b much the more the proportion tends c6 equality. 
Sa ICO to 99 is lefs diftant from che proportion of ccjiia- 

. iity than id to 9. f^rom hence, fuppoiing the number 
of terms infinite (or infinitely great;) the triple of ^uan- 
titi^s proCe^eding thus in a duplicate proportion (or as the 
fquares of' the numbers, o, i, 2, j, 4, (jpc. will be 
equal to as mftny quantities' equ^l to the greatell 
term. 

Thef Jamc, as to the fobfiance of it,^ is laid dowri by; . 
Afthimedifi in his Book ofj^fifalsy as the Foundation of 
many Argumentations, in that, and other Books, and is 
well demonfh*ated byouriearncd Country-man Dr. W^U's: 

. However, I thought fie to rilift^rate the matter by this 

' C c ^ iQethQd, 
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method, as being not unworthy our Confideratioa, and 
very perfpicuous and intelligible in this, that 'tis free 
from Fra^ions: And by the way 'tis obferv'd^ that from 
heace we may ea(ily find the proporcioo of a icrief triple 
to as many terms equal to the greateft, viz. as twice the 
number of terms lefs one, to twice the number of terms 
Icfstwo. So that if the number of the terms be 6, the 
proportion of a (eries triple to as many terms equal to 
chegreateft will be as i u *" 

It will be a very eafy and apt Illuilration of tjiis Rulc« 
if we infer hence, t^at a Cone isfttbtrifle of a Cj/linder^ 
b^twngnn cfimf/ bafe and altitude. For let us fuppole 
the altitude Afi of the Cone ZY to be divided into equal 
and indefinitely many parts, by as many parallel right 
lines ZY^ and the lines ZY will be as the numbers 1,2, 
h 4> ^^ And theiquaresor ciicles eonftituted upon the 
diameters ZY, as i, 4, 9» ^^'9 ^c. whence all chofe 
circles, or the whole Cone AZY (made up of the fame) 
« will be fubtriple of as many circles e- 

qual to the greateft, eonftituted on the 
greateft diameter ZEY, that is, fub- 
triple of a cylinder whoft bale is AEY, 
and altitude AE. 

There occur two other moft apt 
examples of this Rule, wz* by infer* 
ring, thai the complement of a Semipa^ 
fahela h ftthtripk of a paralielogram having the fame 
hafe and height ; as alfo, That the fjjoce comfrehended by 
the Spiral and Radius is fubtrhle of the circle in which the 
/prralis generated : But of thefe in another place. Where- 
fore to go on with what we be- 
gan, thefe two Rules being 
fuppofed; let us conceive ZAY 
to ^ a fegment of a fphere, 
X its center, AT its diameter^ 
and ZAYT a great circle paf^ 
(ing thro' the vertex, and the 
par( AE of the Axe to be di- 
*vided into an indefinitely ma- 
ny equal parts; and let us 
imagine parallel lines to be 
drawn thro' the points of di- 
viGon generating circles in the fphere, whofe Radii lee 
be BZ, CZ, DZ, and diamtters ZY. I fuppole the fig- 

Bienc 
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menc of t^ fphere to confili of all thefe parallel circles, 
whofe number is as^reac as chat of Ihe points, or equal 
indefinitely many imall parts in the Axe A£, according 
to the known Mstbod of Indiwfikles. 

But now for brevity's fake, let the diameter AT be 
called d^, and the radius of the (phere r (if need be) and 
the Axe AE, by which the number of terms is exprefsM, 
call If, and one of the equal parts «; which being fet- 
tled, 'tis evident^ (hi the Elements) that BZ* i= AB 
XBT z=.axd—a=Ad — a\ and in like manner CZ^ 
s=AC X CT =: z ^ X dr^x azssxad-^^ a*, and by the 
lame rcafoning D^*= AD X DT =: 5 <ii^— 9**, and 
EZ*= AE X ET=4 ad-^ 16 «*, &c. that is, th%t 
the fquares of the radii of the circles ZY are to one ano- 
ther as the re^angles, ad zad^ ^ad, ^ad, &c. (which 
proceed in an Arithmetical ProgrefHon from o) lefs by the 
iquare a^y 44^, 9^^, |6«^, &c, which go on as the 
fquarcs of the numbers, i, 2, 5, 4, QPc. But by our 
firft Rule, all the Redangles o, ad^ lady ^ady 4^, &c. 
are equal to half as many terms equal to the greateli AE 

fidxn ^ 

X AT6r nd^ that is, =3— — 

z • 

Moreover, by our fecond Rule, all the (quares o, 4* , 
44*, 9«^, i6a^f &c. taken together, are eq ual to a 

third part of as many terms equal to the greateft A£^ or 

n* XII 
»*, that is, ' \ 

Wherefore all the f(|uares defcribed upon the radii 
BZ, CZ, DZ, EZ', conjunctly, are equal to the difFe- 

0nd nftn 
rence — , (or th^ terms being reduced to the 

I ndn — I fitm 
fame denomination,) — — — — and their quadruple, 

6 • 
that IS, all the fquares defcribed upon the diameters ZY, 

li 19^11 •— 8 »3 6 fidn — 4 193 
are equal to — — — — or *i whence a 

icsment of a fphere is equal to a Cylinder, the diameter 
of whofe ba(e is the fide of a iquare equal to 6 irij —4 nS 

C c 3 and 



$nd altitude is f n; or to a Cone haviog t)ie fii|^ bafe^ 
but the altitude n. or which is all one, having a bafe 

whofc radius is y'— — — *— - or y^i »*— ^, and al- 

4 
; titude n as before. Which Cone .we mzy chsu^ge into a 

Cone lipon the fame bafe ZY with the (pgrnent 2AY^ b]r 

fa^ing^ as /ZE* (iV ^. iw — »* J to 1 1?/— »' or (bojji 

terms-being divided by n) as i — n to, |; ^•— jv. Ho reciproh 

cally n to the altitude' of the Cone fought: Or in the 

fi'gure by making, as tE to Tfr^-XA^/o U EA to ES. Bfr BS 

wU hi the ahttude of the Cone ZST equal to thefegmentvf 

ile/^hefi ZA^. Which is that noted Theorem ofArdnmedes, 

demonflrated by him with fb mtich labour and prolixity* 

Hence, if the given fegment be a Hemi/pbere^ and (b 
jv = ^ 1/ or r, then i of z r will be the altitude of a 
COKe^ which havii)g a bafe equal to the bafe of the ife- 
tniffhere (or to the greateft circle in the fphere;) wiH be 
CQual to the Uemijpbere* And zCom whofe bafe is double 
pt the greateft circle, and the altitude % r, ot the Cylimier 
whofe bafes is | of the greateft circlci and altitude z >r. will 
be equal to the whole Sfbete, "Whenc^e the whole l^heret 
is f of a Cylinder^ the diameter of whofe bafe is t r,-and 
the altitude alfo z r. And this* is the chief Theorem of 
Archimedes^ viz. ii>at a Jfphere fitbfefqttialtef or f cf^at 
Cylinder^ whofe Altitude and Diameter ef t^e bafe is eqtuA 
to the Diameter of -the Sphere^ 

' Furthermore, not to pafi over any thing in our Au« 
thor which feems to be to our purpofe : 

If to the fum firft found, repreftntipg a fegment, 

viz,' *' J ' • ' we add 1 "i. . ■■' . ■ ' (ss » ■ — 

r i - i 

d'^m 
X ^= f ZE* X XE) reprefenting the Cone ZXy, 

the aggregate ^.d d n will repreiei\t the Sedor of the 
Sphere ZXYA, which f9t that r^afbn will be equal to a 
Cylinder, the diameter of whofe bafe 4/ dn^ and the 
altitude I dy or to a Cone, the diameter orwhof]b bafe is 
1/ dn^ and the altitude tdy or alio to a Ci>ne, thjs Ra- 
dius of whofe bafe isj/^/ff, and the altitude ^ </= r (it 
^ing reciprocally as ^ 4iu : .dn\i id : i d,) that is, to a 
Cpne, ^he Radius of whofe bafe is the Line AZ, drawn 
• ••' • ' / ■ ^'" .• "^ f)x>ni: 
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from the vertex to the circumference of the baft of the 
fegment^ (For AZ» = TA x AE-T-r/ig^) and the altitude r«$ 
And thb is the next famous Theorem of Arcbimitles^ con^ 
cerning rhefolidiey of the feftor of the S};>here. w«. an&4# 
the /eHor of a fphere is equal to a Ome^ wh^e hafe is a 
ctrck dejcribed by a Kadws equal to a line draivn from 
the vertex to the eitcumferente oj the hafe ef the fegment^ 
knd 9vkofe aHitude it equal to the Kadius of thefiUme. 

And thus I chink I have compleaced that which be- 
long to the (olid icy of a Q)here, and its pans^ with fuf* 
ficient brevity and perfpicuicy, ' From hence we fiiall 
deduce the Relblution of the other Problem, which I 
propofed concerning the llirface of the fcgment of a 
iphere; and then of the whole fphere. To obtain this, 
as we fuppofed before, a tircle to confift of concentric 
Peripherics, and the SeBor of a Circle of concentric Arcs, 
(in the number of which, the greateft, and the leaft, or a 
^int is reckon M : So now we fuppofe Ipheres to confift 
of concentric fphertcal fuperficies, and the ^e^fi ofsphens 
of like concentric fuperficies; as for 
example, the ftdor of the fphere 
Z AE, of the fuperficies BZ,C2,DZ, 
EZ, G^c.) which~ fuppofition in- 
deed ftems fb eaiy and natural, 
that in my judgment 'tis fufiicient 
ohly to propoft it ; neidier is a ^iCfctf^ 
itirther explication wanting to gain 
In aflent to it. 

2«.We fuppoft'thefe fpherical fuperficies to be in a 
duplicate Ratio of the Radius of the fpheres : This is the 
tommon affedbn of all like fuperficies, and it feems to 
agree very well with the funerficies of fpheres, becaule 
they a|>pear tQ be nioft uniform and (imilar. But this 
Soppohtion might eafily be evine'd and efiablifhM by the 
fame ibrt of arguing, as fpheres are proved to be in tri- 
plicate proportion to their Diameters or Radii ; or mighc 
have been join'd as a Corollary to Pt^. 1 7. and 1 8. ISJem, t%* 
where the fuperficies of Uke Polygones are fiippos'd to be 
infcribed in Q>heres, having% well the fuperncies in^ a 
duplicate, as the iblidity in a triplicate Ratio of the Diame- 
ters of the Spheres. Thefe things being premised, let us fup^ 
pofe AE a Radius, or the fide of the Se6br of a Sphere 
£AZ, to be divided into equal and indefinitely many 
fmaii parts, and the fedbr A£Z to confift of thefe ^heri* 

C c 4 cal 
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otl fiiperficies BZ, CZ, DZ, £Z, it will be evident that 
^il thofc fupcrficie* ia the Progrefllon arc k$ the {gu ar et 

of the Radii, that is, as. AB*, AC% AD*, AE*, ^c. 
or as the fquaret of the. numbers i, i, ^, 4, Qfic^ whence 
by our (econd Rule, the fum of all chefe fuperficies, th|C 
is, the fc^r A£Z| will be { of as many fuperficies eqiud 
to xlk greaceft £Z, that is, \ of the greateft £Z, drawn 
into r the number of terms. Whence a fedor is equal 
to a Cylinder, whofe bafe is 4^ of the greate££ or extreme 
fuperficies of the fe^br, and whofe altitude is r ; Or t<^ 
ft Cone whofe bafe is equal to the fuperficies of the fec- 
tqr, and ics altitude ir, whjcb is the laft of ^'^. 1. but 
we juft now ^rov*d that a fedor is equal to a Cone 
whofe altitude is r, and bafe a circle, defcrib'd by the 
Radius YE, drawn from the vertex of the fegment EYZ 
jco the circumference of the bafe. Wherefore a Cone, 
firhoie altitude is r, and bafe equal to the fuf^eriicies of 
the fedur, is equal to a Cone of the fame altitude, whoi« 
bafe is a circle dejCbrib'd by the I^adius Y£. ' 

And fo the fupeiiicies of the fedor £VZ is equal to a 
circle defcrib'4 by the p^ajius YE.' Which certainly i| 
the principal Theorem of all thofe that occur in the 
Books of Archimedes, nor is there found' a more excd* 
lent one in all Geometry ; t/iz. that the fiipergaes of am 
fygment efaffhere is equal to a circle whofe Radius is a 
right line drawn from the vertex of the fegment to the cir- 
cumference of the bafes : And hence, that the fuperficies of 
an Hemifphere is double tq the bafe, or equal to two great 
fircl^s pfthe JPh^re , 

For in this.Cafe Y5*«r AZt-f- A Y* = a A£*7 and 
confcquently a citcle defcribed by the Radius Y£ is equal 

' to two circles defcrib'd by the Ra- 
Y <l>us AE. Whence alfo, the fuper- 

^*^^ fdes of the wk^ fphere is quadruple^ 

f [NX ^ circle having the fame Radius with 

I i ^ t7 ^^' y^^«'** that is, quadruple the 
J^ • *« greateft circle in thefphere ; and equal 
'i to a circle whofe Radius is the dia^ 

... ' r ^^^^ € thefphere. From hence it 

follows, that the fuperficies of a fphere ts equal to the 
fu^erfaesof aCyU^^er of the fame height and breadth', 
for Che fuperficies of that Cylinder is quadruple to the 
bafe, as we fhall fhew hereafter. And thefe are the 
i^^i\ noted Theorema ^i Archimedes. Nay, fwjm hen^ 

*"■'•• V ... . . ' • ■ \I 
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all thofe jch^ngs ^llow, ivhic|i he has written concern- 
ing the fuperficies of fpheres, ^nd their fegvients. So 
that from cheie few f^nd eafy Suppofitions, I have de^ 
monilratcd whatever feems to be of ^fiy Note in cbe 
Books of the Sphere and Cylinder, 

I will ohiy add, that after by the method ofjrcbime- 
da^f (for 1 chink icarce any other can be invented, befides 
burs, for finding the folidity) th;; fuperiicierof fegments 
are ^ound equal to the circle defcribed by the RadU 
V£ ; hence ic fvill plainly follow, that the fuperficies of 
fpheres^ and chcnce of like fe^rs are in a duplicate ratio 
pfihe Radii of the fpheres; and confequentiy from thift 
fuperficies chus found, the contents of legments, and of 
whole fpheres may be mutually deduced, and that very 
clearly and expcditioufly, after this manner. Beotufe in 
the fcdor EAZ (fig. Pag. 517.) the fuperficies B7-, CZ, 
BZ, EZp proceed as the fquarcs defcribM upon AB, 
AC, Ai), A£» that is, as ij 4, 9, 16, &€« the whole 
ftdor will be /equal to { of as many fuperficies equ^l to 
thegieatefl £Z, or | EZ X r, that is, to a Cylinder 
whofc bafc is | £Z, and altitude r, or to a Cone whoCe 
bafe is BZ, and altitude r. But £Z is fuppofed equal to 
a ciicle whole Radius is Y£, wherefore the fe^r EAZ 
is equal to a Cone whofe bale is a circle defcribed by 
the Radius YZ and altitude r; Which is Archimede^t 
univerfal Theorem for the contents of SfBors. Whence 
if from this the Cone ZA£ {landing on the bafe of the 
fegment £YZ, and having the vertex at the center of the 
fpnere A, be fubduded, you'll have that feement £YZ. 
But when the fedor £YZ is a Hemifphere, there will be 
no fuph Cone to be fubduded ; ' and for that reafbn a 
Cylinder whpfe bafe is f £Z, and altitude r, or the 
Cone whofe bafe is zEZ, and altitude likewife r, will 
be equal to the whole fphere. Bu( the Superficies of 
the Hemifphere £Z, is proved to be equal to two of the 
greateft circles in the fphere, whence the whole fphere 
js given. This is 4rcbimedes*i firtl and principal Theorem, 
for the content of a fphere ; whepce 'tis eafily deduced, 
that a fphere is | of a circumfcrib'd Cylinder, that is, 
of a Cylinder whofe altitude and diameter of its bafe is 
equal to the' diameter of the fphere. ^ 

The Do^ine of our author lArchimedes} feems to 
make againft, and fubvert the new and celebrated Me* 
tbed ofiffdivffihks^ and is preis'd to (hat end by Tacquet; 

* for 
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ftr faftmcfy (Prtp. i, Uh. z. Cylindr.) For the ufual-pro- 
titit of chtc method feems to exhibit the diliienlionof the 
fiqpefficies of a Cone, (ts alio of a (phere, and of other 
Cftrvei) difiercnt enough from what our Author attd 

others have demonftrated : As for ex- 
ample^ let us fuppoie ABCD a right 
Cone, whoie Axe is AX, and 
baft BCD, and plane x ^ <lrawn, 
at pleafure, parallel to the bale 
BCD. And fince, as Diam. BD: 
Perifb. BCD : : Diam. fiS" : Peripb. 
/S V «r, and £> every where it 
will be (according to the Method 
^f Indiffifihlesy and by li, 5.) as 
Diam. BD, to Pemb. BCD, fo 
h the triangle ABD, confiAing of tKofe parallel Di- 
mneters^ to the Conic Sttperfichs ABCD, confiding of 
tho* Periphrries, f. e. Diam/EDt Peripb^ BCD:: 
AX X BD : AX X Ptripb. BCD 
I -— " Whence 

t z 

kX X perifb. BCD 
I I ■ J will be equal to flic fuperficks of 

Aa Cone a which ufalftand contrary to what was de- 
ffionflrated jtift now. For we demonHrated that the 

AB X PirHh. BCD 
Ibperfides of the Coiie was . 

In anfwcrinfi this Objediott, we fay, that the Method 
if 1»dif^fhU$^ in the fpeculation of Perimeters, and of 
Curve Surfaces, proceeds otherwiie than in the fpecula- 
ttoa of plane Surfaces and iblid Contents. It does in- 
^d fuppofe that the Area of plane Figures confifts as 
is were of parallel right lines, and the contents of &- 
lids of parallel Planes, and that their number may be 
eiprels'd by the altitude of the Figures: But it by no 
jneans fuppofts^ that the Perimeters of plane figures con- 
fift ()f paints, or the fuperficies of iblids of lines, the 
imanber of which may be espreGM by the altitude of 
^he figure. As for example, akho* the triangle ABD 
ifin c&.laft %ure) con(i(ls of lines parallel to BD, 
the number of whidi is exprefled by the number of points 
in the perpendiciilar AX, that is, by the lenj^h of 

the 
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the .perpendicular : Yet it would .be ri>furd to fiippofc 
that thelbeAB copfifts of , points, wlioie number nay 
be expreisxl by^ the number of points in a U& line AX. 
Jor altho' the right lines ^ drawn thro* eadi infit- 
nicely imall part of AX, divide AB into as many infi- 
nitely imall. parts, yet thofe parts are not of the iame 
JDenoini^acion or Quality with the parts of A^, but 
ibme what greater than - them ; £0 > that if the .parts of 
AX be look*d upon as points, the parts of AB are not 
to be called points^ but greater than poiftts ; and on tile 
contrary, if the parts of A B be called points, the 
parts of AX .are tp be look'd upon as lefs than 
points, if it be lawful to fpeak ib; For the points 
which are treated of in' the Mtthod df iH^pifibki are 
not abfolutely points, bnt inifefinicely fiiiall 'pa|t$^ 
which ufurp the name of points, becaufe of theii^ 
afiinity to them. Since therefore ;pouits. 4on't admk 
of greater and le(s, the name of pointa is not at the 
iame time to .be attributed to the pares of different magr 
nitudes; confequently, tho' the number of thegitacer 
parts of AB may be exprefi*d by the number of. the 
leiler parts of AX, yet the number of points in AB 
ean no ways be .exprefled by the number o:^ points id 
AX, (that is, by the number of parts in AX, equal to 
the number of parts in AB, which are -ealled points.) 
The line AB has as many points as there are in it felf 
alone, or another line equal to it felf, nor can it be de- 
termined by ii»y other mea£ire. After the fame man- 
ner, this method don^t fuppole the oonic Surface' 
ABCD to Qonfift iof as many parallel- 'circum&rencea 
perpetually increafing from the vertex -A, or decreafing 
from the bafe BP, as there are points in the Axe AX, 
but rather of as many thus increafiog or decreafing as 
there are points in the Qd^ AB Por in tfce Revolution 
of the line AB about the Axis AX, (thereby the iuper* 
fkies of xhe Con£ is generat ed).ev^y point in the lino 
AB proditces a circum&rence, and conieqvently spore 
circumferences are produced than the points cooftained 
in the Axis AX* Therefore if you would extend th« 
Method of InMvifihUs to the fiiperiicies of fblidl^ and 
fuppofe thofe fuperficies to confift of parallel lines, ypu 
ou^ht not to compute this by the parallel Area« CQnfli- 
tuting the £>lid, that is, not to number thofe Areas b« 
the altitude of the rQli4) but by other lines agreeable t^ 

the 
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tKe coniu&n of each figure. Whieh lines, in figures 
(hat are ©ot iirrcgular, may eafily be detcnnin'd : For 

inftance;, in the equilateral Pyramid 
ABCD, whofe Axe is AX, fup* 
pofing that the lateral furface of 
the pyramid confifis of Perimeters 
of triangles, parallel to the bafe 
BCD, thefe can neither be com- 
puted by the altitude AX, nor by 
the fide AB, (for by the former^ the 
thing requir'd would be wanting 
of the true Dimenfion, and by the latter 'twould 
exceed it) biit by the line AE drawn from the ver- 
tex A perpendicular to the fide BC of the bafe : 
The reaibn of which is, that every plane fide of a 
Pyramid, as ABC, confifts of parallel right lines 
coihpured by the altitude A£. After the Ume man- 
ner, iuppofing that the fuperficies of the Hemifphere 

BAD, confifts of Peripheries 
of circles parallel to the bafe 
BCD, the nvmber of them b 
not to be computed by the 
Axis AX, but by the Qua- 
drantal Arc AB, becaufe that 
every point of the Arc AD 
in revolving produces a cir- 
cumference^ and fo tny fu- 
perficies, whether plane * or 
curv'd, which is conceived to confifl of equidiflant 
right or curv'd lines, is to be computed by a line 
cutting thofe evjuidifiant lihes perpendicularly. For 
fince thofe equidiflant liaes, in this Method of Indi* 
ififihksy are not confider*d abiblutely as lines having 
an infinitely 'finall breadth, which is the fame with 
the breadth or thicknefs of the point defcribing 
thofe 'equidfftant lines in their Circumvolution, and 
fince the fame equidiflant lines divide the line tut- 
ting them perpendicularly into parts meafuring its 
breadth, thofe parts are to be look'd upon as Tuch 
fort of points, and confequently the number of equi- 
difNtnt fines, or the fum of thofe breadths is to 
be comtsuted by the number of points in the 
line cutting ihem perpendicularly, that is, by the 
kngth of that line, and not by a line of any o- 

thcr 
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ther lengthy for that will conGA of more or Icfi 
pdnts* 

Hence therefore in the fpeculation of the fuperfi- 
cies of iblidsy the Method cf Jndhifihles is not unufeful, 
Imc rather very ooni&iodious, provided ic be rightljr 
underfiood, and applied according to the Rule pre- 
icnb*d. For hj the help of it even thefe fuperficics 
mty be ibiind, ^ (b be we have fbme convenieac 
J>Ats prefuppos'd, on which the reafoning may be 
founded: Forinftance, we might, by the he|p of ic, 
invefiigate ^he fuperficiea of a Cone, by reafoning af- 
ter thb manner. 

If the fuperficies of the Cone ABC*(fig» pag. 510.) 
be divided into innumerable Peripheries of circles 
^X^ parallel to the bafe BCD, the breadth of 
thofe Peripheries taken together, make up the fide 
AB cutting chem perpendicularly, and conf^quently 
there will be as many Peripheries as there are points ia 
the line AB, that is, their number may be exprep'd 
bK the Bumber of points in AB, <9r by its length. 
Wherefore if you draw perpendiculars equal to the 
Peripheries to every point of AB, a fuperncies will be 
made out of thofe perpendiculars equal to the fuperficies 
of the Cone ; but that fuperficies will be a triangle 
whofe height is AB, and bafe equal to . the greateft 
Periphery BDC, and fb the fuperficies of the Cone 
will be = 4 AB X feriph. BDC, which conclufion 
agrees with the things laid down and demonArated 
by Jrcbimgdes. / 

After the fam% manner, if you take any right line 

€t^ equal to the qua- 
drantai Arc AB. of 
the Hemifphere ( in 
fag, %ti.) and to 
each of its points yL 
let the perpendiculars 
liv be erected equal 
to the Radii MN of the 
parallel circles MOM 
pafGng thro* the correfponding points M of that qua- 
drantal Arc, the greateft of which 3| let be equal to 
the Radius BX of the bafe of the Hemifphere : The 
$gure tf^^ will conKain the Radii of all the circles of 
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